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ABSTRACT

The fluid flow through porous media is one of the most important concept in many
areas of applied science and engineering such as hydrogeology, petroleum engineering,
water resource engineering, soil mechanics, environmental engineering, chemical

engineering, construction engineering, civil engineering, geophysics, biophysics etc.

In recent years, extensive research works have been carried out to study the fluid
flow through porous media. This field has gained extensive attention due to its broad
range of applications in science and industry. In particular, the modeling of fluid flow
through porous media is a central problem within the field of various applications in
such areas. The scope of the present study lies in an increasing importance of the
hydrodynamics of single phase flow and multiphase flow through porous media. Due to
vast scope of multiphase flow through porous media, the specific problems are almost
unlimited and therefore it is reasonable to select such types of problems for discussion
here. Accordingly a selection of more interesting problems of current interest have been
made for mathematical treatment in the work. The investigated problems of the present

study are concerned with the flow of immiscible and incompressible fluids.

This work has been devoted to study of 1-D flow in porous media and the
development of mathematical model of fluid flow through porous media. The physical
phenomena like as fingering phenomenon, imbibition phenomenon, fingero-imbibition
phenomenon, infiltration phenomenon arise in fluid flow through porous medium
which are encountered in many fields of science and engineering. The mathematical
problems of different physical phenomena give us one dimensional nonlinear partial
differential equations. These equations are solved using homotopy analysis method
whose convergence is discussed by choosing proper value of convergence control
parameter.  The solution of the problems have been studied numerically and

graphically with the help of Mathematica coding.
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CHAPTER 1

General Introduction

1.1 Introduction

This chapter deals with the introductory nature and general introduction of the subject
matter of the thesis viz, basic concepts of porous media, mathematical formulation of
the fluid flow problems and homotopy analysis solution of the problems arising from

the fluid flow through porous media.

The scope of the present investigation lies in an increasing importance of single
phase and double phase flow through porous media. The thesis discusses the
approximate analytical solution of some problems of single phase and double phase
flow through porous media. The mathematical formulation of the problems lead to one
dimensional nonlinear partial differential equations which are solved with suitable
conditions using homotopy analysis method. The fluid flow through porous media has
a great importance in many areas of applied sciences and engineering such as
environmental science, water resource engineering, petroleum engineering,
hydrogeological engineering, civil engineering, geoscience etc. The common subject
of study is the fluid flow through porous media and it has been of interest for a long

time.

1.2 Structure of the thesis

The thesis consists basically of 8 main chapters. Subsequent to these introductory
words, Chapter 2 gives an overview of basic concepts of porous media, fluid flow
through porous media, fundamental equations for fluid flow through porous media and

1
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basic terminology of homotopy analysis method which has helped us to solve

nonlinear differential equations.

The next Chapter 3 is targeted to the problem of fingering phenomenon arising in
fluid flow through homogeneous porous medium. We obtain the solution of governing

equation with the help of homotopy analysis method.

Chapter 4 is focused on homotopy analysis solution of countercurrent imbibition
phenomenon. In this chapter, the mathematical model is studied for the problem of
countercurrent imbibition phenomenon in the inclined homogeneous porous medium.
The mathematical problem yields to one dimensional nonlinear partial differential
equation and solves it using appropriate boundary conditions. Using co-curves, we

have obtained convergent solution.

Chapter 5 discusses the mathematical model for cocurrent imbibition
phenomenon in the inclined homogeneous and heterogeneous porous medium. The
solutions of the governing equations are discussed by homotopy analysis method. The
solutions represent saturation of injected water. The graphical and numerical solutions

are also discussed.

Chapter 6 explains the phenomenon of fingero-imbibition arising in fluid flow
through heterogeneous porous medium. The mathematical model of the phenomenon
of fingero-imbibition in heterogeneous porous medium with magnetic field effect is
studied. The homotopy analysis method is used to solve the governing equations with
boundary conditions. The graphical and numerical interpretations of solutions are
given with the help of Mathematica software. The comparative numerical values of the
solution for fingero-imbibition phenomenon without magnetic field effect and with

magnetic field effect are given.

Chapter 7 is focused on the infiltration phenomenon in unsaturated homogeneous
soil. Homotopy series solution of the Boussinesq’s equation for infiltration phenomenon
has been obtained. The numerical and graphical interpretations of solution has also been

given.
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The last Chapter 8 presents an analysis of investigations of the problem of one
dimensional groundwater recharge in the vertical downward direction. When the
groundwater is recharged by spreading of water on ground surface, the moisture
content increases in soil. On the basis of linear and nonlinear conductivity and
diffusivity functions, three cases are considered for Brooks-Corey model. The proper
value of convergence control parameter for convergent solution has been chosen from

co-curve.

Some of the results/solutions reported here are also published in scholarly, peer

reviewed and indexed journals as well as presented in conferences.

The references are given alphabetically at the end.

1.3 Brief description on the state of the art of the

research topic

Scheidegger [77] has introduced the physics of flow through porous media. The study
of the physics of fluid flow through porous media has become basis for many scientific
and engineering applications like as groundwater hydrology, ceramic engineering,
petroleum engineering, water resource engineering, soil mechanics etc. All these
branches of science and engineering have contributed a vast amount of literature on

this topic.

The fluid flow through porous media can be classified into single phase flow and
multiphase flow. Many researchers have discussed the single phase flow and multiple
phase flow with different view points. Different type of problems of fluid flow through
porous media in the various fields have been discussed by Muskat [47]. The theory of
dynamics of fluids in porous media, as applicable to many disciplines of science and
engineering are given in the book "Dynamics of fluids in porous media" by Bear [5]. It
helps researchers to know where flow through porous media plays a fundamental role
in several fields such as soil mechanics, soil physics, groundwater hydrology,

petroleum engineering, drainage and irrigation engineering, chemical engineering and
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sanitary engineering. By reading this literature, I have learnt which has made easier to
understand and analyze my research topic. The phenomenon of fingering (instability)
has great importance in various engineering fields like agriculture engineering,
groundwater  hydrology and  petroleum  engineering, soil  mechanics
[6, 8, 13, 71, 78, 82]. The phenomenon of fingering in homogeneous porous media
without capillary pressure was examined from a statistical viewpoint by Scheidegger
and Johnson [78]. The stabilization of fingers in a specific oil-water displacement
process with capillary pressure has been statistically discussed for a heterogeneous

porous medium by Verma [86].

Spontaneous imbibition is the one of most important phenomenon. Spontaneous
imbibition may be classified as countercurrent or cocurrent. The cocurrent and
countercurrent imbibition phenomena have been investigated by many researchers with
different viewpoints [9, 11, 14, 19, 22, 24, 38, 43, 70, 77, 81, 93]. The simultaneous
occurrence of both phenomena fingering and imbibition is known as fingero-imbibition
phenomenon which is investigated by researchers with different viewpoints

[19, 25, 44, 45, 52, 53, 57, 58, 79, 87].

Infiltration is the process by which the water on ground surface enters into soils
and moves into rocks through pore spaces and cracks. The problem in groundwater

infiltration has been studied by many authors with different aspects [15, 68, 80, 89, 91].

One dimensional groundwater recharge problem is related to hydrology,
environmental engineering, soil mechanics, water resource engineering etc. The flow
of water in unsaturated soil has been considered with some specific assumptions. The
problem of groundwater flow has been discussed by many authors with different

aspects [27, 30, 48, 74, 85].

1.4 Definition of the Problem

In the secondary oil recovery process, physical phenomena like as fingering

phenomenon, countercurrent imbibition phenomenon, cocurrent imbibition
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phenomenon, fingero-imbibition phenomenon occur in the two phase flow through
porous medium. The mathematical models of 1-D flow in porous medium has been
studied with some specific assumptions in the present work. The aim of the present
study is to investigate the behavior of the saturation of injected water in different
physical phenomena which are arising in fluid flow through homogeneous or
heterogeneous porous medium. To study the infiltration phenomenon through
unsaturated porous medium and the solution of the Boussinesq’s equation for
infiltration phenomenon. The objective of the work is to investigate the behavior of the
moisture content of soil in the groundwater flow when excess water on the ground

surface is spreading in the vertical direction through unsaturated porous medium.

1.5 Objective and Scope of work

The main goal of the present work is to study the 1-D flow in porous media. The primary
objective of our study is to discuss the one dimensional mathematical problem arising
in fluid flow through porous media. The secondary objective is to study the solution of
one dimensional nonlinear partial differential equation by homotopy analysis method.
The solution represents:

1. the saturation of the injected water which helps us to predict the amount of water
required to inject for recovering oil,

2. the moisture content which helps us to predict the amount of water spread in the

unsaturated soil.

This type of mathematical model is useful for predicting oil recovery from
petroleum reservoir and for predicting moisture content increase in unsaturated soil.

The scope of the current work is to study of problems of 2-D flow in porous media.

1.6 Original contribution by the thesis

The original contribution made by the study is created/modified mathematical models

of countercurrent imbibition phenomenon in the inclined homogeneous porous



General Introduction 6

medium, cocurrent imbibition phenomenon in the inclined homogeneous and
heterogeneous porous medium, and the phenomenon of fingero-imbibition in a

heterogeneous porous medium with magnetic field effect.

The solutions of various problems of fluid flow through porous media are discussed
using homotopy analysis method with appropriate boundary conditions. Comparative
study of the phenomenon of fingero-imbibition with magnetic field effect and without

magnetic field effect are given.

1.7 Methodology of Research and Results/Comparisons

We have studied various literatures related to fluid flow through porous media and done
a comparative analysis to find out research gap and problem statement. The literature

survey helped us to define an objective of the research.

We have used Mathematica BVPh package for nonlinear boundary value problems
[36]. It is a combination of the homotopy analysis method and the computer algebra
system Mathematica, and provides us a convenient analytic tool to solve many nonlinear
differential equations. We have studied various problems of fluid flow through porous
medium and according to research gap we create/modify the mathematical model for
different physical phenomena arising in two phase flow through porous medium during

secondary oil recovery process.

We have discussed the problems related to fingering phenomenon, cocurrent and
countercurrent imbibition phenomenon, fingero-imbibition phenomenon, infiltration
phenomenon, groundwater recharge. We have obtained the series solutions of one
dimensional nonlinear partial differential equations which are arising in fluid flow
through porous medium using homotopy analysis method. The convergence of
homotopy series solution is dependent on convergence control parameter which is
chosen from cp-curve. We used Mathematica BVPh package to plot co-curves and to

obtain numerical and graphical representations of solutions.
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1.8 Achievements with respect to objectives

The mathematical models of the problems in fluid flow through porous media are
created/modified for countercurrent imbibition phenomenon in the inclined
homogeneous porous medium, cocurrent imbibition phenomenon in the inclined
homogeneous and heterogeneous porous medium, and the phenomenon of

fingero-imbibition in the heterogenous porous medium with magnetic field effect.

We have discussed the problems of fluid flow through porous media for oil-water
displacement process (instability) in the homogeneous porous medium, countercurrent
imbibition phenomenon occurring in the inclined homogeneous porous medium,
cocurrent imbibition phenomenon in the inclined homogeneous and heterogeneous
porous medium, fingero-imbibition phenomenon occurring in fluid flow through
heterogeneous porous medium with and without magnetic field effect, the infiltration
phenomenon through unsaturated porous medium and groundwater recharge in the
vertical direction. The solutions of mathematical problems are obtained by homotopy

analysis method with suitable boundary conditions.

1.9 Conclusion

We have studied the mathematical models of different physical phenomena like as
fingering phenomenon, countercurrent imbibition phenomenon, cocurrent imbibition
phenomenon, fingero-imbibition phenomenon which are arising during secondary oil
recovery process. We have discussed the infiltration phenomenon through unsaturated
porous medium and an approximate analytical solution of the Boussinesq’s equation
for infiltration phenomenon. Also we have investigated the mathematical model of
groundwater recharge in vertical downward direction through unsaturated porous
medium. All the problems are considered in one dimensional fluid flow and then the
governing equations come in the form of one dimensional nonlinear partial differential
equations. Homotopy analysis method is adopted to find solutions of nonlinear partial

differential equations with appropriate boundary conditions. The solutions are
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interpreted graphically as well as numerically using Mathematica BVPh package for

homotopy analysis method.



CHAPTER 2

Basic Concepts

2.1 Introduction

This chapter is devoted to some basic concepts of fluid flow, porous media and
homotopy analysis method. The appropriate notation will be introduced and thus, it

will provide a base for the following chapters of the thesis.

2.2  Fluid flow through porous medium

A porous medium means a material consisting of a solid matrix with a certain amount of
pores spaces (voids or interspaces), either connected or disconnected, dispersed within
it in either a regular or random manner. These pores may contain a variety of fluids such
as water, oil, air, gas etc. If the pores represent a certain portion of the bulk volume,
a complex network can be formed which is permeable to contain fluids. Only these
permeable porous media are taken into consideration in this volume. The interconnected
pores allow the fluid flow through it. A porous medium is most often characterized by
its porosity. Many natural substances such as rocks and soil (e.g. petroleum reservoirs,
aquifers), biological tissues (e.g. muscles, bones), and man made materials such as

ceramics and cements can be considered as porous media.

Various examples are given below where porous media plays an important role.

e In Soil Science: The soil (porous medium) contains water and nutrients, and

transports them to plants.
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e In Medical and Biological Science: Most of biological tissues of the body (e.g.

bones, cardiac, muscles) are porous media.

e In Hydrology: The porous medium relates with water flow in the earth and sand
structures, such as water flow to wells from water bearing formations and sea

water intrusion in coastal areas.
e In Chemical Science: The porous medium is applied as filter or catalyst bed.

e In Petroleum Technology: The reservoir rock (porous medium) contains crude oil

and natural gas.

We are mostly interested in porous medium with a connected pore space because
we focus on fluid flow. Flow in porous media is a common research topic encountered in
many branches of engineering, groundwater hydrology, petroleum engineering, medical
and biological science, chemical engineering etc. In fluid mechanics, single phase flow
occurs when the pores are completely saturated by only one fluid. Multiphase flow is
simultaneous flow of different phases (i.e. gas, liquid or solid). Two-phase flow is a

particular example of multiphase flow.

Basically one must distinguish between two groups of porous media: 1.
intergranular 2. fractured. Porous materials having both intergranular and fractured
porosity are known as dual porous media. On the other side, concerned with
mechanical properties, it should distinguish between consolidated porous medium and
unconsolidated porous medium. The particles of a consolidated porous medium are
held together by a cementing material, like as sandstone, lime stone, concrete, cement,
clothes, wood, human lung and in the other type the grains are loose, like as beach

sand, glass beads, catalyst pellets.
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2.3 Types of fluid flow

2.3.1 Steady and unsteady flow

Fluid flow can be steady or unsteady, depending on the fluid properties. The flow in
which fluid properties at a point do not vary with the time is called steady flow. The

flow in which fluid properties at a point vary with time is said to be unsteady flow.

2.3.2 Uniform and non-uniform flow

If the velocity at a given time is the same in both magnitude and direction throughout
the flow domain, the flow is called uniform flow. The flow of fluid in which velocity at

a given time changes from point to point, is called non-uniform flow.

2.3.3 Laminar and turbulent flow

Laminar flow occurs when a fluid flows in parallel layers with no disruption between
the layers. The fluid flow in which the adjacent layer of fluid cross to each other and
move in definite path is called furbulent flow. The ratio of the inertial force to viscous
force is said to be the Reynolds number R, which determines whether a flow is laminar
or turbulent. It can be concluded that when the viscous forces are dominant (slow flow,
low R,) they are sufficient enough to take all the fluid particles in parallel line, so the
flow is laminar. Very low R, shows viscous creeping motion where inertia effects are
avoidable. When the inertial forces dominate over the viscous forces, (when the fluid
is flowing speedy and R, is bigger) then the flow will be turbulent. Experiments have
shown that if the Reynolds number is less than 2000, then the flow will be laminar. At
Reynolds number between 2000 and 4000, the flow is volatile as a result of the inception
of turbulence. This flow is sometimes known as transitional flow. If R, is greater than

4000, the flow is turbulent.
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2.3.4 Compressible and incompressible flow

Fluid flow can be compressible or incompressible, depending on whether you can easily
compress the fluid. Usually liquids are impossible to compress, whereas gases (also
considered a fluid) are much compressible. The fluid flow in which the density of fluid
changes from point to point is called compressible flow. The flow in which density is

constant (volume does not change) is called incompressible flow.

2.3.5 One, two and three dimensional flows

Term one, two or three dimensional flow refers to the number of space coordinates
required to describe a flow. It appears that any physical flow is generally
three-dimensional but some can be estimated to a two dimensional or even one
dimensional flow to simplify the calculations without loosing too much accuracy. This
is achieved by ignoring changes to flow in any of the directions, thus reducing the

complexity.

2.4 Fundamental properties of porous media

A material or structure must have these two properties in order to come under a porous

medium:

e [t must contain interstices (voids or solid free spaces or pores), implanted in the
solid or semi-solid matrix. The interstices usually contain some fluids like as air,

water, oil or a mixture of different fluids.
e It must be permeable to a various fluids, i.e. fluids should be able to infiltrate

through one face of a sample of material and appear on the other side.

Whereas fluid and structure properties such as porosity or permeability are well

examined and known, the determination of the fluid-structure interaction still poses a
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lot of questions. The porous medium may be classified as homogeneous porous
medium or heterogeneous porous medium depending upon whether its properties are
uniform throughout or variable. A porous medium domain is referred to as
homogeneous if its permeability is the same at all points of the domain. If not, the

porous medium domain is known as heterogeneous.

A porous medium is said to be isotropic at a point if the permeability is independent
of direction at that point. Otherwise it is known as anisotropic. This behavior reflects

the macroscopic effect of the geometrical configuration of the pore space.

2.4.1 Porosity
Porosity (P), a porous medium property, is defined as the ratio of volume of the void
space Vp to the total volume Vr of a porous medium (say, of a rock sample)

Ve Vr—V
77 A

P 2.1)

where Vs is the volume of solids within V7. The porosity is a dimensionless quantity.
The porosity is dependent on the structure and texture of the porous material. The

porosity changes from 25% to 90%.

2.4.2 Saturation

Usually pores may contain several fluids. The saturation of a certain fluid, say o-fluid

is defined as

Volume of ¢ phase in the porous media(Vy)

= . 2.2
%™ Effective pore volume of the porous media(Vp) 22)

Summing the saturations results in

Y Se=1. (2.3)
o
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2.4.3 Wettability

A drop of fluid on a plane solid surface can take various shapes. The respective shape is
dependent on the wettability of the considered fluid. Figure 2.1 explains that property.
The water is wetting phase in the case of water and air, and the air is the wetting phase

in case of mercury and air.

Air
Mercury
8 Water '9\/

Glass
g < 90" g = 90°

FIGURE 2.1: Comparison of wetting and nonwetting fluid.

The contact angle 6 is used as a measure of wettability. When the contact angle is
smaller than 90°, the fluid is known as wetting fluid. The fluid is called nonwetting fluid

when the contact angle is greater than 90°.

2.4.4 Capillary pressure

In double phase flow, a discontinuity in fluid pressure arises across an interface between
two immiscible fluids (eg. oil and water). The difference between the pressure of
nonwetting phase P, (eg. oil) and pressure of wetting phase P, (eg. water) is known as
capillary pressure P,:

P.=P,—P,. (2.4)

2.4.5 Darcy’s law

The volumetric flow rate of the fluid through homogeneous sand column is (a)

proportional to the constant cross-sectional area A of the column and proportional to
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the difference in fluid level elevations at inflow and outflow of the column, (b)

inversely proportional to the length of the column. i.e.

(1) _ )
0= A" Lh_ (2.5)

where K is the proportionality coefficient.

FIGURE 2.2: Darcy’s column experiment.

2.4.6 Specific discharge

Specific discharge or Darcy velocity is defined as the volumetric flow rate of water per

unit time through a unit cross-sectional area A, i.e.

— (2.6)

Darcy’s law was formulated from experiments on a vertical homogeneous sand

column, it can be easily extended to the one dimensional flow in the inclined column
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(see figure 2.3). The elevations A and 1) represent the hydraulic heads (piezometric

heads) in the respective reservoirs, defined by
_ P _
h=z+—, pg=vY (2.7
P8

where 7 is the elevation of the point at which the piezometric head is being considered,
above some datum level, p is the pressure of fluid, p is the density of fluid, Y is the
specific weight of fluid and g is the acceleration due to gravity. The pressure head y is

the internal energy of a fluid due to the pressure and is expressed as Y = %.

= e

[[3]

Datum Level — l

v
L

FIGURE 2.3: Darcy’s Experiments in inclined sand filter.

In the inclined homogeneous reservoir, Darcy’s law gives

0 K

V= — =

dp .
1 —p—g (8_z +pgszn9) . (2.8)

For one dimensional, horizontal flow (or when 6 = 0), Darcy’s law takes the form

V=

=——2r (2.9)

0 K dp
A pg ox’
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2.4.7 Hydraulic conductivity

Hydraulic conductivity K indicates the ability of the aquifer to conduct water through it
under hydraulic gradient. It is a combined property of the porous medium and the fluid
flowing through it. Hydraulic conductivity is dependent on grain size, structure and
texture of the soil matrix, type of soil fluid and saturation of the soil matrix. Important
properties relevant to the solid matrix of the soil include pore size distribution, pore
shape, tortuosity, specific surface and porosity. The effects of the various solid matrix
(actually, void space) features are combined in the form of a coefficient called

permeability.

The hydraulic conductivity k is given by

K= -1 =2°% (2.10)

where K is the permeability, p is the density, g is the acceleration due to gravity, 0 is
the dynamic viscosity, V is the kinematic viscosity. Permeability of the porous medium

is the measure of ability of porous material to allow fluid to pass through it.

2.4.8 Permeability

The permeability is the most important physical property of a porous medium, which
is a measure of the ability of a material to transmit fluid through it. The permeability K
is a very important rock property because it controls the directional movement and the

flow rate of the reservoir fluids in the formation.

2.4.9 Effective permeability

When there is only single fluid moving through porous medium, the permeability for
this case is called absolute permeability. However, when there is more than one fluids
present in a rock, the permeability of each fluid to flow is decreased because another

fluid will also be flowing in the rock. The ability to preferentially flow or transmit a
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particular fluid when other immiscible fluids are present in a rock is called the effective
permeability of that fluid (e.g. effective permeability of gas in a gas-water reservoir).
The effective permeability of each fluid is related to the properties of the geometrical
configuration of the portion of pore space occupied by each fluid [6]. For each fluid, the

effective permeability is dependent on the phase saturation.

