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Abstract

This study presents the solution of two dimensional steady state heat conduction
in a rectangular plate.Numerical solution is done employing Jacobi,Point Gauss Sei-
del,Alternating Directional Implicit scheme and Succesive over relaxation iterative
techniques Programming is done in MATLAB-2016.It is observed that for PSOR
technique optimum value of relaxation parameter ω is 1.8,the number of iterations
required for convergence for a given error criteria is least for PSOR technique.Grid
Dependence Test is also performed,for a rectangular plate whose length is greater
than width it is observed that the numerical solution is accurate when the number
of grid points in X-direction is twice that of in Y-direction.

1 Introduction :

Heat transfer is the exchange of thermal energy between physical systems due to a
temperature difference with many engineering applications such as refrigeration and
energy storage systems.. Heat transfer processes should be optimized for efficient,
sustainable energy utilization. The heat transfer governing equations are well estab-
lished with many methods developed to improve energy generation, consumption,
and conservation based on energy analyses.
It is to be noted that Computational Fluid Dynamics is not just about using canned
packages but to understand the physics behind the problem.This is the reason why
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the coding is done using a high level language here in this case MATLAB to under-
stand how a partial differential equation is solved behind the scenes of commercial
canned packages,beacuse Navier-Stokes Equations are after all partial differential
equations.

2 Mathematical Modelling : Establishing Govern-

ing Differential Equation

Consider a rectangular plate of length L=2m and Height H = 1m,having a thermal
conductivity k,thermal diffusivity α,is exposed to surroundings of heat transfer coef-
ficient h.Let us consider an infinitesimal element of length dx at a distance of x from
the origin.

Figure 1: Geometrical model

Heat flux coming into the element be

q
′′

x = −kdT
dx

(1)

Heat flux leaving the infinitesimal element is,using taylor series expansion

q
′′

x+∆x = q
′′

x +
∂q

′′
x

∂x
∆x (2)

Rate of heat convected from the element to the surroundings is

q
′

conv. = hAs(T (x) − Tf ) (3)

Heat generated inside the infinitesimal element is

qgen = q
′′′
A∆x (4)
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GOVERNING EQUATION :

∂2T

∂x2
+
∂2T

∂y2
= 0 (5)

BOUNDARY CONDITIONS :

SET 1 :

T (y = 0) = 2000C Dirichlet B.C.

T (y = H) = 00C Dirichlet B.C.

T (x = 0) = 00C Dirichlet B.C.

T (x = L) = 00C Dirichlet B.C.

2.1 Discretization

Spatial Discretization by central difference scheme :

∂2T

∂x2
=
Ti+1,j − 2Ti,j + Ti−1,j

(∆x)2
(6)

∂2T

∂y2
=
Ti,j+1 − 2Ti,j + Ti,j−1

(∆y)2
(7)

Figure 2: Computational Molecule
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substituting the above discretized equation in governing equation, we get

Ti+1,j − 2Ti,j + Ti−1,j

(∆x)2
+
Ti,j+1 − 2Ti,j + Ti,j−1

(∆y)2
= 0 (8)

Ti+1,j − 2Ti,j + Ti−1,j + β2(Ti,j+1 − 2Ti,j + Ti,j−1) = 0 (9)

where β =
∆x

∆y

2(1 + β2)Ti,j = Ti+1,j + Ti−1,j + β2(Ti,j+1 + Ti,j−1) (10)

Ti,j =
Ti+1,j + Ti−1,j

2(1 + β2)
+
β2(Ti,j+1 + Ti,j−1)

2(1 + β2)
(11)

2.2 Analytical Solution :

T (x, y) = 200

[
2

N∑
n=1

1 − (−1)n

nπ

sinh(nπ(H−y)
L

)

sinh(nπH
L

)
sin

nπx

L

]
(12)

Where
N = 100
H = 1 m
L = 2 m

Solving two dimensional steady state heat conduction equation requires excellent
mathematical skills.

3 Soultion Procedure

Discretization of the partial differential equation is done employing Jacobi,Point
Gauss Seidel and Point Successive Over Relaxation iterative techniques.
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3.1 Iterative Techniques :

3.1.1 Jacobi iterative technique:

In numerical linear algebra, the jacobi method is an iterative algorithm for determin
-ing the solutions of a diagonally dominant system of linear equations. Each diago
-nal element is solved for, and an approximate value is plugged in.The computation
tion of x(k+1) doesn’t use the elements of x(k+1) that have already been computed.

