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Abstract

This Study presents the solution of first order wave equation using FTBS Explicit
scheme,Lax-Wandroff Explicit Scheme and FTCS Implicit scheme.The Numerical
Solution is compared with the exact solution.It is observed that Lax-Wandroff scheme
is stable when courant number less than one.It is observed that as courant number
decreases FTBS scheme becomes dissipative where as Lax-Wandroff scheme becomes
dispersive.It is also observed that FTCS implicit scheme is unconditionally stable,but
for large courant nummber this scheme yields poor results.

1 Introduction :

The wave equations of free particles express the properties that depend on the gen-
eral requirements of space–time symmetry. However, physical processes involving
the particles depend on their interaction properties. The description of the electro-
magnetic interactions of particles in relativistic quantum theory can be effected by a
generalization of the method used in classical non-relativistic quantum theory. This
method is applicable to the description of electromagnetic interactions of particles
that are not capable of strong interactions.
It is to be noted that Computational Fluid Dynamics is not just about using canned
packages but to understand the physics behind the problem.This is the reason why
the coding is done using a high level language here in this case MATLAB to under-
stand how a partial differential equation is solved behind the scenes of commercial
packages,as Navier-Stokes Equations are after all partial differential equations.
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2 Mathematical Modelling : Establishing Govern-

ing Differential Equation

∂u

∂t
+ a

∂u

∂x
= 0 (1)

which describes a wave propagating along the x-axis with a velocity a. This
equation is also a mathematical model for one-dimensional linear advection. Consider
a typical grid point i in the domain. In a one-dimensional domain, there are only two
directions associated with point i – left (towards negative infinity) and right (towards
positive infinity).

Figure 1: Initial Profile

If a is positive, the travelling wave solution of the equation above propagates
towards the right, the left side of i is called upwind side and the right side is the
downwind side. Similarly, if a is negative the travelling wave solution propagates
towards the left.If the finite difference scheme for the spatial derivative, contains
more points in the upwind side, the scheme is called an upwind-biased or simply an
upwind scheme.

un+1
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∆t
= −a

ui − ui−1

(∆x)
, O(∆x,∆t) fora > 0 (2)
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∆t
= −a

ui+1 − ui
(∆x)

, O(∆x,∆t) fora < 0 (3)
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GOVERNING EQUATION :

∂u

∂t
+ a

∂u

∂x
= 0 a = 300m/s (4)

BOUNDARY CONDITIONS :

u(x = 0, t) = 0

u(x = 300, t) = 0

INITIAL CONDITIONS :

u(x, 0) = 0 0 6 x 6 50

u(x, 0) = 100sin(π(x−50)
60

) 50 6 x 6 110

u(x, 0) = 0 110 6 x 6 300

2.1 Discretization

Discretization by Implicit FTCS Scheme :

un+1
i − uni

∆t
= −a

un+1
i+1 − un+1

i−1

(2∆x)
, O(∆x2,∆t) (5)

Discretization by FTBS Scheme :

un+1
i − uni

∆t
= −a

ui − ui−1

(∆x)
, O(∆x,∆t) (6)

Discretisation by Lax-Wandroff Scheme :

un+1
i = uni − a∆t

uni+1 − uni−1

2∆x
+

1

2
(a∆t)2

uni+1 − 2uni + uni−1

(∆x)2
, O(∆x2,∆t2) (7)

3 Soultion Procedure

Discretization of the partial differential equation is done employing FTBS,FTCS,Lax-
Wandroff Schemes.
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3.1 Discretisation Schemes :

3.1.1 FTBS Scheme :

In computational physics, upwind schemes denote a class of numerical discretization
methods for solving hyperbolic partial differential equations. Upwind schemes use
an adaptive or solution-sensitive finite difference stencil to numerically simulate the
direction of propagation of information in a flow field. The upwind schemes attempt
to discretize hyperbolic partial differential equations by using differencing biased in
the direction determined by the sign of the characteristic speeds

3.1.2 FTCS Scheme:

In numerical analysis, the FTCS (Forward-Time Central-Space) method is a finite dif-
ference method used for numerically solving the heat equation and similar parabolic
partial differential equations.[1] It is a first-order method in time, explicit in time, and
is conditionally stable when applied to the heat equation. When used as a method
for advection equations, or more generally hyperbolic partial differential equation, it
is unstable unless artificial viscosity is included.

3.1.3 Lax-Wandroff Scheme:

The Lax–Wendroff method, named after Peter Lax and Burton Wendroff, is a nu-
merical method for the solution of hyperbolic partial differential equations, based on
finite differences. It is second-order accurate in both space and time. This method is
an example of explicit time integration where the function that defines the governing
equation is evaluated at the current time..

3.2 Brief explaination of code

The main idea of writing this program is to solve the linear convection equation using
the given velocity profile in the problem by using time marching solution technique.
Firstly we define the necessary inputs name L,dt,C,n.Here in this case we have n
as a 1x4 array since we have to calculate and plot the velocities for different time
steps.Using time loop and space loop we calculate,store and plot length of domain vs
velocities for a specific no. of grid points the value. By using another for loop from
starting we calculate for different time steps.
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4 Results

4.1 Comparison of numerical solution using different
discretization Schemes

Figure 2: INITIAL CONDITIONS Figure 3: FTBS EXPLICIT SCHEME

Figure 4: LAX-WANDROFF EX-
PLICIT SCHEME

Figure 5: SOLUTION BY FTCS IM-
PLICIT SCHEME

It can be observed from the above plots that as courant number decreases FTBS
explicit scheme becomes dissipative,whereas Lax-Wandroff scheme becomes disper-
sive.It is to be noted that though Lax-Wandroff scheme is second order accurate
in both space and time,it is stable only when courant number is less than equal
to one.Although implicit FTCS scheme is unconditionally stable the results are
poor,particularly for large courant number.
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