2.4.10 Relative permeability

Underlying the extension of the motion equation of a single fluid to the simultaneous
flow of two or more fluids is the concept of relative permeability. In multiphase flow
through porous media, the relative permeability is the ratio of effective permeability of
a particular fluid at a particular saturation to absolute permeability of that fluid at total

saturation. If a single fluid is present in a rock, its relative permeability is 1.

For an isotropic porous medium, relative permeability to water and relative

permeability to oil may be defined as [7]

kew(Sw) and k. — ke0<S0)
0o —

ke —
v kS at kS(lt

(2.11)

where kg is the permeability at full saturation (S,, = 1), k., is the effective
permeability to water and k., is the effective permeability to oil. The relative
permeability is commonly used to describe permeability for multiphase flow in an

isotropic porous medium. Note that 0 <k, < 1,and 0 <k, < 1.

2.4.11 Seepage velocity

At the particulate level, water takes the flow path through the void spaces (see figure
2.4). The portion of the area A available to flow fluid is PA. The seepage velocity

(average velocity) of a fluid flowing through porous medium is

0
= (2.12)

vl <
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&>

FIGURE 2.4: Porous medium cross-section.

2.4.12 Limitations of Darcy’s law

It is difficult to predict the exact range of the validity of Darcy’s law. Darcy’s law
is valid only for slow, viscous flow; fortunately, most groundwater flow cases fall in
this category. In fluid mechanics, the Reynolds number R, is used as a parameter to
distinguish between the laminar flow and the turbulent flow. The Reynolds number
expresses the ratio between inertial force and viscous force acting on a flowing fluid.

The Reynolds number for fluid flow through porous medium is typically expressed as
R, = — (2.13)

where d is some microscopic length characterizing the pore space, v is specific discharge
and v is the kinematic viscosity of fluid. Experimental tests have shown that Darcy’s
law is valid as long as Reynolds number doesn’t exceed a value of 1 (but sometimes the

upper limit can be extended up to 10).
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2.5 Conservation of mass equation

For the time dependent problems involving fluid flow, Darcy’s law has insufficient data
to allow us to solve it. We must derive first a mathematical equation of the mass
conservation principle in order to develop a governing equation to time dependent

problems.

Assume that a-fluid is flowing through a one dimensional tube of constant cross-
sectional area A. In particular, we focus on the region between two locations x and

X+ Ax.

A

|~

— v, (x + Ax)

Ve () ——™

X x+ Ax

FIGURE 2.5: Region between two locations x and x + Ax.

Using the mass conservation principle, we get

Mass flux in — Mass flux out = Increase in amount of mass stored. (2.14)

Note that the mass of the fluid property is conserved, not the volume of the fluid.

Consider that the a-fluid is moving from left to right through the region during the
time duration between time ¢ and time ¢ + A¢f. The mass flux in the region during this

time increment will be

Mass flux in = A(x)pg (x)ve (x)At. (2.15)
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During this time increment, the mass flux out of the region will be

Mass flux out = A(x 4 Ax)pg (x + Ax) vy (x + Ax)At. (2.16)

Suppose that the amount of mass of o-fluid stored in the region is mg, thus the

mass conservation equation takes place the form

[A(X)pa(X)ve (x) —A(x + Ax) po (X + Ax) v (x + Ax) | At = mg (t + At) —mg(t). (2.17)

For one dimensional fluid flow through a cylindrical region, A(x) = A = constant.

Now divide both sides of (2.17) by Az and taking At — 0, we get

dmy,

ot

—Alpa(x+Ax)vg(x+ Ax) — po (x)ve(x)] = (2.18)

But my = poVy, where Vy is the volume of o-fluid contained in the region between x

and x+ Ax. So,

My = paVa = paSaVP = p(XSOCPVT = paPSaAAx (219)
Thus,
d(paPS
—Alpa(x+Ax)vg (x + Ax) — pa(x)ve(x)] = %AAX. (2.20)

Now divide both sides of (2.20) by AAx and taking Ax — 0, we get

d(PaPSa) n d(Pava)

o o 0. (2.21)

This is the basic equation of conservation of mass for one dimensional flow in the

porous medium.
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2.6 Basic equation for immiscible fluid flow

The velocity of an immiscible fluid @ governed by Darcy’s law [5] is expressed as

Vo = —k—aK aﬁ + Pagsin® (2.22)
O ox

where v, is the velocity of a-fluid, kq is the relative permeability of o-fluid, 8y is the
viscosity of o-fluid, K is the permeability, Py, is the pressure of a-fluid, py is the density
of a-fluid, 0 is the angle of inclination with porous medium and g is acceleration due

to gravity.

2.7 Fundamental equations of groundwater flow

Groundwater flows through ground surface, flows in downward direction, firstly under
the effect of gravity and assemble above some impervious porous stratum. We noted
that the following two major zones are beneath the ground surface:

1. The saturated zone, in which relatively all pores and fractures are saturated with
water.

2. The unsaturated zone, in which the pore space is partially filled by water and partially
filled by air.

Ground surface

| Soil water
W o B g iNE® Gite ® T {
-
i Capilla - &
Zone of Aeration pillary z .{5
3
L

(Vadose zone) fringe -,
River
LT, ﬁ.l,..--

W

FIGURE 2.6: Subsurface zones [8].
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The equation of continuity for water movement in unsaturated porous medium is

governed by [5, 30]

d
2 (p®) =V M (2.23)

where p is the density, ® is the moisture content and M is the mass flux of moisture.

Darcy’s law for groundwater flow in porous medium is expressed as [5]
v=—kV®P (2.24)

where v is the volume flux of moisture, K is the hydraulic conductivity, V® is the

gradient of the whole moisture potential.

Consider the relation ® = y — z for the system in which flow takes place in the
vertical downward direction only where y is the pressure potential [5]. The vertical
downward direction is considered as the positive direction of z-axis. We consider that ®
and y are related by single valued function and assume that D = K‘g—g is the diffusivity

co-efficient. For incompressible flow, (2.23) reduces to

J0 8(D8®) oK (2.25)

dr  9z\"dz) 9z
This equation is known as Richard’s equation [3, 8, 30, 48, 75] which is one of the

most important equations with broad applications in hydrology, engineering and soil

sciences.

2.8 Physical phenomena

2.8.1 Fingering phenomenon

Fingering phenomenon is a physical phenomenon which frequently occurs in problems
of petroleum technology. When a fluid having greater viscosity flowing through a

porous medium is displaced by another fluid of lesser viscosity then, instead of regular
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displacement of whole front, protuberances take place which shoot through the porous
medium at a relatively very high speed, and fingers are developed during this process.
This phenomenon is called fingering (instability) phenomenon. It is important in

secondary oil recovery process of petroleum technology.

Injected Fluid

—

FIGURE 2.7: Representation of fingering phenomenon.

2.8.2 Imbibition phenomenon

When a porous medium filled with some nonwetting phase is brought into contact with
another phase which preferentially wets the medium, then there is a spontaneous flow
of the wetting phase into the medium and a counter flow of the nonwetting phase from
the medium. This phenomenon occurring due to difference in wetting abilities of the
phases, is said to be imbibition phenomenon. This phenomenon is applicable in oil
recovery process, printing process, food industry, biological sciences, surface chemistry,

composite materials, textiles and construction.

Injected Fluid

—

Injected Fluid

—

FIGURE 2.8: Representation of imbibition phenomenon.
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2.8.3 Fingero-imbibition phenomenon

Fingero-imbibition phenomenon occurs during secondary oil recovery process.
Simultaneous occurrence of fingering and imbibition phenomena is said to be

fingero-imbibition phenomenon and it has been discussed by Verma [87].

Imbibition Phenomenon

Infected Fluid

—

Fingering Phenomenon

Imbibition Surface

FIGURE 2.9: Representation of fingero-imbibition phenomenon.

2.8.4 Infiltration phenomenon

Infiltration phenomenon is the process by which water on ground surface enters into
the subsurface soils and moves into rocks through pore spaces and cracks. The rate of
infiltration depends on the different factors like as the amount of vegetative cover, soil
texture and structure, the amount of precipitation, water content of the soil, the depth of
the water table, storage capacity etc.

r' Iy 1 1' / ;’

! { . Precipitation Less infiltration in
I )( non-porous soils and rock

More infiltration in

L“\“E‘omus soils and rock

FIGURE 2.10: Infiltration phenomenon.



Basic Concepts 26

2.9 Homotopy analysis method (HAM)

2.9.1 Concepts of homotopy

In 1992, the homotopy analysis method [32] was first employed by Liao to solve
nonlinear differential equations.  This method is very powerful and has been
successfully applied to various nonlinear differential equations. Here we shall
introduce the basic terminology and fundamental concepts of the homotopy analysis
method. Also the convergence of homotopy analysis solution will discussed by means

of example.

Definition 2.9.1. Consider continuous functions f(x) and g(x) from a topological space
X to a topological space Y. A homotopy between two continuous functions f(x) and
g(x) is defined as a continuous function .%# : X x [0, 1] — Y such that .7 (x;0) = f(x)
and .7 (x;1) = g(x), V x € X. If such homotopy exists, we can say that f is homotopic
to g, and is denoted by f ~ g.

1—e™
1—e!

X =[0,1] and construct a homotopy .% : X x [0,1] — Y for Y =R as

For example, let two continuous functions x> and be defined in the interval

1—e”*

Fxq)=(1-9) +97—

where g € [0,1] is called the embedding parameter (the homotopy parameter), F

depends on x and g both.

When g =0 and g = 1, we have
F(x;0) =x>, Yxe[0,1]

and




Homotopy analysis method (HAM) 27

respectively.

Thus as the homotopy parameter ¢ increases from 0 to 1, the real function .7 (x; q)

continuously changes from the function x> to i:—ij (see figure 2.11).

1.0f

0.2+

— X

—X

FIGURE 2.11: Continuous deformation of the homotopy .7 (x;q) = (1 —q)x> +¢1=¢

l—e1°

Thick line (Green): g = 0; Dotted line: g = 1/5; Dashed line: ¢ = 2/5; Thin line:
g = 3/5; DotDashed line: g = 4/5; Thick line (Yellow): g = 1.

2.9.2 Basic ideas of the homotopy analysis method

We consider the nonlinear differential equation

N [u(r,1)] =0 (2.26)

where .4/ is a nonlinear operator, r and ¢ are independent variables, u(r,t) is an

unknown function.

Consider an auxiliary linear operator . with property .Z(0) = 0 and construct the

so-called homotopy of operators
F (N L5 q)lu(r,0)] = F (A [u(r,1)], Lu(r,1)];q) (2.27)
such that

F(N, ZL:0)[u(r,1)] = L]u(r,1)] (2.28)
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and

F(N, LD ulr,0)] = A u(r,1)]. (2.29)

Hence it makes sense to set a homotopy corresponding to the equation
N [u(r,t)] =0 as F(A,%;q) = 0. Thus, such a homotopy relates a nonlinear

differential equation to a linear differential equation.
The zeroth-order deformation equation

Liao [32] construct a homotopy of functions

(1-9)ZL[¢(r,t;q) —uo(r,t)] — cogH (r,t) N [9(r,t;q)] =0 (2.30)

where g € [0, 1] is the homotopy parameter (the embedding parameter), £ is the linear
operator with property .2 (0) =0, ¢(r,7;q) is the solution of (2.30) for g € [0, 1], uo(r,?)
is the initial guess (initial approximation) of u(r,t), co is a nonzero convergence control
parameter (auxiliary parameter), H(r,t) is a nonzero auxiliary function and ./ is a

nonlinear operator.

We see that when ¢ = 0 and ¢ = 1, we have

L16(r,1:0) g (r,1)] = 0 (2.31)

and

coH(r,t) A [¢(r,t;1)] =0 (2.32)

then due to the property .2 (0) =0 and ¢o # 0, H(r,t) # 0, (2.31) and (2.32) become

o (r,1;0) = ug(r,1) (2.33)

and

N[@(r,t;1)] =0. (2.34)
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So that the function ¢(r,t;q) agrees the initial guess uo(r,?) at ¢ = 0 and from
(2.34), we can say that the function @ (r,7; 1) satisfies the nonlinear differential equation

N [u(r,t)] =0, ie. ¢(r,t;1) = u(r,1).

Thus, as the embedding parameter g increases from 0 to 1, the solution ¢ (r,z;q) of
(2.30) varies continuously from initial guess u(r,?) to the solution u(r,) of the original

equation (2.26). In this regard, we call (2.30) as the zeroth-order deformation equation.

It is important in the homotopy analysis method that the convergence control
parameter, linear operator, auxiliary function and initial approximation has great

freedom to choose.

According to Taylor’s theorem and (2.33), expanding ¢(r,t;q) with respect to ¢

we have
O(r,t;q) = up(r,t) + Z U (T (2.35)
where
1 0"¢(r,t;9)
um(r,t) — ;!T . (2.36)
q:

Here, the series (2.35) is called homotopy-Maclaurin series. 1f the linear operator,
initial approximation, auxiliary function and convergence control parameter are chosen
in such a way that the series (2.35) converges at ¢ = 1. Then we have due to (2.34) the

homotopy series solution

u(r,r) = uo(r,r) + Z U (¥ (2.37)

m=1

The high-order deformation equation

Define i, = {ug(r,t),u; (r,t),...,un(r,t)}. Differentiating (2.30) m times with respect

to the homotopy parameter g and then dividing them by m! and finally setting g = 0 we
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have the so called high-order deformation equation
g[um(rJ) — XmlUm—1 (r7t)] = COH(rJ)‘@M(umfl) (238)
where
L o™ A[p(r1:q)]
— oLy
R (Um—1) = 1) g1 (2.39)
q=0
and
0 iftm<1,
Xm = (2.40)
1 ifm>1.
Applying -Z~! both sides of (2.38), we get the special solution of (2.38)
W' (0,0) = Kot (r,8) + L eoH (0,0) R (ttm—1 )] (2.41)

Then, it is easy to obtain general solution u,,(r,) of (2.38) for m > 1.

The homotopy series solution (2.37) of (2.26) contains the convergence control

parameter cg. As pointed out by Liao, the convergent homotopy analysis solution is

strongly dependent on convergence control parameter ¢y and with the help of cg-curve

(h-curve), the proper value of ¢ is chosen.

2.9.3 Some definition and related theorems

Definition 2.9.2. If ¢ is a function of the embedding parameter ¢, then

1 dmo
Dn(9) = ml dg
q=0

(2.42)

is said to be the mth-order homotopy derivative of ¢, where m > 0 is an integer, and %,

is known as the mth-order homotopy derivative operator [36].
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Theorem 2.9.1. Consider two arbitrary homotopy-Maclaurin series
0=Y uiqgd Y=Y v (2.43)
i=0 i=0

where ¢ and ¥ are analytic in q € [0,a), then it satisfies

(@) Dn(@) = upm,

(0) Dn(d“9) = Dm-1(9),

(©) Znl09) = ¥ Ti(0)Tn-i(¥) = ¥ tivn-i = ¥ T i(0)i(¥) = ¥t

i=0
(@) u(0"*1) = X 71(0)n-i(0") = . Tu-i(0)71(6").

(e) -@m(fq) +glP) = f@m((p) +g-@m(\P) = fum+8gvm,
where m > 0, n > 1, and 0 < k < m are integers, f and g are independent of q [36].

Theorem 2.9.2. Let £ be the linear operator independent of q € [0,1]. Consider two

arbitrary homotopy-Maclaurin series
i=0 i=0

where ¢ and ¥ are analytic in q € [0,a), then it satisfies

Qm[i”(ﬁb)] = g[-@m((b)] = g(”m)a (2.45)
and
Tl L L) =Y. D i) LIT(0)] = ¥ Vi Z (1), (2.46)
i=0 i=0

where m > 0 is an integer [36].

Theorem 2.9.3. Consider a homotopy-Maclaurin series

¢=Y uq, (2.47)
=0
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where q € [0,1] be the embedding parameter and linear operator £ with the property

Z[0] = 0 and is independent of q, then it satisfies

Inl(1 = q)Z (9 — uo)l = Z (tm = Xmitm—1), (2.48)

where X, is defined by (2.40) [36].

Theorem 2.9.4. Let £ be the linear operator with the property £ (0) = 0 and is
independent of q € [0,1], A be a nonlinear operator, uy(r,t) be the initial guess of
solution of N (u) =0, co be the convergence control parameter independent of q, and
H(r,t) be an auxiliary function independent of q, where r is the spatial independent

variable and t is the temporal independent variable. If
o(r.1:q) = Y uilr,t)q’ (2.49)
i=0
is the homotopy-Maclaurin series of the zeroth-order deformation equation

(1=q)Z[(r,1;q) —uo(r;1)] = cogH (r,1)) A (9(r;1;q)) (2.50)

then the corresponding high-order deformation equation reads
Llum(r,t) — Xmttm—1(r,t)] = coH (r,t) D1 [N (0 (r,t;9))] (2.51)

where X, is defined by (2.40) and 9, is defined by (2.42) [36].

Theorem 2.9.5. Let £ be the linear operator with the property £ (0) = 0 and is
independent of q € [0,1], A be a nonlinear operator, uy(r,t) be the initial guess of
solution of N (u) =0, co be the convergence control parameter independent of q and
H(r,t) be an auxiliary function independent of q, where r is the spatial independent

variable and t is the temporal independent variable. If

o(r,t:q) =Y ui(r,t)q' (2.52)
=0
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is the homotopy-Maclaurin series of the zeroth-order deformation equation

(1-9)Z[9(r1:q) —uo(r,1)] = cogH (r,1) N (9 (r,1;q)) (2.53)

where u,,(r,t) is governed by the corresponding high-order deformation equation

Lum(r,t) — Xmttm—1(r,t)] = coH(r,t) D1 [N (§(r,t;q))] (2.54)

where 9y, is defined by (2.42) and Y, is defined by (2.40). If the homotopy-series

u(r,t) = i ui(r,t) (2.55)
i=0
converges, then
Y N (9(r,1:9))] =0.  [36] (2.56)

i=0

2.9.4 Example

As an example, we consider one dimensional nonlinear partial differential equation

[28, 38, 59]

v~ (1= s 2.57
oT ~ oxX {( O‘SW)aX} (257)
where S,,(X,T) is a function of X and 7 and o = 1.11.
We solve (2.57) with the following boundary conditions
Sw(0,7)=0.0057, 0.6 <T <1 (2.58)
as
= 2(1,T)=0,06<T<I. (2.59)

12).¢
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Homotopy analysis method suggests us to choose the initial guess according to our

boundary conditions as

X
Swo(X,T) = 0.005T (e_X + ;) . (2.60)

We choose the linear operator

*9(X,T;
Zlo(x,T:q)) = ZOC T @s61)

which satisfies the property Z’[0] = 0. According to (2.57), we define a nonlinear

operator .4 as

82 , 82 9 a 8 5 ’ 2
N[0(X,T;q)] = % —OC¢(X,T;q)% —a{%}
20(X,T;q)
- oar (2.62)

Let H(X,T) # 0 be an auxiliary function, ¢y # 0 be the convergence control
parameter [35] and g € [0,1] be the homotopy parameter. The zeroth-order

deformation equation is
(1= 9)L[B(X,T3q) — Sy (X, T)] = cogH (X, T)-N [$(X, T3 ). (2.63)

When g = 0, we get
¢0(X,T;0) =S,,(X,T). (2.64)

When g = 1, we have
oX,T;1)=S,(X,T). (2.65)

Thus as ¢ increases from O to 1, ¢(X,7T;q) varies continuously from the initial
guess Sy, (X,T) to the solution S,,(X,7T) of (2.57). Assume that the auxiliary linear
operator, the initial guess, the convergence control parameter and the auxiliary function

are chosen properly so that the expansion of ¢ (X, T;q) in powers of g as

[}

(X, T:q) =S (X, T)+ Y Su, (X, T)g" (2.66)

m=1
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where
1 0"9(X,T:q)
S (X, T) = ml ogm (2.67)
q=0

converges at ¢ = 1. Thus, we have the solution

SwX.T) =S (X, T)+ Y S, (X, T). (2.68)
m=1

Write Sy, = {Sw,(X,T),8(X,T),..., S, (X,T)}. Differentiating the

zeroth-order deformation equation (2.63) m times w.r.t. ¢ and setting ¢ = 0 and finally

dividing them by m!, we have the high-order deformation equation

L[Sw, X, T)— xmSw, (X, T)] = coH(X,T)%m(Sw,,_,) (2.69)
subject to
aS,,
Sw,,(0,T) =0 and 8Xm (LT)=0,m>1 (2.70)
where %, is defined by (2.40) and
- 82Sw 1(X7T) nol azSW 717‘(X7T)
m(Swp_1) = — 297 — wi (X, T =
m=198,,.(X,T) dS, (X, T) aS (X,T)
_ J mdy T Wl > 1. 2.71
“ ;0 oX X or "= @.71)

Assume that H(X,T) = 1. It is easy to obtain the solution of linear ODEs (2.69)-

(2.71) with the initial guess and the linear operator. The special solution of (2.69) is

Sn ) @.72)

Sij (X7 T) = meWmfl (X> T) + Cogil [%m(
where .21 denotes the inverse operator of .Z. Thus, the solution of (2.69) is

Swn (X, T) =S5, (X,T)+C1X +C (2.73)
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where the coefficients C| and C, are determined by (2.70). Hence

X X X3
Sw(X,T)=0.005T (e‘x + —) +0.005¢ <Te_X _eX_Z 2

e 2e 6e
T2x? T?Xe X TX
—0.005c —0.0025aT2% X —0.005q—2¢  + 1%
262 e e
~T+1 +0.0025aT2> NI (2.74)

is the solution of (2.57). The equation (2.74) is the analytical expression of the solution
of (2.57) which is obtained by homotopy analysis method. The convergence of series
solution is strongly dependent on convergence control parameter c¢g. The proper value

of cq is chosen with the help of cy-curve.

We first consider the convergence of some series like as S,,,(1,1) and
Swyx (0,0.8). Tt is found that S, (1,1) and S, (0,0.8) are dependent on co. As
pointed out by Liao [33], the corresponding series of S, (1,1) and S,,,(0,0.8)
converge to the same value for each co. The curve of S, (1,1) and S, (0,0.8) v/s co
contains a line segment parallel to horizontal axis
[2, 18, 21, 23, 33, 34, 54, 59, 61, 63, 83]. These curves are called the co-curves [33],
which give the valid region of cy.