3.1.2 Gauss Seidel iterative technique:

The element-wise formula for the Gauss–Seidel method is almost similar to that of
the jacobi method.The computation ofx(k+1) uses the elements of x(k+1) that have
already been computed, and only the elements of x(k) that have not been computed
in the k+1 iteration. This means that, unlike the Jacobi method, only one storage
vector is required as elements can be overwritten as they are computed, which can
be advantageous for very large problems.

3.1.3 Succesive Over Relaxation technique SOR:

Succesive over relaxation technique (SOR)is a variant of the gauss seidel method
used for solving a linear system of equations, resulting in faster convergence.The
convergence of the solution depends on the value of relaxation parameter ω A similar
method can be used for any slow or fast converging iterative process.

3.2 Brief explaination of code

The basic idea of writing this code is to solve two dimensional steady state heat
conduction problem using different iterative techniques.Firstly we enter the necessary
input values and boundary conditions., using three independent if loops we solve the
differential equation using three methods. In if loop we have a convergence loop
which checks for the error and compares it with the tolerence . In convergence loop
we have space loop where actually the partial differential equation is solved.This is
how a 2D steady heat conduction problem is solved.
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4 Results

4.1 Comparison of numerical solution using different
iterative techniques with the analytical solution

Figure 3: ANALYTICAL SOLUTION Figure 4: JACOBI TECHNIQUE

Figure 5: POINT SUCCESSIVE
OVER RELAXATION TECHNIQUE

Figure 6: GAUSS SEIDEL TECH-
NIQUE

Two Dimensional steady state heat conduction equation is solved with different
boundary conditions is solved in MATLAB-2017 using different iterative techniques.It
is observed that for a given error criteria PSOR techniques converges faster than gauss
seidel for optimum value of relaxation parameter ω = 1.8.In the above analysis the
plate is made of copper whose thermal conductivity is 385 W/m-K.
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4.2 GRID DEPENDENCY TEST

Figure 7: ANALYTICAL SOLUTION
FOR 20x20,40x40,40x20 Grid

Figure 8: NUMERICAL SOLUTION
FOR 20X20 GRID

Figure 9: NUMERICAL SOLUTION
FOR 40X20 GRID

Figure 10: NUMERICAL SOLUTION
FOR 20X40 GRID

It can observed from the above contours that analytical solution is independent of
the grid size whereas numerical solution is grid dependent.It can also be observed
that 40x20 gives the temperature with least error when compared with solution using
other grids.
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4.3 Comparison of Numerical and Analytical solution on
mid-plane parallel to X-axis

Figure 11: Comparison of Numerical
Analytical Solution for 60X30 Grid

Figure 12: Comparison of Numerical
Analytical Solution for 20X40 Grid

It can be observed from the plot that analytical solution numerical solution are in
agreement when grid points in X-direction are twice that of in Y-direction and in
other cases the error is significantly large.

4.4 Comparison of Numerical and Analytical solution on
mid-plane parallel to Y-axis

Figure 13: Comparison of Numerical
Analytical Solution for 40X20 Grid

Figure 14: Comparison of Numerical
Analytical Solution for 20X20 Grid

It can be observed from the plot that the error in analytical solution numerical solu-
tion is insignificant when grid points in X-direction are twice that of in Y-direction.
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4.5 Optimum Value Of Relaxation Parameter ’ω’

Figure 15: 0<ω<1 Figure 16: 1<ω<2

It can be observed from the above graphs that when 0<ω<1 number of iterations
required for convergence is very large but as ω increases beyond 1 the number iter-
ations required for convergence decreases drastically and when ω = 1.8 number of
iterations required is minimum.Therefore it can be concluded that ω = 1.8 is the
optimum value of relaxation parameter for PSOR technique.

5 Discussion

It can be observed from the plots that the number of iterations required to get value
of a given accuracy for jacobi is highest and the least number of iterations are for
succesive over relaxation technique,Number of iterations for Gauss Seidel are less
than that of jacobi method and the number decreases drastically in case of PSOR.
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