Suxx(L, 1), Suxx(0, 0.8))

\ 0.0055

20 | _15 _10 ~05 '

Co

FIGURE 2.12: The co-curves of S,,,, (1,1)(Dashed line) and S,,,, (0,0.8)(Solid line)
for 10th-order approximation.

The cp-curves of Sy, (1,1) and S,,(0,0.8) are plotted using Mathematica

software [36]. Figure 2.12-2.14 show the co-curves of S, (1,1) and S,,,, (0,0.8) for
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different order approximations. The line segment parallel to horizontal axis in the
co-curve gives us the valid region —1.4 < ¢y < —0.5. For different values of ¢ in the
region —1.4 < ¢y < —0.5, the series of S, (1,1) and Sy, (0,0.8) given by solution
expression converge to 0.00499997 and 0.00505032 respectively, as shown in Table
2.1.

{Swxx(1, 1), Suxx(0, 0.8)}

RN N T— P P P [ P P P i co
-20 -15 -1.0 -05

FIGURE 2.13: The co-curves of S, (1,1)(Dashed line) and S,,,, (0,0.8)(Solid line)
for 15th-order approximation.

{Swxx(1, 1), Swxx(0, 0.8)}
‘ 0.0053

| 0.0052 -

' 0.0051 -

-20 -15 -1.0 -05

Co

FIGURE 2.14: The co-curves of S, (1,1)(Dashed line) and S,,,, (0,0.8)(Solid line)
for 20th-order approximation.

The numerical interpretation of solution of (2.57) is given in Tables 2.2 and 2.3 for

convergence control parameter co = —1 and c¢op = —0.8 respectively.

We have discussed homotopy analysis method for nonlinear partial differential

equation. We have discussed the convergence of homotopy series solution. The proper
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TABLE

2.1:  Approximations of S,,,(1,1) and S,,,(0,0.8) given by solution
expression for different values of co.

S (1L 1) Sy (0,0.8)

Order = =05 [ co= 08 | eo= 1 | co= 13 | o= 05 [ «o= 08 | co= 1 | co=_13
S| 0.00470054 | 0.00499413 | 0.00499989 | 0.00495155 | 0.00500826 | 0.00504796 | 0.00505034 | 0.00505282
107 | 0.00498603 | 0.00499998 | 0.00499997 | 0.00500051 | 0.00504783 | 0.00505031 | 0.00505032 | 0.00505014
15 | 0.00499954 | 0.00499997 | 0.00499997 | 0.00499997 | 0.00505014 | 0.00505032 | 0.00505032 | 0.00505032
20" | 0.00499997 | 0.00499997 | 0.00499997 | 0.00499997 | 0.00505031 | 0.00505032 | 0.00505032 | 0.00505032

TABLE 2.2: Numerical values of solution S,,(X,7) when ¢y = —1 for 10th and 20th-
order approximation.

T=0.6

T=07

T=038

T=09

=10

107 order | 20" order [ 107 order | 20" order [ 107 order [ 20" order [ 107 order | 20" order [ 107 order | 20" order

0.0{0.00300000
0.1]0.00252446
0.2]0.00209926
0.310.00172431
0.4/0.00139951
0.5]0.00112481
0.6]0.00090014
0.7]0.00072544
0.8]0.00060069
0.9]0.00052585
1.0{0.00050090

0.00300000
0.00252446
0.00209926
0.00172431
0.00139951
0.00112481
0.00090014
0.00072544
0.00060069
0.00052585
0.00050090

0.00350000
0.00302420
0.00259876
0.00222360
0.00189863
0.00162377
0.00139898
0.00122419
0.00109936
0.00102448
0.00099952

0.00350000
0.00302420
0.00259876
0.00222360
0.00189863
0.00162377
0.00139898
0.00122419
0.00109936
0.00102448
0.00099952

0.00400000
0.00352393
0.00309826
0.00272289
0.00239774
0.00212273
0.00189781
0.00172293
0.00159803
0.00152311
0.00149814

0.00400000
0.00352393
0.00309826
0.00272289
0.00239774
0.00212273
0.00189781
0.00172293
0.00159803
0.00152311
0.00149814

0.00450000
0.00402367
0.00359776
0.00322218
0.00289685
0.00262169
0.00239665
0.00222167
0.00209670
0.00202174
0.00199675

0.00450000
0.00402367
0.00359776
0.00322218
0.00289685
0.00262169
0.00239665
0.00222167
0.00209670
0.00202174
0.00199675

0.00500000
0.00452340
0.00409726
0.00372147
0.00339596
0.00312065
0.00289548
0.00272040
0.00259537
0.00252037
0.00249537

0.00500000
0.00452340
0.00409726
0.00372147
0.00339596
0.00312065
0.00289548
0.00272040
0.00259537
0.00252037
0.00249537

TABLE 2.3: Numerical values of solution S,,(X,7) when ¢o = —0.8 for 10th and 20th-
order approximation.

T=0.6

T=0.7

T=08

T=09

=10

X

107 order | 20" order [ 107 order | 20" order [ 107 order [ 207 order [ 107 order [ 207 order [ 107 order | 20 order

0.0{0.00300000
0.1]0.00252446
0.2]0.00209926
0.3/0.00172430
0.4/0.00139951
0.5]0.00112481
0.6]0.00090014
0.70.00072544
0.8]0.00060069
0.9]0.00052585
1.0{0.00050090

0.00300000
0.00252446
0.00209926
0.00172431
0.00139951
0.00112481
0.00090014
0.00072544
0.00060069
0.00052585
0.00050090

0.00350000
0.00302420
0.00259876
0.00222360
0.00189863
0.00162377
0.00139897
0.00122418
0.00109936
0.00102448
0.00099952

0.00350000
0.00302420
0.00259876
0.00222360
0.00189863
0.00162377
0.00139898
0.00122419
0.00109936
0.00102448
0.00099952

0.00400000
0.00352393
0.00309826
0.00272289
0.00239774
0.00212273
0.00189781
0.00172292
0.00159803
0.00152311
0.00149814

0.00400000
0.00352393
0.00309826
0.00272289
0.00239774
0.00212273
0.00189781
0.00172293
0.00159803
0.00152311
0.00149814

0.00450000
0.00402367
0.00359776
0.00322218
0.00289685
0.00262169
0.00239665
0.00222166
0.00209670
0.00202174
0.00199675

0.00450000
0.00402367
0.00359776
0.00322218
0.00289685
0.00262169
0.00239665
0.00222167
0.00209670
0.00202174
0.00199675

0.00500000
0.00452340
0.00409726
0.00372147
0.00339596
0.00312065
0.00289548
0.00272040
0.00259537
0.00252036
0.00249536

0.00500000
0.00452340
0.00409726
0.00372147
0.00339596
0.00312065
0.00289548
0.00272040
0.00259537
0.00252037
0.00249537

value of ¢y is chosen from

the cg-curves.

interpretation of the solution.

Tables 2.2 and 2.3 show the numerical




CHAPTER 3

Fingering Phenomenon

3.1 Introduction

The fingering phenomenon occurs during the displacement process of two immiscible
fluids through porous medium which is frequently encountered in many fields of
engineering and science like soil science, petroleum engineering, groundwater and
hydrology and agriculture engineering [13, 71, 82]. This phenomenon arises in the
secondary oil recovery process that takes place in oil reservoirs. It is common practice
to inject water into oil field at certain spots in an attempt to drive towards the
production well in the oil recovery technology. This stage of oil recovery process is

known as secondary oil recovery process.

This chapter describes the importance of fingering phenomenon in fluid flow
through homogeneous porous medium. If a porous medium is filled with some phase
which is displaced by another phase of lesser viscosity, then instead of regular
displacement of the whole front, protuberances take place which shoot through porous
medium at a relatively great speed giving rise to fingers. This type of phenomenon is

called phenomenon of fingering.

Injected Liquid (water)

""" Oil Packets ||

Matrve Ligud
(Cily

FIGURE 3.1: Schematic representation of fingers [26].

39
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The fingering process is shown in the figure 3.1 for oil-water flow in a
homogeneous porous medium. Assume that the macroscopic behavior of fingers is
governed by a statistical treatment. We consider only average cross-sectional area
occupied by fingers, while the shape and size of individual fingers are disregarded. The
statistical behavior of fingering phenomenon in a homogeneous porous medium is
discussed with the help of method of characteristics by Scheidegger and Johnson [78].
Verma [86] has discussed the stabilization of fingers in oil-water displacement process
in heterogeneous porous medium. The problem of fingering phenomenon is solved
using confluent hypergeometric function by Patel [55]. The solution of the instability
phenomenon in homogeneous porous medium is examined with the help of group
invariant method by Mehta and Joshi [41]. Mukherjee and Shome [46] have discussed
the solution of fingering phenomenon in a homogeneous porous medium by means of
calculus of variation and similarity theory. Joshi et al. [26] have discussed the solution

of instability phenomenon by using product method.

In this chapter, homotopy analysis solution is discussed for nonlinear partial
differential equation.  This equation is arising in fingering phenomenon in a
homogeneous porous medium. The numerical values of the solution are compared

with exact values.

3.2 Statement of the problem

It is assumed that water is uniformly injected into the porous medium. Assume that
the entire oil at the initial boundary x = 0 (x being measured in displacement direction)
is displaced through a small distance due to injection of water. The permeability and
porosity of homogeneous porous medium are considered as constant. For investigated
flow problem, it is considered that Darcy’s law is valid. The saturation of injected water

Sw(x,t) is defined as the average cross-sectional area occupied by injected water.
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3.3 Mathematical formulation

During oil-water displacement process, the velocity of water v,, and the velocity of oil

v, are governed by Darcy’s law [5]

py = K g 0Py
Y8, Ox

o 0 aPo
VO——6—0 W

3.1

(3.2)

where K is the permeability, k,, and k, are the relative permeabilities of water and oil,

0, and 0, are the constant viscosities of water and oil, P,, and P, are the pressures of

water and oil.

The continuity equations are

P%—l—aﬂ—o
ot ox
S,  Iv,

P o =0

where P is the porosity. According to the phase saturation, we have

Sw+So=1.

The capillary pressure P, is defined as [5]

The capillary pressure is expressed as [40],

Pc’(Sw) - _BSW

where f3 is a constant.

(3.3)

(3.4)

(3.5)

(3.6)

(3.7
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For the formulation of problem, we assume the relation between relative

permeability and phase saturation as [78]

ky = Sy. (3.8)
Using (3.1)-(3.4), we get
S, B d k,, 0P,
aS, B d ko 8P
PW =3 {KS—O e } (3.10)
Using (3.6) in (3.9) results
as,, B 0 ky, (dP, OP.
Using (3.10) and (3.5), ehmmatmg aS‘” from (3.11), gives us
0 ky ko oPp, JoP.
B {(a-ps—o) Ep 5W ax} 0. (3.12)

Integrating both sides of (3.12) w.r.t. x, results in

kv ko\ 0P, ky OP.
(aﬂs_o) ox e ax - € G139

where C is an integrating constant.

JP.
%P": < 5 x (3.14)
% K(%+’(§—Z> I+ fo e
Using (3.14) in (3.11) we have
Ko tc
PRI [t TS B (3.15)
or x| |y ke
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The pressure of oil can be expressed as the relation between mean pressure P and

capillary pressure [67]

where P is constant, therefore (3.13) implies

C—E k_W_& IF,
S 2\8 &) ox’

Hence (3.15) becomes

95, 19 [ky R 35,
Jt  2dx |6, dS, dx

Since k,, = S,, and P, = —f3S,,, we have

(3.19) reduces to

%_i S% =S _825W+
oT  ox \'"ox ) ""ox2

where Sy, (x,7) = S, (X, T).

The boundary conditions are assumed as follows

Sw(0,7)=T and S,,(1,T)=1-T.

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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3.4 Solution by homotopy analysis method

Homotopy analysis method is applied to (3.20), let
N[P(X,T;q)] =0 (3.22)
be the nonlinear equation where .4 is defined as

N[O0(X,T;q)] = ¢(X,T;q) (3.23)

P*9(X.T3q) {a¢<x,r;q> }2 _90(X,T:q)
0x? X oT

and ¢(X,T;q) is an unknown function.

It is easy to choose the initial guess of solution according to boundary conditions

(3.21) as
Swo X, T)=(1-2T)X+T. (3.24)

Let the linear operator be

(92 .
Zo(x.T:q)) = 7E T

(3.25)
with property -Z’[0] = 0.

Using the auxiliary function H(X,T) = 1, the zeroth-order deformation equation

is constructed as
(1-9)ZL[¢(X,T;q) — Sw(X, T)] = cogN[¢(X,T;q)] (3.26)

where ¢ € [0, 1] is the embedding parameter and ¢ is a nonzero convergence control

parameter.

When g =0 and g = 1, (3.26) gives us

0(X,T;0)=S,,(X,T)and ¢(X,T;1) =S,,(X,T). (3.27)
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Thus, as g increases from O to 1, the unknown function ¢ (X,7;q) deforms from

Swo(X,T) to S,(X,T). Expanding ¢(X,T;q) w.rt. q

(o)

O(X,T:q) =Sy (X, T)+ Y Su,, (X, T)q" (3.28)
m=1
where
Sy, (X, T) = LM (3.29)
m! aqm 0
q:

If the convergence control parameter, the linear operator and the initial guess are
properly chosen that the homotopy series (3.28) converges at ¢ = 1. Then we have due

to (3.27)

()

Sw(X,T) =S4 (X,T)+ Y Sy, (X,T). (3.30)

m=1

Write S—WZ ={Sw,X.,T),S,(X,T),...,S,(X,T)}. Differentiating (3.26) m times

w.r.t. g and then dividing them by m! and put g = 0 we get

—

L[Sw,, X, T) = xmSw, (X, T)] = coZm(Sw, _,) (3.31)
where ), is defined by (2.40) and
.y oml %Sy, ;(X,T) m=198, (X,T)dSy, , (X,T)
Fon(Sup-1) = J;)Swf *,T) 0x? i j;) X X
aSWmfl (X7 T)
R m>1. (3.32)

Thus, the solution of (3.31) is
_ —
Sy (X, T) = xS, (X, T) + 0L~ [ Bon(Sy, )] +C1X +Co (3.33)

subject to Sy, (0,7) =0and S,,, (1,7) = 0, where C; and C; are constants or functions

of T.
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It is easy to obtain S,,, (X,T) form =1,2,3,... from (3.33). Form = 1,

X x3

S, (X, T) = co ( -3+75 +2TX —2TX*> —2T%X +2T2X2),
X X3 2 2 2v2

S, (X, T) = co -3+ 5 H2TX - 2TX - 277X +2T°X

(X Xz X3 Xx* 2TX 8TX?

6 3 3+2 3+3

—TXx3-T1Xx*

+2T%X — 8T2X2 +6T*X3 —2T3X +6T3X?% — 4T3X3) } .

Using initial approximation S,,,(X,T'), the solution (3.30) becomes

X x3
SW(X,T):(X+T—2TX)+CO(—§+?+2TX—2TX2—2T2X
2v2 X X3 2 2 2v2
+2T°X? | +¢o —§+?+2TX—2TX —2T*X 4+2T°X

(X X2 X3 x* 271X N 8TX? 7yt

C —_—— ——— —_—— ——— — J—

N6 3 3 "2 3 3

+2T2X — 8T2X?2 + 6T2X3 — 273X + 6T3X2% — 4T3X3)} +ee. (3.34)

This is the analytical expression of solution which gives the saturation of injected

water for fingering phenomenon.

3.5 Numerical and graphical solution

The Mathematica package BVPh [36] has been used to obtain numerical
representation of saturation of injected water (3.34). Table 3.1 indicates the numerical
values of solution at different distance X and time 7. The numerical values of exact
solution [72] and the results obtained by homotopy analysis method are compared. We
choose the proper value of ¢y from co-curves. Figure 3.2 represents the co-curve of
Swyx (0,0) for 5th, 8th and 10th-order of approximation. The proper value of

co = —0.0001 is chosen for numerical and graphical interpretations of solution.

Figure 3.3 represents the graph of solution S,,(X,7) versus distance X for a fixed

time 7 = 0.001, 0.002, 0.003, 0.004, 0.005 and ¢y = —0.0001.



Numerical and graphical solution

{Swxx(0, 0)}

FIGURE 3.2: The co-curve for S5th (Dashed), 8th (DotDashed) and 10th (Thick)-order
approximation.

TABLE 3.1: Numerical values of saturation of injected water S,,(X,T) for fingering

phenomenon.
. Time T
X | Solution 000 [ 0002 | 0003 [ 0004 | 0.0
01 | HAM [ 0.100832826 | 0.101632647 | 0.102432467 | 0.103232289 | 0.104032110
: Exact 0.1008 0.1016 0.1024 0.1032 0.1040
0o | HAM | 0200663688 | 0.201263369 | 0.20186305T | 0.202462733 | 0.203062416
: Exact 0.2006 0.2012 0.2018 0.2024 0.2030
03 | HAM | 0300490587 | 0.300890168 | 0301289751 | 0.301689333 | 0.302088917
: Exact 0.3004 0.3008 0.3012 0.3016 0.3020
o4 | HAM | 0400311523 | 0.400511044 | 0.400710567 | 0.400910090 | 0.401109614
: Exact 0.4002 0.4004 0.4006 0.4008 0.4010
05 | HAM | 0500124496 | 0.500123997 | 0500123500 | 0.500123004 | 0.500122508
’ Exact 0.5 0.5 0.5 0.5 0.5
HAM Solution
0.6

) /
0.4
= / —T=0.005
=
E 0.3 —T=0.004
/ T=0.003
0.2 —T=0.002
—T=0.001
0.1

0.0

0.1 0.2 0.3 0.4 0.5

FIGURE 3.3: Graph of S,,(X,T) versus X for a fixed T = 0.001, 0.002, 0.003, 0.004,
0.005 with ¢y = —0.0001.
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3.6 Conclusion

Homotopy analysis method is used to represent an analytical expression of solution of
one dimensional nonlinear partial differential equation. This equation is arising in
fingering phenomenon in a homogeneous porous medium. The numerical values of
exact solution [72] and the results obtained by homotopy analysis method are
compared. It is concluded that the values of saturation of injected water in exact
solution and homotopy analysis solution are much closer. Graphical representation of
solution indicates that the saturation increases when distance increases for a given

time.



CHAPTER 4

Countercurrent Imbibition

Phenomenon

4.1 Introduction

Spontaneous imbibition is the one of the most important phenomenon which is driven
by capillary pressure. There are two types of spontaneous imbibition: countercurrent
and cocurrent. In the countercurrent imbibition both fluids flow in opposite directions
while during cocurrent imbibition both wetting and nonwetting fluids flow in the same

direction.

If a porous medium is filled with nonwetting phase which is brought into contact
with wetting phase, then there is a spontaneous flow of wetting phase into the porous
medium and a counter flow of nonwetting phase from the porous medium. This
phenomenon is known as imbibition phenomenon (see figure 4.1). This phenomenon

occurs due to the difference of wetting abilities of water and oil.

Many researchers have investigated the countercurrent imbibition phenomenon
with different point of views [9, 14, 24, 43, 77, 81, 86]. Blair [9] has presented the
numerical solution for countercurrent imbibition in porous rocks. Bourblaux and
Kalaydjian [11] have performed the experiments for countercurrent and cocurrent
imbibition phenomena with various boundary conditions. Pooladi-Darvish and
Firoozabadi [70] have discussed the mathematical and physical differences between
cocurrent and countercurrent imbibition phenomena. Yadav and Mehta [92] have
studied the countercurrent imbibition in a curved homogeneous porous medium by

using integral method. Joshi et al. [28] have studied the countercurrent imbibition

49



Countercurrent Imbibition Phenomenon 50

FIGURE 4.1: Representation of countercurrent imbibition phenomenon.

phenomenon by product method. Parikh er al. [51] have discussed the mathematical

model of countercurrent imbibition phenomenon in vertical porous matrix.

In this chapter, we have studied the countercurrent imbibition in the inclined
porous medium. The aim of study of this chapter is to calculate the saturation of water
for the inclined porous medium (6 = 0°, 6 = 5°, 10°). The mathematical formulation
of countercurrent imbibition gives us a nonlinear partial differential equation. The
homotopy analysis method is adopted to obtain solution of governing equation with

suitable conditions.

4.2 Statement of the problem

The velocity of oil and the velocity of water are assumed under the gravitational effect

in the inclined homogeneous porous medium. Here the gravitational effect will be
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deducted during imbibition of oil occurring in the opposite direction. For the
mathematical formulation, it is assumed that Darcy’s law is valid. For a homogeneous
porous medium, the permeability K and porosity P are considered as constant. The
densities of water p,, and oil p, are also constants. The average cross-sectional area

occupied by injected water gives us the saturation of injected water S, (x,1).

4.3 Mathematical model of the problem

According to Darcy’s law, the velocity of injected water v,, and velocity of oil v, can be

written as follows [5, 8, 47, 77]:

k, [JP, ,
Vy = —6—WK |:W —|—pwgsm9] (41)
(Y 8PO .
Vo = _5_0K [_ax —pogsme} (4.2)

where K is the permeability of porous medium, k,, and k, are the relative permeabilities
of water and oil, 6,, and J, are the constant viscosities, P,, and P, are the pressures of
water and oil, 0 is the angle of inclination with porous matrix and g is acceleration due

to gravity.

The continuity equation is

a8, Jdvy,
—+—=—=0. 4.3
ot * ox *3)

The capillary pressure (P,) is expressed as
P.=P,—P,. 4.4)

The capillary pressure (P,) is assumed as a function saturation of water [40]

P.=—BS, 4.5)

where f3 is a constant.
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We consider the relation between relative permeability and phase saturation as

[77, 78]

ky,=Sy,and k, =1—asS,,

where ¢ is a constant.

(4.6)

The relation between the velocity of water and velocity of oil in countercurrent

imbibition phenomenon [77] is expressed as

Vi + v, =0.
Using (4.1) and (4.2) in (4.7),
k, [0P, , ko [P, o
5_WK [W +pwgsm9} + 6—0K {g — pogsme} =0.

From (4.8) and (4.4)

ke  ko\OPo kP (ke ko 5
5 78,) x 8, 0x  \s,r 5P s

- P,
Solving (4.9) for ¢

W 0 W a C
oP, B <$pw - Ig_opo gsin6 — léw a_l;
_ L
ox 5 te
From (4.2), we get
w ’ w 8 C
ke 5 (P + Po)gsin® — g2 9%
o — .

Using (4.7) and (4.11)

ko ko
_ b, g OF
vy =—7"—-K {(Pw +po)gsind — 3x1 :

Bk

4.7)

(4.8)

4.9)

(4.10)

4.11)

(4.12)
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On substituting the value of v, in (4.3),
ki k. K
as d | 55 d 5.5 OP
P = o | K (Pt Po)gsing | + 5 | K- C] =0.  (413)
et Lats
For the investigated flow system, according to Scheidegger [77], we have
ki ko
5,8, . ko
. (4.14)
kW _|_ k() 60
On substituting values from (4.5), (4.6) and (4.14) into (4.13), we get
aSy  K(pw+po)gsinfd(1—as,) KB J s,
P = — = |(1—aS,)—|. 4.15
a1 5, x5, ox |Gy 1)
Using dimensionless variables
X Kpt
X=2,T=——
L 5,L2P’
(4.15) reduces to
S, 92, 228, 28, \° IS
— == —0Sy=— —a| = | —0A—— 4.16
oT  JX?2 e X 0X (416)

where A = L(p‘“ﬂ;w and Sy, (x,1) = S, (X, T).

The equation (4.16) is the desired governing equation for countercurrent imbibition

phenomenon which is solved with the following boundary conditions

1+T
S,(0,7)=0and S,,(1,T) = %

(4.17)
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4.4 Solution by homotopy analysis method

The equation (4.16) is solved by Homotopy analysis method [32]. According to

boundary conditions (4.17), we choose the initial guess as

2
S (X,T) = (1+T>(6X+X ), (4.18)

We choose the linear operator .Z as

920(X,T:q)

Z9(X,T;q)] = X2

(4.19)

with Z[0] = 0 and ¢(X,T;q) is an unknown function.

Here we choose a nonlinear operator .//” as

§ ; 2 : NN
o Tiq)] = COXT) i 00K Ti) { 8¢<X,T,q>}

0X?2 0X? 0X
d0(X,T;q) J9(X,T:q)
R (4.20)

Suppose that ¢y # 0 is the convergence control parameter, g € [0, 1] is the homotopy
parameter, Sy, (X,7) is the initial guess of S,,(X,T) and H(X,T) # 0 is an auxiliary

function. The zeroth-order deformation equation is

(1=9)Z[0(X,T;q) — Swy(X,T)] = cogH (X, T) N [9(X,T;q)]. (4.21)

If g=0and g =1, then
0(X,T;0)=S,,(X,T)and ¢(X,T;1) =S,,(X,T). (4.22)

Thus, as g increases from O to 1, the function ¢(X,7;¢) changes from S,,,(X,T) to the
solution S,,(X,T) of (4.16). Expanding ¢ (X, T';q) with respect to g we have

(o)

O(X,T3q) = Sy (X, T)+ Y Su, (X, T)g" (4.23)

m=1
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where

5, (X.7) = L 2" Tsa) | (4.24)
" m! aqm o
q:

If homotopy series converges at ¢ = 1 then

[}

SwX.T) =S, (X, T)+ Y S, (X, T). (4.25)

m=1

—>
Write Sy, = {Swg,Sw,s---»Sw, }. Differentiating (4.21) m times w.r.t. ¢ and then

dividing them by m! and put ¢ = 0, we have the high-order deformation equation

R

L[Sw, (X, T) = xmSw,, (X, T)] =coH(X,T)%m(Sw,, ) (4.26)
where ), is defined by (2.40) and
— 82Swm_l (XvT) ml aZSWm—lfj <X7T)
%m(swm,l) = T ol 04 P SW].(X, T) 9x2
m=198,,.(X,T) IS, (X,T) S (X,T)
. J ) m—1—j Y . Wim—1 9
“ ];) 0X oX A%
Sy 1 (X, T) > 1 4.27)
T ,m>1. .

For simplicity, assume H(X,T) = 1, then the general solution of (4.26) is

—
S (X, T) = xS, (X, T) + 0L [ Bon(Sy, )] +C1X +Ca (4.28)
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subject to S, (0,7) =0and Sy, (1,7) =0,m > 1 and C, C, are constants or functions

$,(X,T) = <)—(+E X—2+T—X2) +c0(—)—(+@+5°mx—E
’ 6 6 6 6 8 18 36 6

aTX SaATX oT?X X*> oaX? «adAX? TX?

9 36 8 "6 12 12 e
aTX? oATX?> oT?X%? X3 aX® oAX® oTX?
3 12 72 3 36 18 18

aATX? aT?X® X* aX* oTfX* or?x*

18 36 72 72 36 72 )+
is the solution of (4.16) which represents the saturation of injected water for

of T. Hence,

(4.29)

countercurrent imbibition phenomenon. The values of constants are assumed as:
a=111,=01N/m?> g=9.8m/s*>, L=1m, p,=0.3 kg/m>, p,, = 0.1 kg/m?.

As discussed by Liao [32], homotopy series solution is dependent on ¢y which
is important parameter to control convergence of series solution. We choose a proper

value of c¢g to provide a convergent solution. The cg-curves help us to choose proper
value of ¢y which gives convergent homotopy series [1, 2, 23, 33, 54, 76].

With the help of BVPh package [36], we plotted the co-curves of S, (1,0),
Sy (0.5,0.5),

Swxx (1,0), Suyxx (1,0), 81y (0,0),  Suyy (0,0),  Suyyx (0,0),
Swyx (0.5,0.5), Syyxy(0.5,0.5), S, (0,1), Syyy(0,1) and S, (0,1) in the figures
4.2-4.6 for 0 = 0°. Using co-curves, we choose the value of ¢) = —0.9.
(Sux(, ), Suxx(L, 0), Suxx(1, 0}

.

FIGURE 4.2: The co-curves of S,,, (1,0) (Solid line), S, (1,0) (DotDashed line) and
Swyxy (1,0) (Dashed line) for 10th order approximation (6 = 0°).
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{Sux(0, 0), Swxx(0, 0), Swxxx(0, 0)}
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FIGURE 4.3: The co-curves of S, (0,0) (Solid line), S, (0,0) (DotDashed line) and
Swyxy (0,0) (Dashed line) for 15th order approximation (6 = 0°).

{Svx(05, 05), Syxx(05, 0.5), Sixxx(05, 0.5)
20f [

-0.5

f Y

L S T e

FIGURE 4.4: The co-curves of S, (0.5,0.5) (Solid line), S, (0.5,0.5) (DotDashed
line) and S, (0.5,0.5) (Dashed line) for 20th order approximation (6 = 0°).

{Sux(0, 1), Swxx(0, 1), Suxxx(0, 1)}
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FIGURE 4.5: The co-curves of S, (0,1) (Solid line), S, (0, 1) (DotDashed line) and
Swyxy (0,1) (Dashed line) for 25th order approximation (6 = 0°).
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{Swx(0, 0), Suxx(0, 0), Suxxx(0, 0)}
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FIGURE 4.6: The co-curves of S, (0,0) (Solid line), S, (0,0) (DotDashed line) and
Swyxx (0,0) (Dashed line) for 30th order approximation (6 = 0°).

For inclination 6 = 5°, we plotted the cp-curves of S, (0,1), Sy, (0,1),
Swxxx (0:1), Sy (0,0), iy (0,0), Syyyy (0,0) 81, (0.5,0.5), Sy, (0.5,0.5) and
Swyxy (0.5,0.5) in the figures 4.7-4.9. We choose proper value of ¢o = —0.5.

{Swx(0, 1), Suxx(0, 1), Suxxx(0, 1)}
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FIGURE 4.7: The cop-curves of S, (0,1) (Solid line), S, (0, 1) (DotDashed line) and
Swyxy (0,1) (Dashed line) for 25th order approximation (6 = 5°).

For inclination 6 = 10°, we plotted the co-curves of S, (0,0) and S,,,, (0,0) for
30th-order approximation in the figures 4.10-4.11. Using these co-curves, we choose

the value of ¢y = —0.25.
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FIGURE 4.8: The co-curves of S,,, (0,0) (Solid line), S, (0,0) (DotDashed line) and
(0,0) (Dashed line) for 30th order approximation (6 = 5°).

S

{Sux(0, 0), Swxx(0, 0), Swxxx(0, O)}

. np
1 IRl
\ 061
. I p!
| oL
: I ,7“\
. I aallt
\ N I O‘H I
oo N A
L ———— i
\ ~ol
s 021 |
N ’ I
1 R Iy
| T T TS T TS T T T T T ~ 7o
Ll e T = [
] < ] Co
-10 ~0.8 -0.6 -0.4 -0.2 i
I M
| i
| -0.2H1
I by
| bl
| nh
' —04l"

WxXXX

—

{Sux(0.5, 05), Suxx(0.5, 0.5), Suxxx(0.5, 0.5)

FIGURE 4.9: The co-curves of S, (0.5,0.5) (Solid line), S, (0.5,0.5) (DotDashed

line) and S, (0.5,0.5) (Dashed line) for 30th order approximation (6 = 5°).
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FIGURE 4.10: The co-curve of S, (0,0) (6 = 10°).
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FIGURE 4.11: The co-curve of Sy, (0,0) (6 = 10°).

4.5 Results and discussion

4.5.1 Without inclination (6 = (0°)

For the case, we put 8 = 0° in (4.29) and we obtained numerical and graphical

presentations of solution. We choose the convergence control parameter co = —0.9.

Table 4.1 indicates the numerical values of solution.

TABLE 4.1: Numerical values of the saturation of injected water for 6 = 0°.

Distance X

01 | 02 | 03 | 04 | 05

[ 06

[

0.7

[ 08

[

0.9

[

1.0

0.0231599
0.0254093
0.0275444
0.0295647
0.0314699
0.0332594
0.0349331
0.0364906
0.0379317
0.0392563
0.0404642

0.0471921
0.0518122
0.0562090
0.0603800
0.0643225
0.0680341
0.0715126
0.0747557
0.0777617
0.0805287
0.0830552

0.0724362
0.0795584
0.0863562
0.0928225
0.0989504
0.1047336
0.1101658
0.1152411
0.1199538
0.1242988
0.1282712

0.0992933
0.1090685
0.1184278
0.1273579
0.1358455
0.1438776
0.1514414
0.1585248
0.1651157
0.1712029
0.1767756

0.1282463
0.1408571
0.1529744
0.1645762
0.1756402
0.1861439
0.1960650
0.2053812
0.2140708
0.2221125
0.2294857

0.1598903
0.1755716
0.1907019
0.2052483
0.2191763
0.2324508
0.2450354
0.2568935
0.2679879
0.2782818
0.2877385

0.1949826
0.2140553
0.2325514
0.2504250
0.2676272
0.2841057
0.2998057
0.3146691
0.3286359
0.3416440
0.3536303

0.2345284
0.2574587
0.2798426
0.3016224
0.3227338
0.3431054
0.3626584
0.3813058
0.3989530
0.4154975
0.4308301

0.2799370
0.3074506
0.3345601
0.3612071
0.3873230
0.4128262
0.4376200
0.4615895
0.4845984
0.5064860
0.5270634

0.3333333
0.3666667
0.4000000
0.4333333
0.4666667
0.5000000
0.5333333
0.5666667
0.6000000
0.6333333
0.6666667

Figure 4.12 represents the graph of solution S,,(X,T) versus X for a fixed T =

0.1,0.2,...,1 and figure 4.13 represents the graph of solution S,,(X,T) versus time T

for a fixed distance X =0.1,0.2,...,1.
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SN(X: ™
0.20}
0.15 }
0.10}

0.051

FIGURE 4.12: Graph of S,,(X,T) versus X for a fixed T = 0.1(lowermost graph), 0.2,
..., l(uppermost graph) for 6 = 0°.

Su(X, T)

FIGURE 4.13: Graph of S,,(X,T) versus T for a fixed X = 0.1(lowermost graph), 0.2,
..., l(uppermost graph) for 6 = 0°.

4.5.2 With inclination (6 = 5°&6 = 10°)

In the case of inclination & = 5°, we have chosen a value of ¢yg = —0.5 to discuss the
numerical and graphical interpretations of solution. Table 4.2 indicates the numerical

values of (4.29) with 6 = 5°.

Figure 4.14 represents the graph of solution S,,(X,7) versus distance X for a
fixed time 7 = 0.1,0.2,...,1 with inclination 6 = 5°. The numerical and graphical
representations of solution are indicate that the saturation of water increases when

distance increases for a given time.
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TABLE 4.2: Numerical values of the saturation of injected water for 6 = 5°.

Distance X

0.1

[

0.2

[

0.3

[

0.4

[

05 |

0.6

0.7

[

0.8

[

0.9

[

1.0

0.0022572
0.0024311
0.0025899
0.0027342
0.0028650
0.0029827
0.0030882
0.0031819
0.0032643
0.0033358
0.0033966

0.0055912
0.0060196
0.0064107
0.0067665
0.0070887
0.0073791
0.0076393
0.0078706
0.0080744
0.0082516
0.0084028

0.0105527
0.0113537
0.0120855
0.0127513
0.0133547
0.0138987
0.0143865
0.0148208
0.0152043
0.0155391
0.0158268

0.0179908
0.0193412
0.0205756
0.0216997
0.0227190
0.0236391
0.0244656
0.0252039
0.0258595
0.0264379
0.0269445

0.0292399
0.0314102
0.0333963
0.0352066
0.0368498
0.0383351
0.0396719
0.0408711
0.0419449
0.0429084
0.0437808

0.0464591
0.0498805
0.0530169
0.0558795
0.0584797
0.0608292
0.0629403
0.0648263
0.0665025
0.0679874
0.0693059

0.0733081
0.0787155
0.0836900
0.0882439
0.0923902
0.0961419
0.0995117
0.1025111
0.1051486
0.1074276
0.1093420

0.1164850
0.1252695
0.1334087
0.1409096
0.1477818
0.1540373
0.1596906
0.1647596
0.1692662
0.1732382
0.1767127

0.1900465
0.2054031
0.2198668
0.2334094
0.2460060
0.2576363
0.2682853
0.2779447
0.2866140
0.2943027
0.3010336

0.3333333
0.3666667
0.4000000
0.4333333
0.4666667
0.5000000
0.5333333
0.5666667
0.6000000
0.6333333
0.6666667
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FIGURE 4.14: Graph of S,,(X,T) versus X for a fixed T = 0.1(lowermost graph), 0.2,
..., l(uppermost graph) for 8 = 5°.

In the case of 8 = 10°, ¢y = —0.25 is chosen to discuss the numerical values of

solution (4.29). Table 4.3 indicates its numerical values.

TABLE 4.3: Numerical values of the saturation of injected water for 8 = 10°.

Distance X

0.1

[

0.2

[

0.3

[

0.4

[

05 |

0.6

[

0.7

[

0.8

[

0.9

[

1.0

0.0
0.1
0.2

0.4
0.5
0.6
0.7
0.8

1.0

0.0001494
0.0001731
0.0002023
0.0002387
0.0002840
0.0003400
0.0004086
0.0004915
0.0005902
0.0007060
0.0008396

0.0004312
0.0004843
0.0005480
0.0006266
0.0007246
0.0008471
0.0009991
0.0011859
0.0014123
0.0016830
0.0020015

0.0009835
0.0010749
0.0011799
0.0013066
0.0014644
0.0016637
0.0019163
0.0022344
0.0026310
0.0031189
0.0037107

0.0021512
0.0023011
0.0024579
0.0026349
0.0028483
0.0031175
0.0034656
0.0039192
0.0045082
0.0052660
0.0062288

0.0047436
0.0050114
0.0052527
0.0054820
0.0057194
0.0059912
0.0063318
0.0067846
0.0074038
0.0082555
0.0094193

0.0105918
0.0111801
0.0116669
0.0120552
0.0123519
0.0125691
0.0127265
0.0128540
0.0129952
0.0132115
0.0135871

0.0236846
0.0251603
0.0264483
0.0275404
0.0284247
0.0290851
0.0295012
0.0296475
0.0294939
0.0290053
0.0281430

0.0529370
0.0564768
0.0597091
0.0626465
0.0653022
0.0676895
0.0698217
0.0717116
0.0733709
0.0748090
0.0760315

0.1228759
0.1316964
0.1398476
0.1473343
0.1541616
0.1603343
0.1658559
0.1707268
0.1749431
0.1784942
0.1813605

0.3333333
0.3666667
0.4000000
0.4333333
0.4666667
0.5000000
0.5333333
0.5666667
0.6000000
0.6333333
0.6666667

fixed time 7 = 0.1,0.2,...,1 with 6 = 10°.

Figure 4.15 represents the graph of solution S,,(X,7T)

versus distance X for a

Clearly, the graphical and numerical
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interpretations of solution show that the saturation of water increases when distance
increases for a given time.

Su(X, T)

0.008 |-

0.004 -

0.002 -

1 . P P P
0.1 0.2 0.3 0.4 0.5

FIGURE 4.15: Graph of S,,(X,T) versus X for a fixed T = 0.1(lowermost graph), 0.2,
..., I(uppermost graph) for 6 = 10°.

4.6 Conclusion

The countercurrent imbibition phenomenon is investigated in the inclined
homogeneous porous medium and its mathematical model gives us a nonlinear partial
differential equation. The solution of governing equation is discussed by homotopy
analysis method which represents the saturation of injected water. The graphical and
numerical interpretations of solution are discussed which show that the solution
increases when distance and time increase. It is concluded that the saturation of
injected water increases as distance increases for a given time in both horizontal and
inclined porous medium. In inclined porous medium, the saturation of injected water is

less than the saturation of injected water in horizontal porous medium.



CHAPTER 5

Cocurrent Imbibition Phenomenon

Present chapter discusses the mathematical modeling and the analysis of the problem
of cocurrent imbibition phenomenon in fluid flow porous medium. The problem of
cocurrent imbibition has been discussed in the inclined homogeneous and
heterogeneous porous medium with the help of homotopy analysis method. The
permeability and porosity of a homogeneous porous medium are considered as
constant and in a heterogeneous porous medium both are considered as functions of x
only. This chapter is divided into two parts corresponding to the type of porous
medium as:

(A) Cocurrent imbibition phenomenon in the inclined homogeneous porous medium.

(B) Cocurrent imbibition phenomenon in the inclined heterogeneous porous medium.

5.1 PART (A): Cocurrent imbibition phenomenon in

the inclined homogeneous porous medium

5.1.1 Introduction

In the oil recovery technology, the spontaneous imbibition is one of the most important
phenomenon which is driven by capillary force. Countercurrent and cocurrent are types
of spontaneous imbibition. The main difference between these two imbibitions is the
direction of flow. In the countercurrent imbibition both fluids flow in opposite directions
while during cocurrent imbibition both wetting and nonwetting fluids flow in the same

direction. Cocurrent imbibition is more efficient than countercurrent imbibition in the

64
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oil recovery process [11, 70, 93]. Imbibition in water-wet matrix of fractured porous
media is commonly considered to be countercurrent [11, 19, 22, 38, 70, 92]. When
the porous medium is partly filled with wetting fluid, flow is dominated by cocurrent

imbibition, not countercurrent.

Many authors have investigated cocurrent imbibition phenomenon with different
aspects [11, 22, 38, 70, 93]. Bourblaux and Kalaydjian [11] have performed flow
experiments involving cocurrent and countercurrent. The mathematical and physical
differences between cocurrent and countercurrent imbibition are studied by
Pooladi-Darvish and Firoozabadi [70]. Yadav and Mehta [93] have discussed the series
solution of cocurrent imbibition. Mcwhorter and Sunada [38] have presented the exact,
quasi-analytical solutions for both cocurrent and countercurrent. Fazeli et al. [22] have

studied the cocurrent and countercurrent imbibition by homotopy perturbation method.

During secondary oil recovery process, it is common practice to inject water into
fractured oil formatted porous medium. Then cocurrent imbibition phenomenon occurs.
The velocities of water and oil are considered under gravitational and inclination effects.
For flow problem, the permeability K and porosity P are considered as constants. The
densities of water p,, and oil p, are also constants. The average cross-sectional area

occupied by injected water gives us saturation of injected water S,,(x,?).

Here we studied the cocurrent imbibition in inclined homogeneous porous medium
with the help of homotopy analysis method. Homotopy series solution describes the
saturation of injected water for cocurrent imbibition phenomenon. We discussed the
graphical and numerical solutions with the proper choice of the convergence control

parameter.
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5.1.2 Mathematical modeling

5.1.2.1 Fundamental equations

According to the generalized Darcy’s law, the velocity of injected water v,, and velocity

of oil v, can be written as follows [5, 47, 77]:

ky JoP, )

Vy = _EK (W +pwgsm9) 5.1
k() aR) .

Vo = —5—0K <W +p0gszn6> (5.2)

where &, and 0, are the constant viscosities of water and oil, k,, and k, are the relative
permeabilities of water and oil, P, and P, are the pressures of water and oil, g is

acceleration due to gravity and 0 is the angle of inclination with porous matrix.
The continuity equation is

a8, Jdv,

7%—%:0. (5.3)

The relation between the velocity of water and velocity of oil in cocurrent

imbibition [31, 38] is expressed as
Vi + Vo = Wy 5.4

where v; is the total velocity.

5.1.2.2 Standard relations
The capillary pressure (P,) is expressed as [5]:

P.(Sy)=P,—P,. (5.5
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The relation between capillary pressure and saturation of water is considered as

[40]

PC(SW) = _ﬁsw (5.6)

where f3 is a constant.

We consider the relation between relative permeability and phase saturation as

[77, 78]
ky =Sy and k, = 1 —as,, (5.7

where & is a constant.

5.1.2.3 Equation of motion for saturation
Using (5.1), (5.2) and (5.4), we get
dP, k dP, _
_3_WK< pp +pwgsm9> — S_ZK (a—;+pogSLn6) = . (5.8)
Using (5.5) in (5.8)
0P, JoP. JdP,

3—WK< o +pwgsm9) + 5, K( o + — o +p0gsm9) Vy. (5.9

Solving (5.9) for aaﬁ

9B _ Kk—w+1<@ h K ko +k—w 9+Kk—a—P+ (5.10)
ox 5, s, 5, Po g Pw)ssind+ K S

Combining (5.1) and (5.10) results in

ke (ke ko\ '/ Kk, , k, OP.
Vw——$(6—W+5—O) (KS—O(PW—PO)gSlne—Ks—Og—W)~ (5.1D)
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The pressure of water can be expressed as the relation between capillary pressure P. and

mean pressure P [67]

P,+P, P,—P, -
PW: W+ ()+ w P

1
=P,
2 2 2

where P is a constant, therefore (5.9) reduces to

K k—w + E sinB + x ko oF
6w pW 50 pO g 2 50 5w ax
Therefore (5.11) implies

K ky, JP. ky
VW —_

—K-Yp,gsinb.
25, ox 6Wp gsinf

Substituting (5.14) into (5.3), we get

P —

—K— »
Y 5. pPwgsind

28, ox

Since k,, = S,, and P, = —f3S,,, we have

S, 8[Kk JP. kyy ] 0.

ot 28,0x | " dx

81_@ d [ 3SW] _ Kpygsin® A

Using dimensionless variables

X BKt
L 28,,L2P’

(5.16) reduces to

98w _ 9 [ ISs] 95w
oT  aXx |""ox oX

where S, (x,#) = S,,(X,T) and A = 22000,

8, ox

= —Vt.

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

The equation (5.17) is the governing equation for the cocurrent imbibition

phenomenon and S,,(X,T') gives the saturation of injected water. Now we solve (5.17)
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with boundary conditions:

SW(O,T):OandSW(l,T):M. (5.18)
5.1.3 Solution by homotopy analysis method
We apply HAM to (5.17). Consider
N[9(X,T;q)] =0 (5.19)

where ¢ (X, T;q) is the unknown function, g € [0, 1] is the embedding parameter and

2 - VY 2 _
A0 Ti0)) = 0(x,Tiq) 25T o [POLTA 200 T

X2 X X
9¢(X,T;q)
_ 5 . (5.20)
We define the linear operator . as
2%20(X,T;
Z9(X.T;q)] = % (5.21)

According to (5.18), it is straightforward to choose S,,,(X,T') as the initial guess
of S,,(X,T), as follows

2(X?+TX)

Swo (X, T) = 5

(5.22)

Let H(X,T) # 0 be an auxiliary function and ¢y # 0 be the convergence control

parameter [35]. The zeroth-order deformation equation [32] is
Ifg=0and g =1, we get

¢(X,T;0) = Sy, (X,T) and (X, T;1) = S,,(X,T). (5.24)
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Thus as g increases from 0 to 1, ¢(X,T;q) continuously changes from S,,,(X,T)

to S,,(X,T). Expanding ¢(X,T;q) w.r.t. g, we have

(o)

O(X,T:q) =Sy (X, T)+ Y S, (X, T)q" (5.25)
m=1
where
S (X, T) L 9"9(X, T3q) (5.26)
m! aq" 0
q:

According to proper selection of the convergence control parameter, initial guess,
linear operator and auxiliary function we get the convergent homotopy-Maclaurin series

at ¢ = 1, that is the homotopy series solution

Sw(X,T) =Sy, (X, T)+ Y 8w, (X,T). (5.27)

m=1

_)
Write Sy, = {SwgsSw;,---»Sw, | - Differentiating (5.23) m times w.r.t. g, then put

g = 0 and dividing them by m!, we have the high-order deformation equation

LSy (X.T) = XS, (X, T)] = coH (X, T)%m(Sw, ) (5.28)

with Sy, (0,7) =0and S, (1,7) =0, m > 1, where %, is defined by (2.40) and

=1 95, s s
S Wm 1—i Wm 1—i A Wm-1 Wm—1 >1.
Sut) Z wi aX2 Z X ox < 4Tox or "=

We consider H(X,T) = 1. The solution of (5.28) is
N -
Su (X, T) = XS, (X, T) + 0L PBon(Sw, )] +C1X +Cy (5.30)

where .21 denotes the inverse operator of . and C; & C, are determined by the

boundary conditions.
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Form =1,

S0 (X.T) = co ( X 24X 4ATX ATX 272X N ATX? N 272X?
e 75 15 25 5 25 5 25
X3 24X 41X’ 2x*
T s 25)

m=2,

5o (X.T) = X 24X 4TX ATX 2T2X+ATX2+2T2X2
A TS TS T s s s 5 25

X3 N 2A4X3 N ATX3 N 2x4 7X  TAX N AZX  TX
15 15 25 25 O\ "375 750 " 30 75
ATX A’TX AT?X AX? A%X? 2TX? 2ATX?

5 T30 75 150 15 375 15
AZTX?  8T2X? 3AT?X? 4713x? 8X3 AX3 141X°3

10 125 25 125 375 50 375

2AT X3 N A2TX3 N 8AT2X3 4T1%X3 N 473X%3  Ax? N A2X4
25 15 75 125 125 30 30

TX* N 13ATX* N 1272x*  13X° N 26AX3 N 12TX° N 4x6

25 75 125 375 375 125 125 )|
Hence
Su(X.T) 2X7 N 2TX N X 24X 4ATX ATX 2T%Xx
w ) = = e c T - - -
5 5 o\ 775 15 25 5 25

ATX? 27%x% X3 24x3 41Xx3 2%x* X
L T N AT ST +25> CO[_%
2AX 4ATX ATX 2T*X ATX?* 27%x% X3 24AX%3
T 23 5 25 5 T 15715
AaTX3  2Xx* 7X  TAX A2X TX ATX

25 JFF+(’"(’(_375_7504r 30 75 25

A2TX  AT?X  AX?  A2X? 2TX? 2ATX? A’rX?

30 T 75 150 15 375 15 10
8T2X2 3AT?X? 473%x% 8X3 AX3 14TX3 24TX3
125 25 125 '35 50 315 25
AZTX3  8AT?X3 4T2X3 4713X3 AX* A%x* T1X*

5 75 125 125 30 30 25

(5.31)

N 13ATX* N 127%2x4  13X° N 26AX° N 12TX° N 4x6
75 125 375 375 125 125
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is the solution of (5.17) which gives the saturation of injected water for cocurrent

imbibition phenomenon.

5.1.4 Results and discussion

The convergence of homotopy series solution has been discussed with the help of co-
curve by many researchers; Darvishi and Khani [18], Abbasbandy et al. [2], Ghotbi et
al. [23], Fariborzi and Naghshband [21], Patel and Desai [59].

The line segment parallel to the horizontal axis in co-curve gives the valid interval
of ¢ [2, 18, 21, 23, 59, 61]. Mathematica BVPh package [36] has helped us to find
the co-curves. The values of constants are considered as g = 9.8 m/ 52, B=2N/ m2,

pw =0.1kg/m?, L= 1m to discuss numerical and graphical representations of solution.

5.1.4.1 Without inclination with porous matrix i.e. 6 = 0°.

Figure 5.1 shows the co-curve of S, (0,0) for 30th-order approximation. The value of

co = —0.1 is chosen from this cg-curve..
{Suxx(©, 0)}
1 _/
| L L L | / L | L L L L L L | L CO
-0.8 -0. -0.4 -0.2 t 0.2

-3+

FIGURE 5.1: The co-curve of S,,,, (0,0) for 6 = 0°.

Using the series solution (5.31) with the values of constants, we interpret the
numerical and graphical solutions. Table 5.1 indicates the numerical values of

saturation of injected water. The graph of solution S,,(X,T) versus distance X for a
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fixed time T = 0.1,0.2,...,1 is presented in figure 5.2. The graphical and numerical
interpretations of solution clearly show that the saturation of water increases when

distance increases for a given time.

TABLE 5.1: Numerical values of S,,(X, T) in a homogeneous porous medium (6 = 0°).

Distance X

01 | 02 | 03 | 04 [ 05 [ 06 [ 07 [ 08 [ 09 [ 10

0.1]0.0098380 | 0.0286652 | 0.0568974 | 0.0942209 | 0.1397092 | 0.1920183 | 0.2496140 | 0.3109845 | 0.3747994 | 0.4400000
0.2]0.0188183 | 0.0458898 | 0.0812903 | 0.1244648 | 0.1743800 | 0.2297261 | 0.2891245 | 0.3512995 | 0.4151905 | 0.4800000
0.3]0.0281635 | 0.0636062 | 0.1061190 | 0.1549784 | 0.2091191 | 0.2673299 | 0.3284301 | 0.3913983 | 0.4554402 | 0.5200000
0.4]0.0378634 | 0.0817849 | 0.1313386 | 0.1857117 | 0.2438835 | 0.3048009 | 0.3675183 | 0.4312809 | 0.4955529 | 0.5600000
0.5]0.0479077 | 0.1003971 | 0.1569063 | 0.2166188 | 0.2786345 | 0.3421151 | 0.4063802 | 0.4709492 | 0.5355336 | 0.6000000
0.6] 0.0582861 | 0.1194149 | 0.1827813 | 0.2476568 | 0.3133380 | 0.3792522 | 0.4450099 | 0.5104064 | 0.5753876 | 0.6400000
0.7]0.0689884 | 0.1388107 | 0.2089248 | 0.2787865 | 0.3479635 | 0.4161957 | 0.4834038 | 0.5496570 | 0.6151205 | 0.6800000
0.8]0.0800042 | 0.1585579 | 0.2353000 | 0.3099718 | 0.3824845 | 0.4529325 | 0.5215607 | 0.5887067 | 0.6547380 | 0.7200000
0.9]0.0913235 | 0.1786304 | 0.2618722 | 0.3411796 | 0.4168781 | 0.4894526 | 0.5594816 | 0.6275619 | 0.6942459 | 0.7600000
1.0] 0.1029360 | 0.1990029 | 0.2886084 | 0.3723799 | 0.4511243 | 0.5257485 | 0.5971686 | 0.6662294 | 0.7336501 | 0.8000000

Su(X, T)

FIGURE 5.2: Saturation of injected water versus distance X for a fixed time T =
0.1(lowermost graph), 0.2, ..., 1(uppermost graph) for 8 = 0°.

5.1.4.2 6 = 5° inclination with porous matrix.

Figure 5.3 shows the co-curve of S, (0,0) for 30th-order approximation and the proper
value of c) = —0.1 chosen for numerical and graphical representations of solution (with

0 =5°).

Table 5.2 indicates the numerical values of saturation of injected water for 6 = 5°.
The graph of solution S,,(X,T) versus distance X for a fixed time 7 =0.1,0.2,...,1 is

presented in figure 5.4.
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{Swxx(0, 0)}

20+

15+

10~

-0.6

-0.4

-0.2

FIGURE 5.3: The co-curve of S, (0,0) for 6 = 5°.

TABLE 5.2: Numerical values of S,,(X,T) in a homogeneous porous medium (6 = 5°).

Distance X

01 | 02

[ 03

[ 04

[ 05

[ 06 ]

0.7

[

0.8

[

0.9

[

1.0

0.0134242 | 0.0353242
0.0229441 | 0.0533840
0.0328201 | 0.0719041
0.0430415 | 0.0908550
0.0535977 | 0.1102079
0.0644781 | 0.1299345
0.0756722 | 0.1500076
0.0871694 | 0.1704004
0.0989593 | 0.1910873
0.1110315 | 0.2120431

0.0658915
0.0912083
0.1169061
0.1429412
0.1692718
0.1958584
0.2226633
0.2496513
0.2767889
0.3040445

0.1046419
0.1357445
0.1670467
0.1985016
0.2300657
0.2616994
0.2933660
0.3250324
0.3566684
0.3882467

0.1505559
0.1859259
0.2212909
0.2566122
0.2918555
0.3269906
0.3619913
0.3968351
0.4315026
0.4659777

0.2022832
0.2404929
0.2785331
0.3163803
0.3540153
0.3914225
0.4285900
0.4655087
0.5021724
0.5385776

0.2583616
0.2981836
0.3377509
0.3770560
0.4160945
0.4548646
0.4933666
0.5316030
0.5695778
0.6072965

0.3174084
0.3578808
0.3981061
0.4380880
0.4778315
0.5173427
0.5566289
0.5956982
0.6345590
0.6732204

0.3782527
0.4186973
0.4589871
0.4991283
0.5391275
0.5789915
0.6187269
0.6583407
0.6978398
0.7372307

0.4400000
0.4800000
0.5200000
0.5600000
0.6000000
0.6400000
0.6800000
0.7200000
0.7600000
0.8000000

Sw(X,

m

FIGURE 5.4: Saturation of injected water versus distance X for a fixed time 7T =
0.1(lowermost graph), 0.2, ..., 1(uppermost graph) for 6 = 5°.
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5.1.4.3 0 = 10° inclination with porous matrix.

The co-curve of Sy, (0,0) is plotted for 30th-order approximation; see figure 5.5. Here

we use ¢p = —0.1 to interpret the numerical and graphical solutions.

{Swxx(0, 0)}
10~

-0.8 -0.6 -0.4 -0.2 0.2 0.4

FIGURE 5.5: The co-curve of S, (0,0) for 6 = 10°.

The numerical values of solution S,,(X,7T) for 8 = 10° are obtained (see Table
5.3). Figure 5.6 shows the graph of solution S,,(X,T') versus distance X for a fixed time
T=0.1,0.2,...,1.

TABLE 5.3: Numerical values of S,,(X,T) in a homogeneous porous medium (6 =

10°).
T Distance X
0.1 [ 0.2 [ 0.3 [ 0.4 [ 0.5 [ 0.6 [ 0.7 [ 0.8 [ 0.9 [ 1.0

0.1]0.0171217 | 0.0421112 | 0.0749611 | 0.1150472 | 0.1612894 | 0.2123590 | 0.2668863 | 0.3236290 | 0.3815786 | 0.4400000
0.2]0.0271826 | 0.0609980 | 0.1011812 | 0.1469785 | 0.1973249 | 0.2510391 | 0.3069950 | 0.3642431 | 0.4220696 | 0.4800000
0.3]0.0375898 | 0.0803124 | 0.1277266 | 0.1790391 | 0.2332829 | 0.2894859 | 0.3468013 | 0.4045810 | 0.4623935 | 0.5200000
0.4]0.0483324 | 0.1000247 | 0.1545544 | 0.2111850 | 0.2691290 | 0.3276812 | 0.3863026 | 0.4446497 | 0.5025581 | 0.5600000
0.5]0.0593993 | 0.1201059 | 0.1816243 | 0.2433760 | 0.3048336 | 0.3656107 | 0.4254988 | 0.4844573 | 0.5425715 | 0.6000000
0.6] 0.0707798 | 0.1405281 | 0.2088981 | 0.2755751 | 0.3403706 | 0.4032635 | 0.4643923 | 0.5240130 | 0.5824417 | 0.6400000
0.7]0.0824630 | 0.1612641 | 0.2363397 | 0.3077490 | 0.3757182 | 0.4406321 | 0.5029872 | 0.5633266 | 0.6221768 | 0.6800000
0.8]0.0944381 | 0.1822875 | 0.2639152 | 0.3398674 | 0.4108576 | 0.4777116 | 0.5412894 | 0.6024085 | 0.6617847 | 0.7200000
0.9] 0.1066946 | 0.2035727 | 0.2915928 | 0.3719031 | 0.4457736 | 0.5144999 | 0.5793063 | 0.6412692 | 0.7012731 | 0.7600000
1.0]0.1192218 | 0.2250951 | 0.3193426 | 0.4038318 | 0.4804535 | 0.5509968 | 0.6170462 | 0.6799197 | 0.7406496 | 0.8000000
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Su(X, T)

X

0.2 0.4 0.6 0.8 1.0

FIGURE 5.6: Saturation of injected water versus distance X for a fixed time 7 =
0.1(lowermost graph), 0.2, ..., 1(uppermost graph) for 6 = 10°.

5.2 PART (B): Cocurrent imbibition phenomenon in

the inclined heterogeneous porous medium

5.2.1 Introduction

Here we have studied the cocurrent imbibition in the inclined heterogeneous porous
medium. Most of all the authors have studied cocurrent imbibition in a homogeneous
porous medium with different point of views [11, 22, 63, 70, 93]. Many researchers
have investigated the problem of fluid flow through a heterogeneous porous medium.
The behavior of fingering phenomenon in a heterogeneous porous medium is studied by
Verma [86]. Patel et al. [58] have discussed imbibition phenomenon in a heterogeneous
porous medium. Patel and Desai [61, 65] have discussed the fingero-imbibition in a

heterogeneous porous medium with and without magnetic field effect.

For the mathematical formulation, we consider that the permeability and porosity
are functions of x only. The mathematical model is studied for cocurrent imbibition
phenomenon in the inclined heterogeneous porous medium. With the help of homotopy

analysis method, we obtained the solution of governing equation.
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5.2.2 Mathematical modeling
The permeability and porosity in a heterogeneous porous medium are assumed as [86],

1
P=P(x)= p——

K = K(x) = Ko(1 + bx) (5.33)

(5.32)

where ay, ay, Ko and b are positive constants. Since P(x) can’t exceed unity, we assume

that a; —arx > 1.

For the simplicity, we consider K o P [16, 58],

K=K.P (5.34)

where K. is a constant.

Using K = K P, k,, = S,, and P, = —f3S,, in (5.15), we get

S, KB { d ( 3&) asy, 1 8P} n K.pywgsind {8SW ~|—Swl 8P} .

ot 28, [dx\"" ox " 9x P ox S dx VP ox
(5.35)
Now
1dP  d(logP) J (axx o _ @
Pox~ ax  aoxl\a loga; | (neglecting higher order terms of x) = s
Using dimensionless variables
X BK.t
X=—T=—=
L’ 28,2
(5.35) becomes
as, d as, aSy Sy
— = — |Sy== | +A=— +BSy,—=— +AB .
oT  9X {SW ax] ox "By tAB (5.36)

where A = ZL%M, B= % and S,,(x,1) = S,,(X,T)

is the governing equation for cocurrent imbibition phenomenon and S,,(X,7T) is the
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solution of (5.36) which represents the saturation of injected water. The boundary

conditions are given by

14T
S$,,(0,T) =0 and SW(I,T)z%. (5.37)

5.2.3 Solution by homotopy analysis method

According to (5.36), a nonlinear operator .#” is defined as

20(X,T; 90(X,T;q) >  90(X,T;
N0 Tiq)] = 9(x.Tig) T [P TA 200 T20)
+B¢(X,T;q)—a¢<§)’(T;q> ABO(X,Tsq) — —MO;’TT;‘]). (5.38)

The boundary conditions (5.37) suggest us to choose the initial approximation as

TX +X?
Swe(X,T) = — (5.39)

Then the solution of (5.28) with H(X,T) = 1 reads
_ o
SWm (X7 T) - XmSWm—l (X7 T) + Cog ! ['%m (SWm—l )] + CIX + C2 (540)

where the coefficients C; and C, are determined by the boundary conditions and

n19S,. dSw, . . 0S
Wm 1—i Win—1—i Win—1
Sun-r) ZSW! Xt T hax ax  TATax

—1

B Sy —2=1=L + ABS — ] > 1. 541
+ l;() Wi &X + Wmn—1 aT y M = ( )
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Using (5.21), (5.38), (5.39) and (5.40), the solution of (5.36) takes the form:

ABTX T?X BT?*X N ATX? N T2x? X3 N AX3 N TX3
18 18 54 6 18 18 9 9
N ABTX?® BT?X?® X* ABX* BTX* BX5> N

TX +X? ( AX BX ABX TX ATX BTX

— 542
18 + 54 +18+ 36 + 36 + 90 (5:42)
The solution (5.42) gives us the saturation of injected water for cocurrent imbibition

phenomenon in the inclined heterogeneous porous medium.

5.2.4 Results and discussion

The co-curve helps us to discover the valid range of c¢g. Many authors have discussed
homotopy series solution with the help of co-curve [2, 18, 21, 23, 59, 61-63, 83]. Using
BVPh package [36], we plotted the co-curves. The values of constants are considered

asg=9.8 m/sz,[)’ :2N/m2, pw =0.1 kg/m3,L: lma =2,a=1m".

5.2.4.1 The cp-curves of S, (0,0)

Figure 5.7-5.9 show the cy-curve of S, (0,0) for 30th-order approximation for angle of
inclination 8 =0°, 8 = 5° and 6 = 10°. The value of co = —0.05 chosen for convergent
homotopy series solution in the inclined (6 = 0°, 8 = 5°, 6 = 10°) heterogeneous

porous medium.

5.2.4.2 Numerical interpretation of solution

Table 5.4-5.6 indicate the numerical values of solution S,,(X,7) with 6 =0°, 6 = 5°
and 6 = 10°. The numerical representations of solution show that the saturation of

water increases when distance increases for a given time.
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{Suxx(0, 0)}
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FIGURE 5.7: The cp-curve of S,,,, (0,0) for 6 = 0°.

{Swxx(0, 0)}
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FIGURE 5.8: The cp-curve of S,,,, (0,

0) for 6 = 5°.

{Suxx(0, 0)}
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FIGURE 5.9: The cp-curve of S,,,, (0,

0.2

0) for 6 = 10°.
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TABLE 5.4: Numerical values of S,,(X,T) in a heterogeneous porous medium with
0 =0°.

Distance X

01 | 02 | 03 | 04 | 05 | 06 | 07 ] 08 ] 09 | 10

0.1]0.0079782 | 0.0229830 | 0.0451758 | 0.0744627 | 0.1105000 | 0.1527179 | 0.2003618 | 0.2525440 | 0.3083037 | 0.3666667
0.2]0.0133488 | 0.0335191 | 0.0605489 | 0.0942292 | 0.1341183 | 0.1795746 | 0.2298015 | 0.2839035 | 0.3409435 | 0.4000000
0.3]0.0188933 | 0.0443428 | 0.0762660 | 0.1143454 | 0.1580524 | 0.2066856 | 0.2594209 | 0.3153679 | 0.3736254 | 0.4333333
0.4]0.0246107 | 0.0554496 | 0.0923181 | 0.1347989 | 0.1822872 | 0.2340357 | 0.2892065 | 0.3469273 | 0.4063442 | 0.4666667
0.5]0.0304996 | 0.0668349 | 0.1086968 | 0.1555773 | 0.2068084 | 0.2616102 | 0.3191453 | 0.3785725 | 0.4390952 | 0.5000000
0.6 0.0365589 | 0.0784942 | 0.1253933 | 0.1766686 | 0.2316017 | 0.2893949 | 0.3492251 | 0.4102946 | 0.4718739 | 0.5333333
0.7]0.0427874 | 0.0904228 | 0.1423990 | 0.1980608 | 0.2566535 | 0.3173762 | 0.3794342 | 0.4420854 | 0.5046763 | 0.5666667
0.8]0.0491838 | 0.1026161 | 0.1597055 | 0.2197422 | 0.2819502 | 0.3455407 | 0.4097613 | 0.4739368 | 0.5374984 | 0.6000000
0.9]0.0557468 | 0.1150696 | 0.1773042 | 0.2417012 | 0.3074788 | 0.3738759 | 0.4401959 | 0.5058417 | 0.5703367 | 0.6333333
1.0]0.0624751 | 0.1277785 | 0.1951868 | 0.2639264 | 0.3332267 | 0.4023695 | 0.4707278 | 0.5377931 | 0.6031880 | 0.6666667

TABLE 5.5: Numerical values of S,,(X,T) in a heterogeneous porous medium with
0 =5°.

Distance X

01 | 02 | 03 | 04 [ 05 [ 06 [ 07 [ 08 [ 09 [ 10

0.1]0.0097402 | 0.0263320 | 0.0498361 | 0.0800617 | 0.1165793 | 0.1587506 | 0.2057738 | 0.2567388 | 0.3106864 | 0.3666667
0.2]0.0153699 | 0.0373119 | 0.0657641 | 0.1004253 | 0.1407763 | 0.1861178 | 0.2356193 | 0.2883755 | 0.3434644 | 0.4000000
0.3]0.0211738 | 0.0485766 | 0.0820285 | 0.1211262 | 0.1652728 | 0.2137213 | 0.2656271 | 0.3201035 | 0.3762768 | 0.4333333
0.410.0271506 | 0.0601216 | 0.0986205 | 0.1421519 | 0.1900538 | 0.2415462 | 0.2957843 | 0.3519133 | 0.4091187 | 0.4666667
0.5]0.0332993 | 0.0719420 | 0.1155312 | 0.1634900 | 0.2151052 | 0.2695781 | 0.3260784 | 0.3837961 | 0.4419858 | 0.5000000
0.6]0.0396183 | 0.0840332 | 0.1327518 | 0.1851284 | 0.2404128 | 0.2978030 | 0.3564976 | 0.4157435 | 0.4748738 | 0.5333333
0.7]0.0461065 | 0.0963905 | 0.1502736 | 0.2070551 | 0.2659630 | 0.3262076 | 0.3870306 | 0.4477477 | 0.5077790 | 0.5666667
0.8]0.0527625 | 0.1090090 | 0.1680879 | 0.2292583 | 0.2917427 | 0.3547791 | 0.4176667 | 0.4798013 | 0.5406978 | 0.6000000
0.9]0.0595849 | 0.1218839 | 0.1861862 | 0.2517265 | 0.3177388 | 0.3835051 | 0.4483957 | 0.5118973 | 0.5736268 | 0.6333333
1.0] 0.0665724 | 0.1350106 | 0.2045600 | 0.2744484 | 0.3439388 | 0.4123736 | 0.4792079 | 0.5440292 | 0.6065632 | 0.6666667

TABLE 5.6: Numerical values of S,,(X,T) in a heterogeneous porous medium with
0 =10°.

Distance X

01 | 02 [ 03 [ 04 [ 05 [ 06 [ 07 [ 08 [ 09 | 10

0.1]0.0115398 | 0.0297336 | 0.0545446 | 0.0856902 | 0.1226614 | 0.1647585 | 0.2111404 | 0.2608814 | 0.3130304 | 0.3666667
0.2]0.0174309 | 0.0411593 | 0.0710275 | 0.1066482 | 0.1474320 | 0.1926297 | 0.2413846 | 0.2927896 | 0.3459433 | 0.4000000
0.3]0.0234964 | 0.0528669 | 0.0878390 | 0.1279308 | 0.1724855 | 0.2207190 | 0.2717739 | 0.3247755 | 0.3788830 | 0.4333333
0.4]0.0297350 | 0.0648515 | 0.1049701 | 0.1495254 | 0.1978072 | 0.2490118 | 0.3022959 | 0.3568301 | 0.4118449 | 0.4666667
0.5]0.0361453 | 0.0771083 | 0.1224118 | 0.1714196 | 0.2233830 | 0.2774940 | 0.3329385 | 0.3889451 | 0.4448250 | 0.5000000
0.6 0.0427259 | 0.0896324 | 0.1401552 | 0.1936011 | 0.2491988 | 0.3061521 | 0.3636904 | 0.4211126 | 0.4778194 | 0.5333333
0.7]0.0494755 | 0.1024189 | 0.1581913 | 0.2160580 | 0.2752414 | 0.3349730 | 0.3945407 | 0.4533251 | 0.5108246 | 0.5666667
0.8]0.0563926 | 0.1154630 | 0.1765116 | 0.2387786 | 0.3014975 | 0.3639443 | 0.4254792 | 0.4855757 | 0.5438373 | 0.6000000
0.9]0.0634758 | 0.1287596 | 0.1951072 | 0.2617513 | 0.3279545 | 0.3930539 | 0.4564960 | 0.5178580 | 0.5768546 | 0.6333333
1.0] 0.0707237 | 0.1423040 | 0.2139694 | 0.2849648 | 0.3546000 | 0.4222902 | 0.4875820 | 0.5501657 | 0.6098736 | 0.6666667

5.2.4.3 Graphical interpretation of solution

The graph of solution S,,(X,T) versus distance X for a fixed time 7 = 0.1,0.2,...,1
for & = 0° is given in figure 5.10. Figure 5.11 shows the graph of solution S,,(X,T)
versus distance X for a fixed time 7 = 0.1,0.2,...,1 for 8 = 5°. The graph of solution
Sw(X,T) versus distance X for a fixed time 7' = 0.1,0.2,...,1 for 6 = 10° is shown in
figure 5.12. The graphical representations of solution show that the saturation of water

increases when distance increases for a given time.
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Sw(X, T)

0.6

0.5

0.4

0.3

0.2

0.1

FIGURE 5.10: Saturation of water versus distance for a fixed time T = 0.1(lowermost
graph), 0.2, ..., 1(uppermost graph) for 6 = 0°.

Su(X, T)

0.6

0.5

0.4

0.3

0.2

0.1

FIGURE 5.11: Saturation of water versus distance for a fixed time 7 = 0.1(lowermost
graph), 0.2, ..., 1(uppermost graph) for 6 = 5°.

Su(X, T)

0.6

0.5

0.4

0.3

0.2

0.1

FIGURE 5.12: Saturation of water versus distance for a fixed time 7 = 0.1(lowermost
graph), 0.2, ..., 1(uppermost graph) for 6 = 10°.
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5.3 Conclusion

We have discussed cocurrent imbibition phenomenon in the inclined homogeneous and
heterogeneous porous medium and its mathematical models are derived. Homotopy
series solutions are discussed for cocurrent imbibition phenomenon. The solutions
satisfy both conditions. We have discussed the numerical and graphical interpretations
of solutions for different angle of inclination. We conclude that in both the cases the

saturation of injected water increases when distance increases for a given time.



CHAPTER 6

Fingero-imbibition Phenomenon

This chapter is divided into two parts:

(A) Fingero-imbibition phenomenon in a heterogeneous porous medium.

(B) Fingero-imbibition phenomenon in a heterogeneous porous medium with magnetic
field effect.

In each part, the approximate analytical solutions have been discussed with some certain

conditions and assumptions.

6.1 PART (A): Fingero-imbibition phenomenon in a

heterogeneous porous medium

6.1.1 Introduction

During the secondary oil recovery process, fingero-imbibition phenomenon arises. If a
porous medium filled with some phase (nonwetting phase) is brought into contact with
another phase (wetting phase), then there is a spontaneous flow of wetting phase into
the porous medium and a counter flow of nonwetting phase from the porous medium.
This phenomenon is referred to as imbibition phenomenon. Besides this if a porous
medium is filled with some phase which is displaced by another less viscous phase,
instead of regular displacement of the whole front, protuberances may occur which
shoot through porous medium at relatively great speed giving rise to the fingering. Thus
two phenomena i.e. fingering and imbibition occur simultaneously which are known as

fingero-imbibition phenomenon (see figure 6.1).

84
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Imblbltlon Phenomenon

=4 3

Fingering Phenomenon

Imbibition Surface x=0

FIGURE 6.1: Fingero-imbibition phenomenon.

This phenomenon is one of the most important phenomena which is frequently
encountered in various engineering fields such as hydrogeology, agriculture
engineering, soil science, petroleum engineering etc. Many authors have discussed
fingero-imbibition phenomenon with different point of views; Verma [87], Mehta and
Verma [44], Shah and Verma [79], Desai [19], Patel et al. [57], Parikh et al. [52], Patel
et al. [58], lyiola and Folarin [25].

Our particular interest in present work is to measure the saturation of injected
water for the phenomenon of fingero-imbibition in a heterogeneous porous medium.
The mathematical formulation gives us a one dimensional nonlinear partial differential

equation and it is solved with suitable conditions using homotopy analysis method.

6.1.2 Statement of the problem

Assume that there is a uniform water injection in oil formatted heterogeneous porous
medium. The rock properties like permeability and porosity of heterogeneous porous
medium may vary from one place to another. For heterogeneous porous medium, the

permeability and porosity are assumed as the functions of x only.

It is considered that Darcy’s law is valid for investigated problem. The shape and
size of fingers are irregular and different. It is assumed that the fingers are rectangles

and only the average cross-sectional area occupied by fingers are observed. The average
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cross-sectional area occupied by injected water gives us the saturation of injected water

for fingero-imbibition phenomenon.

6.1.3 Mathematical model of the problem

According to Darcy’s law, the velocity of injected water v,, and the velocity of oil v,

can be expressed as [5, 47, 77]:

ky 0P,

Vy = _6_WK_ax (61)
ko OP,

Vo = _S_OK_8X (62)

where K = K(x) is the permeability of heterogeneous porous medium, k,, and k, are the
relative permeabilities of water and oil, d,, and §, are the constant viscosities of water

and oil, P,, and P, are the pressures of water and oil respectively.

The equation of continuity of injected water is

S,  dvy
PW + o 0 (6.3)

where P = P(x) is the porosity.

It is considered that the permeability and porosity are the functions of x only for

heterogeneous porous medium [86],

K =K(x) = Ko(1+ bx) (6.4)

1
P :P(x) - a) —arx

(6.5)

where a1, ap, Ko and b are positive constants. Since P(x) can’t exceed unity, we assume

that a; —axx > 1.

For simplicity, we consider K o< P [16, 58],

K=K.P (6.6)
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where K. is a constant.

The pressure difference of nonwetting fluid (oil) and wetting fluid (water) is

defined as the capillary pressure P,

The capillary pressure is considered as [40]

Pc - _ﬁSw

where 3 is a constant.

(6.7)

(6.8)

The relation between relative permeability and phase saturation is assumed as [77,

78]

k, =S, and k, =1— aS,

where ¢ is a constant.

(6.9)

The condition for countercurrent imbibition phenomenon can be expressed as [77]

Vv +v, = 0.

Using (6.1) and (6.2) in (6.10), we get

ke OPy ko OP,
S_WKa_x-l_S_oKW_O

From (6.7) and (6.11)

Thus, (6.12) reduces to

(6.10)

6.11)

(6.12)

(6.13)
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On substituting the value of % in (6.1), we get

kwk, (kw ko\ ' OP.
W*Kag(a+g)'x" (019
Substituting (6.14) into (6.3), we get
3S, 0 | kuk, (ke ko\ 'OP.
Por Tox [Kaws_,,(éw+5_a) 9x]_0' @1

According to Scheidegger [77], it is assumed that

koko (K Ko\ 7' ko
(6.15) reduces to
dS,, 9 [ ko OP. 39S, ]
PW—Fa [Ka_oaswﬁ] =0 (6.17)
Using (6.6), (6.8) and (6.9) into (6.17), we get
aSW _ ﬁKc J aSW
'W—Mah“mﬁﬂ
CBK O [ s 9Su] | BRe o 105, 0P
=5 ox (1 Sw) Ep + SOP(I osSy) x Ox (6.18)

Since,

19dP _d(logP) d
Pox  Jdx  Ox
2]

(— loga; + @> (neglecting higher order terms of x)
ai

ai

(6.18) becomes

35, PK. 9 35,1 K. 35S,
7— 50 a |:(1—(XSW) ax:| -+ a150 (1—(XSW)W (619)
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Using dimensionless variables

X BK.t
X=pT= 5,12’
(6.19) reduces to
928, 28, \> 95, 98, 9S,

where A = La—”iz and Sy, (x,1) = S, (X, T).

The equation (6.20) describes the governing equation for the phenomenon of
fingero-imbibition in a heterogeneous porous medium. The solution S,,(X,T') of (6.20)
represents the saturation of injected water at distance X and time 7. The following

boundary conditions are considered to solve (6.20) by homotopy analysis method

T 1+3T
$0(0,T) = < and S,,(1,7) = +5 . 6.21)

6.1.4 Solution by homotopy analysis method

We apply HAM [32] to (6.20). According to (6.20), we define a nonlinear operator as

229(X,T; 229 (X,T; 20(X,T:q)\°
Ho(x.Tiq)) = ZEETD g 1) 708 T50) ‘”—a{—"’(ax Q)}
9¢(X,T:q) 199X, T3q)  99(X,T:q)
+Aa—X—Aa¢(X,T,q) % a7 (6.22)

Using the boundary conditions (6.21), we assume appropriate initial guess as

T+X?+T(X+X?
S (X, T) = — +5< X0 (6.23)
Let the linear operator .Z be
2%0(X,T;
Zlo(x.T:g) = 22010 (624

0X?
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with Z[0] = 0, where g € [0,1] is the embedding parameter and ¢(X,7;q) is an

unknown function.

The zeroth-order deformation equation is

(1=q)Z[@(X,T:q) = Swy (X, T)] = cogH (X, T).N[9(X, T;q)] (6.25)

where ¢ # 0 is the convergence control parameter, H(X,T) # 0 is an auxiliary function

and S, (X, T) is the initial approximation of S,,(X,T).

When g = 0 and g = 1 one has

0(X,T;0)=S,,(X,T)and ¢(X,T;1) =S, (X,T). (6.26)

Thus as the embedding parameter ¢ increases from 0 to 1, the solution ¢ (X,T;q)
varies from the initial approximation S,,, (X, T) to the solution S, (X, T) of (6.20). Using

Taylor series expansion of ¢(X,T;q) w.r.t. ¢ we get

[}

O(X.T:9) =Swy(X,T)+ Y Sy, (X, T)q" (6.27)
m=1
where
S, (X, T) = 1IMX.Tg)) (6.28)
m! aq" 0
q:

The series (6.27) is the homotopy series. Assume that the convergence control
parameter, the initial approximation, the linear operator and the auxiliary function are

in such a way that the series (6.27) converges at ¢ = 1, we have

[}

Sw(X.T) =Sy, (X, T)+ Y S, (X,T). (6.29)
m=1
Define the vector Sy, = {Sw,,Sw;, - - -»Sw, } - Differentiating (6.25) m times w.r.t. ¢

and dividing them by m! and putting ¢ = 0, we have the high-order deformation equation

L1Su (X T) = Sy, (X TV = coH (X, T)Bon(Sr, ) (6.30)
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where %, is defined by (2.40) and

— 82SWm Wm i ! aS aSWm i
‘%m (Swmfl) = aXz - x Z SW, ale B Z a aXl
aSw 1 = aSW 1—i aSW 1
m—1 ) m—1—i m— > X .

For simplicity, assume H(X,7) = 1. Then the solution of (6.30) is
_ —
Sy (X, T) = xS, (X, T) + 0L [ Bon(Sy, )] +C1X +Co (6.32)

subject to Sy, (0,7) =0and S,,, (1,7) =0, m > 1 and C;, C; are constants or functions
of T. Hence,
X Xx* x* Xt TX

“20710 30 60 5

T+X*+TX+TX?

Sy(X,T) = :

€0

5 75\ 7373 g T T3 sl 72
x4 372x2
+7—3TX+TX2+TX3+TX4 372X 4+ —

TX2 A< X X3 5TX TX2 TX3> oc( X

+T12x3

T2x*4 Aot X N X> 477X N TX3 N TX4 N TX5
2 25 10 10 60 3 4 5

(6.33)

27T?*X N T%x? N T2Xx3 N T2x4 N T2X3
20 2 2 4 10

is the solution of governing equation (6.20) which gives us the saturation of injected
water for the phenomenon of fingero-imbibition arising in fluid flow through

heterogeneous porous medium.

We use the following values of constants involved in solution L =1 m, o¢ = 1.11,
a; =2, a> = 1 m™'. With the help of the co-curves, we choose appropriate value of cp.
Using BVPh package [36], a Mathematica package for nonlinear boundary value
problems, we plotted the co-curves for 20th-order approximation of homotopy series
solution. The cop-curves of S, (0,1), Sy, (0,1) & Syyyx(0,1) gives us the interval
[—1.2,—0.5] as the valid region for co; see figure 6.2, the co-curves of S, (0,0),

Swxx (0,0) & Syyyx (0,0) gives us the valid region [—1.3,—0.3] for ¢y as shown in
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figure 6.3 and the cp-curves of Sy, (0.5,0.5), Sy, (0.5,0.5) & Sy, (0.5,0.5) (see

figure 6.4) gives the valid interval [—1.45,—0.2] for ¢o. The proper value of cq is

chosen as ¢y = —0.8 to discuss numerical and graphical representations of series

solution.

{Swx (0, 1), Suxx(0, 1), Suxxx(0, 1)}

-2.0

-15 -1.0

FIGURE 6.2: The co-curves of S, (0,1) (Solid), S,,,(0,1) (DotDashed) and

Swyxy (0,1) (Dashed).

{Swx (0, 0), Suxx(0, 0), Suxxx(0, 0)}

061

FIGURE 6.3: The co-curves of S, (0,0) (Solid), S,,,(0,0) (DotDashed) and

Sy (0,0) (Dashed).

6.1.5 Results and discussion

Numerical and graphical interpretations are discussed with the help of Mathematica

BVPh package. Table 6.1 indicates the numerical values of solution (6.33) for 20th-

order approximation.
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{Swx(0.5, 0.5), Suxx (0.5, 0.5), Swxxx(0.5, 0.5)}

20}

==

FIGURE 6.4: The co-curves of Sy, (0.5,0.5) (Solid), S, (0.5,0.5) (DotDashed) and
Swyxy (0.5,0.5) (Dashed).

TABLE 6.1: Numerical values of the saturation of injected water for fingero-imbibition
phenomenon.

Distance X

01 | 02

[ 03

[ 04

[ 05

[ 06

0.7

[

0.8

[

0.9

[

1.0

0.0294301 | 0.0408938
0.0527940 | 0.0675938
0.0758961 | 0.0938046
0.0987202 | 0.1194901
0.1212496 | 0.1446122
0.1434674 | 0.1691316
0.1653563 | 0.1930080
0.1868992 | 0.2162010
0.2080794 | 0.2386705
0.2288809 | 0.2603777

0.0547358
0.0847656
0.1141118
0.1427143
0.1705089
0.1974281
0.2234018
0.2483583
0.2722254
0.2949326

0.0713267
0.1047151
0.1372578
0.1688671
0.1994478
0.2288975
0.2571074
0.2839637
0.3093505
0.3331515

0.0910823
0.1279096
0.1637642
0.1985275
0.2320674
0.2642381
0.2948806
0.3238244
0.3508905
0.3758960

0.1144897
0.1549123
0.1942783
0.2324355
0.2692088
0.3043986
0.3377792
0.3691004
0.3980903
0.4244623

0.1421481
0.1864360
0.2296453
0.2715902
0.3120477
0.3507520
0.3873886
0.4215907
0.4529401
0.4809749

0.1748322
0.2234330
0.2710370
0.3174333
0.3623551
0.4054637
0.4463292
0.4844107
0.5190400
0.5494194

0.2136012
0.2672591
0.3201998
0.3722302
0.4230855
0.4723947
0.5196290
0.5640233
0.6044621
0.6393273

0.2600000
0.3200000
0.3800000
0.4400000
0.5000000
0.5600000
0.6200000
0.6800000
0.7400000
0.8000000

Sw(X,

™

FIGURE 6.5: Saturation of injected water versus distance X for a fixed time T =
0.1(lowermost graph), 0.2, ..., 1(uppermost graph).
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Figure 6.5 shows the graph of saturation of injected water S,,(X,T) versus X for
fixed T = 0.1,0.2,...,1 and figure 6.6 represents the graph of saturation of injected
water S,,(X,T) versus time 7 for a fixed distance X = 0.1,0.2,...,1. Figure 6.7
represents the graph of saturation of injected water S,,(X,T) versus distance X & time
T. Clearly, the graphical and numerical interpretations of solution show that the

saturation of water increases when distance increases for a given time.

SuX, T
0.8}

FIGURE 6.6: Saturation of injected water versus time 7' for a fixed distance X =
0.1(lowermost graph), 0.2, ..., 1(uppermost graph).

Distance X

FIGURE 6.7: S,,(X,T) versus X & T.
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6.2 PART (B): Fingero-imbibition phenomenon in a
heterogeneous porous medium with magnetic field

effect

6.2.1 Introduction

The fingering phenomenon will occur simultaneously with imbibition for a less
viscous and preferentially wetting phase which describes the phenomenon of
fingero-imbibition for which the injection is started by imbibition and resulting
displacement produce fingers. This simultaneous occurrence of both phenomena

fingering and imbibition is known as fingero-imbibition phenomenon (see figure 6.8).

Imbibition Phenomenon

Magnetic field
1

Fi ing Ph
Imbibition surface X=0 e e,

FIGURE 6.8: Fingero-imbibition phenomenon with magnetic field effect.

The imbibition phenomenon has been investigated by many researchers with
different aspects. Mishra and Verma [45] have discussed imbibition in the double
phase flow with magnetic field. Shah and Verma [79] have obtained the numerical
solution of fingero-imbibition phenomenon through homogeneous porous media with
magnetic fluid in the injected water. Pradhan and Verma [73] have discussed the finite
element treatment of imbibition phenomenon involving magnetic fluid in the injected
phase. Parikh et al. [53] have discussed mathematical modeling of fingero-imbibition
phenomenon in homogeneous porous medium with magnetic field effect in vertical

downward direction.  Patel ef al. [66] have discussed the phenomenon of
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fingero-imbibition in displacement process through slightly dipping porous medium

involving magnetic fluid in water.

In the present work, we have developed the mathematical model for
fingero-imbibition phenomenon in a heterogeneous porous medium with magnetic
field effect. The mathematical formulation leads to a one dimensional nonlinear partial
differential equation. The solution of the problem has been obtained using homotopy
analysis method [32]. The main purpose of this work is to find the solution (the
saturation of injected water) of the fingero-imbibition phenomenon in a heterogeneous

porous medium with magnetic field effect.

6.2.2 Statement of the problem

Here we consider the cylindrical piece of heterogeneous porous matrix of length L
which is filled with oil. Consider the flow of water with magnetic particles and oil in a
heterogeneous porous medium. In this work it is assumed that the injected water is
conductive while the oil is non-conductive and the effect of a variable magnetic field is
to increase the velocity of injected water by gradient of “’S—ff where @ is permeability
of magnetic field H. It is considered that the Darcy’s law is valid for this fluid flow

problem.

6.2.3 Mathematical model
The velocity of injected water v,, can be represented due to Darcy’s law as [5, 77]

(6.34)

Vy = —

b (9P, oM 9H
Oy ox 4w ox

and velocity of oil v, is defined by (6.2), where @ is permeability of magnetic field H.

Using (6.2), (6.7) and (6.34) in (6.10), we get

-1
P, (kw k(,) (k(,aPc kwa)HaH). ©35)

% \5,75) \&ox T8, amox
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On substituting the value of % with (6.16) in (6.34), we get

k, (0P wHJH
=K -—— . 6.36
w=Ks, ( ox  4m ox (6.36)
Substituting (6.36) into (6.3), we get
38, 0 [ kodP.  k, wHOH
P—+— |K— —K———|=0. 6.37
8t+8x[ 5, ox N3, 4m ox (6.37)
Considering the magnetic field in the x- direction only, we write H as [4, 88]
H = Ax" (6.38)
where A is a constant parameter and 7 is an integer.
Using the value of H for n =1 in (6.37) with (6.6), (6.8) and (6.9), we get
dS, PBK. 0 25,1 K.wA? 9
—— = — |P(1—aS — [P(1 — oSy, )x]. 6.39
51 50P3x{ (1-as.) 8x] amo,p o T UL~ OS] (6.39)
Using dimensionless variables
X BK.t
X=2.T=
L’ 5,12’
(6.39) becomes,
S, 19 98]  wA’L* 9
— =——|P(l—aS — |P(1 —aSy)X]. 6.40
oT P&X[( aW)aX] 4JIBP8X[( oSw)X] (640)
Now,
1P Jd(logP d LX L
PIX (ao)g( ) =5 (azal — logal) (neglecting higher order terms of X) = %.

Therefore (6.40) reduces to

aSW - a aSW 8SW a
57 = 3% {(1 —ocSw)ﬁ} +A(1 —asw)ﬁJrBﬁ [(1—aSy)X]

+AB(1— asS,)X (6.41)
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whereA:%,B “’4’17”%2 and Sy, (x,7) = S, (X, T).

The equation (6.41) is the desired governing equation for fingero-imbibition
phenomenon in a heterogeneous porous medium with magnetic field effect. The
homotopy analysis method is used to obtain solution S,,(X,T) of (6.41) with boundary
conditions (6.21).

6.2.4 Solution by homotopy analysis method

According to (6.41), a nonlinear operator .#" is defined as

2 , 5 . 0
Ao = OO g i PN T ) o [0 T

X2 & 2).¢
+(A —BaX)W —Aag(X, T;Q)W
— (Ba+ABaX)¢(X,T;q) +ABX +B—W. (6.42)
According to (6.21), it is straightforward to choose initial approximation as
S (X, T) = T+X2+5T<X+X2>. (6.43)

Here we consider the auxiliary function as H(X,7T) = 1. Then the solution of

(6.30) becomes
—
Su (X, T) = XS, (X, T) + 0L PBon(Sw, )] +C1X +Ca (6.44)

where C| & C; are determined by S,,, (0,7) =0 & S,,,,(1,7) =0, m > 1, .Z is defined
by (6.24) and

— aZSWm 1 Wm 1—i ]aS aSWm 1-i
c@m(SWm,1) = aX2 —Qa Z Swl aXZ - Z a aX
aS,, aS,, 1 asw .
A—"l _BaX—"1_A S, —1=L _ BaS,,
A ox *ox * ;0 ) !
—ABaXs$,, ,+(B+ABX)(1—jn) — —=L m>1. (6.45)

oT ’
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The equation (6.44) gives S, (X,T),Sy,(X,T) and so on. Hence the homotopy

series solution of (6.41) is as

T+X2+TX+TX? X+X2 X3 x* TX TX?

5 20710 30 60 5 3
A( X X3 5Tx TXx? TX3> oc( X x4

SW(X7T) = +co

517373 R

372x2 T2x4
—3TX+TX2+TX3+TX4—3T2X+T+T2X3+T

Aa X N X3 47TX N TX3 N TX* N TX> 277X
25 10 10 60 3 4 5 20

>t s

> T T T o 4

T2x2  T2x3 T2x4 T2X5> BX BX2 Ba( X
4

X4 137X N TX? N TX3 N TX* ABX N ABX3
4 12 2 3 4 6 6

Fo (6.46)

ABo, X +X5 3TX N TX?3 N TX* N TX?
20 20 10 6 12 20

The solution (6.46) represents the saturation of injected water for the phenomenon
of fingero-imbibition arising in fluid flow through heterogeneous porous medium with

magnetic field effect.

As pointed out by Liao, the convergence of the homotopy series solution depends
upon the value of convergence control parameter cg. With the help of Mathematica
package for nonlinear BVPs [36], the so-called co-curves are plotted for 20th-order
approximation. This helps us to discover the range for the admissible values of co,
which corresponds to the horizontal line segment. It is obvious that the valid domain of
cois —1.2 < ¢g < —0.4 from the co-curves (see figures 6.9-6.11). This means that the

series (6.46) converges for these values of cy.

6.2.5 Results and discussion

The following values of constants are assumed as: L =1m, o« = 1.11, a; =2, a; =

Im™',B=0.1 N/m?> &=0.1 NJA?2, L = 0.1 A/m?, ¢y = —0.8. We have considered
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{Swx (0, 1), Suxx(0, 1), Suxxx(0, 1)}

T S RS S U N RS — g
-20 -15 -1.0 -05

FIGURE 6.9: The co-curves of S, (0,1) (Dashed line), S, (0,1) (Solid line) and
Swyxyx (0,1) (DotDashed line).

{Swx (0, 0), Suxx(0, 0), Suxxx(0, 0)}

FIGURE 6.10: The cp-curves of S, (0,0) (Dashed line), S, (0,0) (Solid line) and
Swyxyx (0,0) (DotDashed line).

{Sux(05, 05), Suxx(0.5, 0.5), Suxxx(0.5, 0.5)

o :
o 20}

-05p

FIGURE 6.11: The co-curves of S,,, (0.5,0.5) (Dashed line), S, (0.5,0.5) (Solid line)
and Sy, (0.5,0.5) (DotDashed line).
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first 20 terms of series solution for numerical and graphical representations. Table 6.2

indicates the numerical values of solution (6.46).

TABLE 6.2: Numerical values of the saturation of injected water for fingero-imbibition

phenomenon with magnetic field effect.

Distance X

01 | 02

[ 03

[ 04

[

0.5

0.6

0.7

[

0.8

[

0.9

[

1.0

0.1]0.0294702 | 0.0409648
0.2]0.0528328 | 0.0676626
0.3]0.0759336 | 0.0938712
0.4]0.0987564 | 0.1195543
0.5]0.1212845 | 0.1446740
0.6 0.1435009 | 0.1691909
0.7]0.1653884 | 0.1930648
0.8]0.1869300 | 0.2162553
0.9]0.2081090 | 0.2387224
1.0] 0.2289092 | 0.2604273

0.0548286
0.0848556
0.1141989
0.1427983
0.1705897
0.1975056
0.2234759
0.2484289
0.2722926
0.2949965

0.0714324
0.1048177
0.1373570
0.1689628
0.1995398
0.2289855
0.2571912
0.2840434
0.3094260
0.3332228

0.0911921
0.1280162
0.1638673
0.1986268
0.2321627
0.2643291
0.2949670
0.3239060
0.3509672
0.3759679

0.1145950
0.1550146
0.1943772
0.2325306
0.2692999
0.3044852
0.3378610
0.3691771
0.3981617
0.4245282

0.1422402
0.1865255
0.2297319
0.2716734
0.3121271
0.3508272
0.3874590
0.4216559
0.4529997
0.4810286

0.1749026
0.2235014
0.2711031
0.3174967
0.3624155
0.4055203
0.4463816
0.4844582
0.5190818
0.5494552

0.2136411
0.2672979
0.3202373
0.3722661
0.4231194
0.4724262
0.5196575
0.5640480
0.6044820
0.6393414

0.2600000
0.3200000
0.3800000
0.4400000
0.5000000
0.5600000
0.6200000
0.6800000
0.7400000
0.8000000

Graphical presentation of the saturation of injected water is obtained by using

Mathematica software. The graph of saturation of injected water S, (X,7T) versus

distance X for a fixed time 7 = 0.1,0.2,...,1 is given in figure 6.12 and figure 6.13

represents the graph of saturation of injected water S,,(X,T) versus time T for a fixed

distance X = 0.1, 0.

Sw(X,
08}

0.6

0.4+

0.2 .

2,...,1.

™

FIGURE 6.12: Saturation of injected water versus distance X for a fixed time T =
0.1(lowermost graph), 0.2, ..., 1(uppermost graph).
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SW(X, T)
0.8+

06 e
04t Pt

FIGURE 6.13: Saturation of injected water versus time 7" for a fixed distance X =
0.1(lowermost graph), 0.2, ..., 1(uppermost graph).

6.2.6 Comparative study with fingero-imbibition phenomenon in a

heterogeneous porous medium without magnetic field effect

Table 6.3 shows the comparative numerical values of the saturation of injected water of
fingero-imbibition phenomenon without magnetic field effect [61] and with magnetic

field effect.

TABLE 6.3: Comparative numerical values of the saturation of injected water without
magnetic field effect and with magnetic field effect.

Distance X
0.1 [ 0.2 [ 0.3 [ 0.4 [ 0.5 [ 0.6 [ 0.7 [ 0.8 [ 0.9 [ 1.0

0.0294301 [ 0.0408938 [ 0.0547358 [ 0.0713267 | 0.0910823 | 0.1144897 [ 0.1421481 0.1748322 ] 0.2136012 | 0.2600000
0.0294702  0.0409648 0.0548286 0.0714324 0.0911921 0.1145950 0.1422402 0.1749026 0.2136411 0.2600000

[10.0527940 0.0675938 [ 0.0847656 | 0.1047151 ] 0.1279096 [ 0.1549123 | 0.1864360 | 0.2234330 [ 0.2672591 | 0.3200000
0.0528328 0.0676626 0.0848556 0.1048177 0.1280162 0.1550146 0.1865255 0.2235014 0.2672979 0.3200000

0.0758961 [ 0.0938046 [ 0.1141118 0.1372578 | 0.1637642 | 0.1942783 | 0.2296453 | 0.2710370 | 0.3201998 | 0.3800000
0.0759336 0.0938712 0.1141989 0.1373570 0.1638673 0.1943772 0.2297319 0.2711031 0.3202373 0.3800000

0.0987202 ] 0.1194901 [ 0.1427143 ] 0.1688671 | 0.1985275 [ 0.2324355 | 0.2715902 | 0.3174333 | 0.3722302 | 0.4400000
0.0987564 0.1195543 0.1427983 0.1689628 0.1986268 0.2325306 0.2716734 0.3174967 0.3722661 0.4400000

[ 0.1212496 | 0.1446122] 0.1705089 | 0.1994478 | 0.2320674 [ 0.2692088 | 0.3120477 | 0.3623551 [ 0.4230855 | 0.5000000
0.1212845 0.1446740 0.1705897 0.1995398 0.2321627 0.2692999 0.3121271 0.3624155 0.4231194 0.5000000

0.1434674] 0.1691316 [ 0.1974281 [ 0.2288975 | 0.2642381 [ 0.3043986 | 0.3507520 | 0.4054637 | 0.4723947 | 0.5600000
0.1435009 0.1691909 0.1975056 0.2289855 0.2643291 0.3044852 0.3508272 0.4055203 0.4724262 0.5600000

0.1653563 [ 0.1930080 | 0.2234018 | 0.2571074 | 0.2948806 [ 0.3377792 | 0.3873886 | 0.4463292 | 0.5196290 | 0.6200000
0.1653884 0.1930648 0.2234759 0.2571912 0.2949670 0.3378610 0.3874590 0.4463816 0.5196575 0.6200000

[0.1868992 0.2162010 | 0.2483583 | 0.2839637 | 0.3238244 [ 0.3691004 | 0.4215907 | 0.4844107 | 0.5640233 [ 0.6800000
0.1869300 0.2162553 0.2484289 0.2840434 0.3239060 0.3691771 0.4216559 0.4844582 0.5640430 0.6800000

[ 0.2080794 | 0.2386705 | 0.2722254 ] 0.3093505 | 0.3508905 [ 0.3980903 | 0.4529401 | 0.5190400 [ 0.6044621 | 0.7400000
0.2081090 0.2387224 0.2722926 0.3094260 0.3509672 0.3981617 0.4529997 0.5190818 0.6044820 0.7400000

0.2288809 | 0.2603777 [ 0.2949326 | 0.3331515 [ 0.3758960 | 0.4244623 | 0.4809749 | 0.5494194 | 0.6393273 | 0.8000000
0.2289092 0.2604273 0.2949965 0.3332228 0.3759679 0.4245282 0.4810286 0.5494552 0.6393414 0.8000000

T

0‘1‘

0.2

0‘3‘

0.4]

0.5

0.6‘

0‘7‘

0.8

0.9

1‘0{
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6.3 Conclusion

We have discussed the phenomenon of fingero-imbibition in a heterogeneous porous
medium with and without magnetic field effect under certain assumptions. The
homotopy series solutions are obtained which represent the saturation of injected
water. The numerical and graphical representations clearly indicate the saturation of
water increases when distance and time increase in both the cases. Due to additional
magnetic field effect the saturation of injected water is more increasing than the
saturation of injected water without magnetic field effect. We can conclude that the
magnetic field effect plays an important role in the fingero-imbibition phenomenon in

a heterogeneous porous medium.



CHAPTER 7

Infiltration Phenomenon

7.1 Introduction

The groundwater flow has great importance in many fields of engineering and science
like as soil science, water resource engineering, environmental engineering, hydrology,
fluid mechanics [35, 8, 19, 68, 69, 77]. We investigate problem related to fluid flow in

fluid mechanics.

Infiltration is the process by which the water on ground surface or the water of
reservoir enters into soils and moves into rocks through pore spaces and cracks. Once
water has infiltrated into the soil, it may stay in the soil for a long time. The rate of
infiltration is dependent on the different factors like as soil texture and structure, the
amount of precipitation, water content of the soil, the depth of the water table, storage

capacity, the amount of vegetative cover over the area.

Many researchers have investigated infiltration phenomenon with different
aspects: Boussinesq [12], Philip [68], Srivastava and Yeh [80], Witelski [89], Wojnar
[91], Vazquez [84], Borana et al. [10], Patel et al. [56], Chavan and Panchal [15],
Parikh [50], Desai [20].

The main objective of the investigated problem is to obtain solution of
Boussinesq’s equation for infiltration phenomenon. Boussinesq’s equation is solved by
homotopy analysis method [32] with suitable conditions. The solution of the problem
represents the height of free surface of the water table in unsaturated soil. The

convergence of the homotopy series solution is discussed with the help of the co-curve.

104
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7.2 Mathematical formulation

Consider that the groundwater reservoir has maximum height 4, and surrounding of
groundwater reservoir is unsaturated soil. Infiltration is the process in which the
groundwater has entered into the unsaturated homogeneous soil through vertical
permeable wall. The bottom of groundwater reservoir is assumed impervious bed
(which we label as z = 0), so water can’t move in a downward direction. The infiltrated
groundwater will enter in unsaturated soil then the infiltrated groundwater will develop
a curve between unsaturated soil and saturated soil, which is called a water table. The
dotted arc below the curve is saturated by infiltrated groundwater and above the curve
is the dry region of unsaturated soil. The height of the free surface is zero, when x = L.
The figure 7.1 demonstrates the infiltration phenomenon and it shows a vertical
cross-section of the reservoir. We considered that there is no region of partial
saturation. The main aim of the study of infiltration phenomenon is to measure the

height of free surface.

¥ =0 /Permeable surface
. - ™ . [ ] ]
< A "Dry Region ~Uhsaturateg Zgr?e .
) e o . 3 '
het) * e .
———— — — = T e * 0
Water Reservoir max . . . (]
_______ ] o= * . .
s . Saturaged zone f . . L]
— IR N
////7//0/ T 7777 7T T 7N
€ L > z=0

Impervious bed

FIGURE 7.1: The infiltration phenomenon.

For mathematical formulation, we consider the following assumptions:

1) the transversal variable y is ignored,
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2) aregion occupied by infiltrated water is described as
Q=1{(x,2) €eR*:0<z< h(x,1)}.

Obviously, 0 < h(x,t) < hyay and h(x,t) is an unknown function. We assume that
the flow has an almost horizontal speed u ~ (,0). Thus the vertical component of the

momentum equation gives
d d
p(—w+u-vW) — 9P 5 (7.1)
dz

We neglected the left side of (7.1) and integrate it with respect to z gives

P+ pgz = constant. (7.2)
Assume p = 0 on the free surface z = h(x,t). Thus,

p=pg(h—2). (7.3)

We take a section S = (a,x) x (0,C), where C is the free surface z = h(x,¢). Then

the mass conservation law give us

x h
P%//dzdx:—/u-ndl. (7.4)
a 0 2S
So,
Pi/xhd ——/ dl (7.5)
al‘ X = u-n . .
a aS

where P is the porosity and u is the velocity of water, which follows Darcy’s law

K K
u=—=V(p+pgz) =—<V(psh) (7.6)

where 0 is the viscosity, K is the permeability.
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Nowu-n=~ (4,0)-(1,0) =u= —% 9h Differentiating (7.5) with respect to x, we get

By

oh  pgK 9 [

_—=— —dz. 7.7
o~ 6 ox) " 7.7)
0
Thus
oh K 9%(h?
on_ pst (n) (7.8)
dt  2P§ 0x?
is the Boussinesq’s equation which describes infiltration phenomenon.
Using dimensionless variables
h by pgKt
o L’ L’ POL’
(7.8) gives us
oA AL A
— = . 7.9
T e { X } (79)

Homotopy analysis method is used to solve it with suitable conditions. The height
of free surface is represented by the solution J#(X,T). We assume the boundary

conditions:

H(0,T) = hyay and S(1,T) =0. (7.10)

7.3 Solution by homotopy analysis method

We apply HAM to (7.9) with (7.10). We define such a nonlinear equation

N[9(X,T;q)] =0 (7.11)
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where
v L 9%(X.Tiq) | [99(X,Tiq)\*> 99(X,T:q)
HOX.Tiq)] = p(x.Tig T2 [ PE LA QBTN g
and ¢(X,T;q) is an unknown function.
The zeroth-order deformation equation is [32]
(1-¢)ZL[¢(X.T:q) — (X, T)| = cogH (X, T) N [¢(X,T:q)] (7.13)

where .74 (X, T) is the initial approximation of the solution (X, T), .Z is the linear
operator, g € [0, 1] the homotopy parameter, H(X,T) # 0 is an auxiliary function and

co # 0 is the convergence control parameter.

9?9(X,Tyq)
2X?

approximation of 7 (X, T) as (X, T) = (hpax — TX)(1 — X?)e .

We choose the linear operator Z[¢(X,T;q)] = and the initial

When g =0and g =1, (7.13) give us

¢(X,T:0) = (X, T) and §(X,T:1) = H#(X,T). (7.14)

Thus the function ¢ (X, T;q) continuously varies from % (X,T) to 5 (X,T) as g
increases from 0 to 1. According to Taylor’s theorem, the expansion of ¢ (X, T;q) with

respect to g gives

oo

O(X,T;q) = (X, T)+ Y, Hn(X,T)q" (7.15)
m=1
where
Hoy(X,T) = %M (7.16)
m! aqm 0
q:

Assume the initial approximation, the linear operator, the convergence control

parameter and the auxiliary function are in such a way that the series (7.15) converges
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atg=1.1.e.

HX,T)=X,T)+ Y, #,(X,T). (7.17)

m=1

Write % ={%X,T),A4X,T),...,7,(X,T)}. Differentiating (7.13) m times

w.r.t. ¢ and dividing them by m! and then put g = 0, we get the high-order deformation

equation
LA X, T) = oy A (X)) = coH (X TV Fo S 1) (118)
subject to
Hm(0,T)=0and 5,(1,T)=0,m>1, (7.19)
o Ao 1) = ; 42 ’%p mZI %’faﬁx = a‘}f;i‘l, m>1 (7.20)
and Y, is defined by (2.40).

We consider H(X,T) = 1. Thus the solution of (7.18) is
—
Hon(X,T) = ymHon (X, T) 4oL [ B(Hp_1)] +C1X +C, (7.21)
where C; and C, are constants or functions of 7. Hence the solution takes the form

H(X,T) = e (hmar — hmaxX*> — TX + TX?) +coe ¥ { =22 — 17X — 6X?

3 ox | B2 T’X* ., 3
-X } + coe % — M TX + 3 — W X+ 2hpa TX

h2 X4 T2x° h?
—T2Xx%+ ma; — M TX? + o+ 60{22 — % +46Xe”!

h2
—22X + m;x }+ (7.22)

The solution (7.22) represents the height of free surface for infiltration
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phenomenon. The convergence of homotopy series solution depends on convergence
control parameter cy. With the help of cg-curve, the convergence of homotopy series
solution has discussed by many authors [29, 33, 49, 59-62, 64, 83]. Mathematica
BVPh package [36] is used to plot the co-curve of #xx(1,1) for 10th-order

approximation (see figure 7.2). We choose proper value of ¢) = —0.014 from valid
region.
{Hxx (1, D}
25F

2.0

-0.4 -0.3 -0.2 -0.1

L L I
0.1 0.2 0.3CO

-0.5

-1.0

FIGURE 7.2: The co-curve of #x(1,1) (Thick line) for A, = 1.

The numerical and graphical representations of the height of free surface are
obtained by Mathematica software [36]. The numerical values of the height free
surface 7 are given in the table 7.1. The graphical representation of the height of free

surface versus length X for a fixed time 7= 0.1,0.2,..., 1 in the figure 7.3.

TABLE 7.1: Numerical values of the height of free surface .77 for h,,,, = 1.

Length X

00 | 01 [ 02 [ 03 [ 04 | 05 | 06 | 07 [ 08 [ 09 [ 10

0.1]1.0000000 | 0.8953185|0.7858909 | 0.6747501 | 0.5643396 | 0.4566071 | 0.3530792 | 0.2549220|0.1629947 | 0.0778948 | 0.0000000
0.2]1.0000000 | 0.8874137|0.7717887 | 0.6563064 | 0.5434690 | 0.4352064 | 0.3329633|0.2377733|0.1503233|0.0710117 | 0.0000000
0.3]1.0000000 | 0.8794994 | 0.7576567 | 0.6378121 | 0.5225341 | 0.4137387|0.3127889 | 0.2205825|0.1376292| 0.0641219 | 0.0000000
0.4]1.0000000 | 0.8715756 | 0.7434946 | 0.6192669 | 0.5015348 | 0.3922039 | 0.2925558 | 0.2033493 | 0.1249121 | 0.0572254 | 0.0000000
0.5]1.0000000 | 0.8636423 | 0.7293024 | 0.6006707 | 0.4804707 | 0.3706016 | 0.2722636 | 0.1860737|0.1121721|0.0503222 | 0.0000000
0.6/ 1.0000000|0.8556994 | 0.7150801 | 0.5820233 | 0.4593416 | 0.3489315|0.2519122|0.1687555 | 0.0994091 | 0.0434122 | 0.0000000
0.7]1.0000000 | 0.8477470|0.7008276 | 0.5633245 | 0.4381471 | 0.3271934|0.2315013 | 0.1513945|0.0866231 | 0.0364956 | 0.0000000
0.8]1.0000000 | 0.8397850 | 0.6865447 | 0.5445740|0.4168870|0.3053870{0.2110307 | 0.1339907 | 0.0738140| 0.0295722 | 0.0000000
0.9]1.0000000 | 0.8318135|0.6722314|0.5257717|0.3955610{0.2835119{0.1905002 | 0.1165439|0.0609817| 0.0226421 | 0.0000000
1.0{1.0000000 | 0.8238324 |0.6578875|0.5069174 | 0.3741689 | 0.2615679 | 0.1699094 | 0.0990539 | 0.0481262 | 0.0157053 | 0.0000000
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0.2 0.4 0.6 0.8 1.0

FIGURE 7.3: The height of free surface versus length X for a fixed time 7T =
0.1(uppermost graph), 0.2, ..., I(lowermost graph) (A, = 1).

7.4 Conclusion

The infiltration phenomenon is discussed and the mathematical formulation for
infiltration phenomenon in unsaturated homogeneous soil leads to Boussinesq
equation. Homotopy analysis solution is obtained for Boussinesq equation. The
convergence of homotopy series solution is discussed with the help of cy-curve. The
solution decreases when length increases for a given time. We conclude that the height

of free surface decreases when length increases for a given time.



CHAPTER 8

Groundwater Recharge

8.1 Introduction

One dimensional groundwater recharge problem is related to hydrology, environmental
engineering, soil mechanics, water resource engineering etc. The flow of water in
unsaturated soil has been considered with some specific assumptions. The zone in
which relatively all pores and fractures are saturated with water is called the saturated
zone. In the unsaturated zone, the pore space is partly filled by air and partly by water.
The unsaturated zone is the part of the subsurface between the ground surface and the
groundwater table (see figure 8.1). Moisture content is the quantity of water contained
in a soil. Moisture content is used in a wide range of scientific and technical areas. In
the dry soil there is no moisture, so its value 0 and is 1 when the medium is fully
saturated by water. So the range of moisture content is O (completely dry) to 1 (fully
saturated by water). The water flow in the unsaturated zone is complicated by the fact
that the soil’s permeability to water depends on its water saturation [3]. The water flow
through soil is unsteady and slightly saturated because the moisture content is time

dependent function and all pores are not completely filled with water.

The Richard’s equation is one of the most well-known equations to describe the
behavior of unsaturated zones in soil. One dimensional groundwater recharge has great
importance in many branches of science and engineering. The problem of groundwater
flow has been discussed by many researchers with different aspects, like as Klute [30]
reduced diffusion equation to an ordinary differential equation and applied a forward
integration and iteration method, Verma [85] obtained solution of a one dimensional

groundwater recharge for constant diffusivity and linear conductivity by Laplace
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Movement of moist air
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Ewvapotranspiration

Transpiration
Lake

FIGURE 8.1: The hydrological cycle [8].

transform, Mehta [39] obtained singular perturbation solution of one dimensional flow
in unsaturated porous media with small diffusivity coefficient, Prasad et al. [74]
developed numerical model to simulate moisture flow through unsaturated zones using
the finite element method, Desai [19] obtained composite expansion solution for
groundwater recharge in vertical direction, Mehta and Patel [42] obtained solution of
Burger’s equation for one dimensional groundwater recharge by spreading in porous
media, Joshi et al. [27] obtained solution of one dimensional vertical groundwater
recharge by group theoretical approach, Nasseri et al. [48] studied traveling wave
solution of advection-diffusion equation with typical forms of conductivity and

diffusivity functions proposed by Brooks and Corey.

Our goal of the present work is to obtain solution of one dimensional groundwater
recharge by spreading. It is assumed that the groundwater recharge takes place over the
large basin of such geological location that the sides are bounded by rigid boundaries
while the bottom by a thick layer of water table for investigated flow problem. Here
the flow takes place in the vertical downward direction through unsaturated porous
medium up to depth L (L is length of basin). On the basis of linear and nonlinear
conductivity and diffusivity functions, three cases are considered for Brooks-Corey

model. The mathematical formulation gives us a one dimensional nonlinear partial
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equation which is solved by homotopy analysis method. The solution is expressed in

series form and it gives moisture content of soil.

8.2 Mathematical formulation

The equation of continuity for water flow through unsaturated porous medium is

governed by [5, 30]

0
5 (p®)=~V-M (8.1)

where p is the density of fluid, ® is the moisture content and M is a mass flux of

moisture.

Darcy’s law for the motion of water in unsaturated porous medium is expressed as

(5]
v=—kVP (8.2)

where v is the volume flux of moisture, k is the hydraulic conductivity, V® is the
gradient of the whole moisture potential. The mass flux of moisture M is the product of
fluid density p and volume flux of moisture v, i.e. M = pv. Thus (8.1) and (8.2) gives

us

d
5;(P©) =V(pkVD). (8.3)

Consider the relation @ = y — z for the system in which flow takes place in the
vertical downward direction only where y is the pressure potential [5]. The vertical
downward direction is considered as the positive direction of z-axis. Considering only

the one dimensional vertical flow for incompressible fluid, (8.3) becomes

20 3 [ dy\ ok



Discussion 115

Consider that ® and y are related by single valued function and assume that the

soil water diffusivity as D = K‘g—g. Thus (8.4) reduces to
e J 0 aK
— == |D—=— ) ——=. (8.5)

dt  dz \ 9dz dz
This equation is known as Richard’s equation [3, 8, 30, 48, 75] which is one of the
most important equations expressing water content in unsaturated porous medium with

various applications in soil science, hydrology and engineering.

8.3 Discussion

We consider three nonlinear forms of Richard’s equation (8.5) for linear and nonlinear
conductivity and diffusivity functions. We will focus on Brooks-Corey model,
conductivity and diffusivity are assumed to be of the form, k¥ = k)®* and D = Dy@®"
withk > 1, n > 0[17, 48, 90]. We used Brooks-Corey model [17, 48, 90] for the three
cases as (i) Linear diffusivity and nonlinear conductivity (ii) Linear diffusivity and

linear conductivity (iii) Nonlinear diffusivity and linear conductivity.

8.3.1 Linear diffusivity and nonlinear conductivity

For the case, consider the constant D as D = Dy and the nonlinear conductivity is

represented as K = Ko®2, Ky = % [39]. Then (8.5) results

2
00 -0 D0®8®

o Pz 7O 8.6

Using dimensionless variables,
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(8.6) reduces to the governing equation

0 _r0 o6

or a7z %az ®7)

8.3.2 Linear diffusivity and linear conductivity

Assume the linear diffusivity D as D = Dy® and the linear conductivity is represented

as Kk = K90, Ky = % [39]. Then (8.5) becomes

00 PRIC) 90)% Dy O
— =Dy®——=+Dp — p ———. 8.8
dt 0 8z2+ O{az} 2L 9z (8.8)
Using dimensionless variables,
D
Z= z and T = 120
L L?
(8.8) gives us
00 9@ (0@ 100
ar ~ %o {a_z} T30z ®9)

8.3.3 Nonlinear diffusivity and linear conductivity

For this case, we have taken D as D = Dy®? and the hydraulic conductivity is taken as

K = Kp®, Ko = 52 [39]. Then (8.5) reduces to

20 PRC) 00)% Dyd®
—— =Dp®* = +2Dy®{ =5 — - —. 8.10
or Y oat O{az} 2L 9z (8.10)
Using dimensionless variables,
z=1% and T = Do
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(8.10) becomes

00 ,9%@ 001% 100
{az} (8.11)

o1 ~ 9oz 1@ FTA

The equations (8.7), (8.9) and (8.11) are solved with boundary conditions by
homotopy analysis method. The solutions of these equations represent moisture
content @(Z,T) of soil at a depth Z and time 7. For definiteness of the physical
problem, water will flow vertical downward direction and hence set of boundary

conditions are given by

®(0,7) =0.01 and ©(1,T) = 1. (8.12)

8.4 Homotopy analysis method

Homotopy analysis method is used to solve the nonlinear differential equations. Many
researchers have successfully employed this technique to solve different types of
nonlinear ODEs and PDEs [18, 23, 29, 32, 33, 36, 37, 49, 59-61, 63, 64, 83]. Liao
[32, 33, 36, 37] has discussed homotopy analysis solutions of nonlinear ordinary and
partial differential equations, Darvishi and Khani [18] have discussed homotopy series
solution of the foam drainage equation, Ghotbi et al. [23] have discussed an analytical
approach of infiltration in unsaturated soils by HAM, Kheiri ef al. [29] have obtained
approximate solutions of modified Burgers-Korteweg-de Vries equation and the
Newell -Whitehead equation by using HAM, Vajravelu and Van Gorder [83] have
discussed solutions of nonlinear ordinary and partial differential equations by HAM,
Patel and Desai [59-61, 63, 64] have discussed convergent solution of nonlinear partial
differential equation arising in double phase flow through porous medium by HAM

with the help of cyp-curve.

Let A [¢(Z,T;q)] = 0 denote a nonlinear partial differential equation, ¢(Z,T;q)

be an unknown function which represents ® at depth Z for a given time 7 for0 < g < 1.
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We use the linear operator Z[¢(Z,T;q)] = A %ézT )

of ®(Z,T) is ®y(Z,T) = (1+T)Z+0.01(1 — Z?) — TZ> which satisfy both boundary

and the initial approximation

conditions.
The zeroth-order deformation equation [32] is constructed as

(1-9)-Z[9(2,T;q) = ©0(Z,T)] = coqH(Z,T)N[¢(Z,T3q)] (8.13)

where ¢ € [0,1] is the homotopy parameter, ¢y is a nonzero convergence control

parameter and H(Z,T) is a nonzero auxiliary function.

When g =0 and g = 1, (8.13) gives us

¢(Z,T;0) =0y(Z,T) and ¢(Z,T;1) = O(Z,T). (8.14)

According to (8.14) as g increases from 0 to 1, ¢ (Z, T; q) continuously varies from

®y(Z,T) to ©(Z,T). The solution is considered as

0(Z,T;q) = O(Z,T) + Y} Ou(Z,T)q" (8.15)
m=1
where
0,(Z,T)= LM (8.16)
m! aqm 0
g=

The initial guess, the linear operator, the convergence control parameter and the
auxiliary function are assumed in such a way that the series of ¢(Z,T;q) with respect

togatg=1

O(Z,T)=00(Z,T)+ Y, ©,(Z,T) (8.17)
m=1
converges.
Define GTZ ={0v(Z,T),0,(2Z,T),...,0,(Z,T)}. Differentiating the zeroth-order

deformation equation (8.13) m times w.r.t. ¢ and putting ¢ = O and then finally dividing
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them by m!, we have the high-order deformation equation

Z[G)m(zy T) - %m(amfl(zy T)] = CoH(Z, T)'%m((amfl) (8.18)
subject to
0,(0,7)=0and ©®,(1,7) =0, m>1 (8.19)
where %, is defined by (2.40) and
o 1L "' A[9(Z,T;q)]
m\Ym—1) — s > 1. 2
R (Op—1) (m—1)! pyr m (8.20)

q=0
For simplicity, we assume that H(Z,T) = 1. Thus the solution of the high-order
deformation equation (8.18) is

On(Z,T) = 1nO®n_1(Z,T) + 0.2 [Bn(@p_})] + C1Z + C5 (8.21)

where C; and C, are constants or functions of 7. Hence the homotopy analysis solution

can be expressed as
OZ,T)=00(Z,T)+01(Z,T)+0(Z,T)+---. (8.22)

As discussed by many researchers [18, 23, 29, 33, 37, 49, 59-61, 63, 64, 83],
the convergent homotopy series solution is strongly dependent on convergence control
parameter c¢o which occurs in solution (8.22). The proper value of ¢ is chosen with the

help of co-curve which is suggested by Liao [33].
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8.4.1 Solution of equation for the linear diffusivity and nonlinear

conductivity

According to (8.7), we define a nonlinear operator .4” as

929(Z,T;q)

oz 1:g) = TOLTD gz 7,208 To0)_90ZT0)

dZ aT

(8.23)

Apply homotopy analysis method with above mentioned linear operator and initial
approximation, we have (8.20) as
a®m 1—i d ®m—l

Z@ -7 ,m>1 (8.24)

m— 8 @m 1
%m(®m71) 822

and the solution (8.22) is of the form

©(Z,T)=(1+T)Z+0.01(1 —2?) - TZ* +c0{o.295812— 0.01522

—0.33337° +0.0025Z% + 0.0499927° + 1.135TZ — 0.005T Z>
41773 TZ5 0.005TZ° 4T1%7 T12%73

4 — J—
+0.005TZ" + 5 3 + 105 6

127> 1?77
_ 8.25
5 14 }+ (8.25)

Here the co-curves of ®2(0.5,0.5) and ©®(1,0) are used to choose proper value
of cp. Figure 8.2 represents the co-curves of @7(0.5,0.5) (DotDashed) and ®z(1,0)
(Thick) for 10th-order approximation which are plotted using Mathematica BVPh

package [36]. The line segment almost parallel to horizontal axis gives valid interval of

co [33]. We chosen ¢y = —0.5 from valid range of cq (see figure 8.2).

The approximate analytical solution of (8.7) is expressed in the series form which
represents the moisture content @(Z,T) of soil at depth Z for a given time 7. The
numerical representation of the solution is obtained using Mathematica coding [36].

Table 8.1 indicates the numerical values of ®(Z,T).

The graphical representation of solution (8.25) is also obtained using Mathematica

coding [36]. Figure 8.3 represents the graph of ®(Z, T) versus depth Z and time 7.
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{©2(0.5, 0.5), ©z(1, 0)}
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FIGURE 8.2: The co-curves of @(0.5,0.5) (DotDashed) and ®2(1,0) (Thick).

TABLE 8.1: Numerical values of the moisture content ®.

Depth Z
00 ] 01 [ 02 | 03 J 04 [ 05 ] 06 [ 07 [ 08 [ 09 [ 10

0.1]0.01000 | 0.09433 | 0.17946 | 0.26614 | 0.35517 | 0.44743 | 0.54394 | 0.64587 | 0.75463 | 0.87196 | 1.00000
0.2] 0.01000 | 0.09433 | 0.17946 | 0.26614 | 0.35517 | 0.44744 | 0.54395 | 0.64589 | 0.75465 | 0.87197 | 1.00000
0.3]0.01000 | 0.09433 | 0.17946 | 0.26614 | 0.35518 | 0.44745 | 0.54397 | 0.64590 | 0.75467 | 0.87199 | 1.00000
0.4] 0.01000 | 0.09433 | 0.17947 | 0.26615 | 0.35519 | 0.44747 | 0.54399 | 0.64592 | 0.75469 | 0.87200 | 1.00000
0.5] 0.01000 | 0.09434 | 0.17948 | 0.26617 | 0.35521 | 0.44749 | 0.54400 | 0.64594 | 0.75470 | 0.87201 | 1.00000
0.6] 0.01000 | 0.09434 | 0.17949 | 0.26619 | 0.35523 | 0.44751 | 0.54403 | 0.64596 | 0.75472 | 0.87202 | 1.00000
0.7] 0.01000 | 0.09435 | 0.17951 | 0.26621 | 0.35526 | 0.44753 | 0.54405 | 0.64598 | 0.75473 | 0.87203 | 1.00000
0.8]0.01000 | 0.09436 | 0.17953 | 0.26623 | 0.35529 | 0.44756 | 0.54407 | 0.64600 | 0.75474 | 0.87204 | 1.00000
0.9] 0.01000 | 0.09438 | 0.17955 | 0.26626 | 0.35532 | 0.44759 | 0.54410 | 0.64601 | 0.75475 | 0.87205 | 1.00000
1.0]0.01000 | 0.09439 | 0.17958 | 0.26630 | 0.35536 | 0.44763 | 0.54413 | 0.64603 | 0.75476 | 0.87205 | 1.00000

FIGURE 8.3: Graph of ®(Z,T) versus Z and T
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8.4.2 Solution of equation for the linear diffusivity and linear

conductivity

Apply homotopy analysis method to nonlinear partial differential equation (8.9) with

nonlinear operator

NNO0(Z,T;q) = ¢(Z,T;q)

P9(Z.T:q) {a¢<z,T;q> }2_ 19¢(Z,T:q)

072 27z 2 0z
9¢(Z,T;q)
=3 (8.26)
Then (8.20) becomes
— 8 ®m 1 i ](9@) 8®m 1—i 18®m,1 8®m,1
)= T 07 Gt G 0tz
(8.27)

and the homotopy analysis solution of (8.9) is

©(Z,T)=(1+T)Z+0.01(1 - 2> -TZ* +co{ —0.12495Z +0.24997>
—0.175Z> +0.00005Z* +0.05Z° +0.135TZ + 0.75TZ> — 0.02T Z>

—0.875TZ*+0.01TZ° +0.5T*2* - 1°7* +0.5T226} +.- (8.28)

which gives the moisture content at depth Z for time 7.

Using Mathematica, we plotted the co-curves of ®2(0.5,0.5) (DotDashed) and
©®z(1,0) (Thick) (see figure 8.4) and the proper value of ¢) = —0.5 is chosen from this

cp-curve.

The numerical values of solution are given in table 8.2 and graphical interpretation
is obtained (see figure 8.5). Figure 8.5 presents the graph of ®(Z, T') versus depth Z and

time 7.
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{©2(0.5, 0.5), ©2(1, 0)}
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FIGURE 8.4: The cy-curves of @2(0.5,0.5) (DotDashed) and ®,(1,0) (Thick).

TABLE 8.2: Numerical values of the moisture content ®.

Depth Z
00 | 01 | 02 | 03 [ 04 [ 05 [ 06 [ 07 | 08 | 09 | 1.0

0.1] 0.01000 | 0.17640 | 0.30690 | 0.41732 | 0.51574 | 0.60640 | 0.69164 | 0.77285 | 0.85093 | 0.92650 | 1.00000
0.2] 0.01000 | 0.18033 | 0.31083 | 0.42024 | 0.51767 | 0.60760 | 0.69238 | 0.77331 | 0.85122 | 0.92665 | 1.00000
0.3] 0.01000 | 0.18412 | 0.31459 | 0.42315 | 0.51974 | 0.60903 | 0.69333 | 0.77392 | 0.85158 | 0.92681 | 1.00000
0.4] 0.01000 | 0.18778 | 0.31822 | 0.42605 | 0.52194 | 0.61065 | 0.69448 | 0.77468 | 0.85201 | 0.92700 | 1.00000
0.5]0.01000 | 0.19133 | 0.32174 | 0.42896 | 0.52426 | 0.61244 | 0.69578 | 0.77555 | 0.85252 | 0.92720 | 1.00000
0.6] 0.01000 | 0.19477 | 0.32516 | 0.43188 | 0.52668 | 0.61437 | 0.69724 | 0.77654 | 0.85308 | 0.92742 | 1.00000
0.7]0.01000 | 0.19811 | 0.32850 | 0.43481 | 0.52919 | 0.61643 | 0.69882 | 0.77763 | 0.85371 | 0.92767 | 1.00000
0.8] 0.01000 | 0.20135 | 0.33176 | 0.43775 | 0.53177 | 0.61861 | 0.70052 | 0.77882 | 0.85439 | 0.92792 | 1.00000
0.9]0.01000 | 0.20451 | 0.33496 | 0.44071 | 0.53443 | 0.62088 | 0.70232 | 0.78009 | 0.85512 | 0.92820 | 1.00000
1.0]0.01000 | 0.20758 | 0.33811 | 0.44368 | 0.53715 | 0.62324 | 0.70421 | 0.78143 | 0.85590 | 0.92849 | 1.00000

FIGURE 8.5: Graph of ®(Z,T) versus Z and T.
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8.4.3 Solution of equation for the nonlinear diffusivity and linear

conductivity

Consider the nonlinear operator .4” from (8.11) as

NNO(Z,T;q)) = ¢(Z, T;q)2w +20(Z,T:q) {M}z

072 Z
_1992Tia)_99(2.Tiq) (5.29)
Using (8.29) in (8.20), we get
T O LR, LS
L9On1 _9Ont - (8.30)

2 9Z oT

and (8.22) gives us the homotopy analysis solution of (8.11) as

O(Z,T)=(1+T)Z+0.01(1-2*) -TZ° —|—c0{0.031767Z— 0.2400012>

0.0000012°

0.504473
+ " 0.009999Z% +0.05012° — — 0.1251TZ

—0.23TZ%+0.9997TZ3 +0.085TZ* — 0.9997TZ° +0.02T Z°

—0.0001TZ7 +0.01T2Z2 + 7?73 —0.03T%7* — 27%7° +0.03T%2°

1373 T37°
+71%7 —0.01T228+T ~T°2°+T1°7" - T} e (8.31)
The convergent homotopy analysis solution is obtained using the proper value of
co. We plotted the co-curves of ©z(0.5,0.5) (DotDashed) and ®z(1,0) (Thick) in
figure 8.6. The proper value of ¢o = —0.5 is chosen for numerical and graphical

representations of solution.

The numerical values of the moisture content are given in table 8.3. In the figure

8.7, the graph of ®(Z,T) versus depth Z and time T is presented.
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FIGURE 8.6: The cp-curves of ®2(0.5,0.5) (DotDashed) and ®z(1,0) (Thick).

TABLE 8.3: Numerical values of the moisture content ®.

Depth Z
00 ] 01 [ 02 | 03 J 04 [ 05 ] 06 [ 07 [ 08 [ 09 [ 10

0.1]0.01000 | 0.12580 | 0.25712 | 0.39116 | 0.51643 | 0.62666 | 0.72116 | 0.80265 | 0.87461 | 0.93981 | 1.00000
0.2] 0.01000 | 0.13388 | 0.27120 | 0.40647 | 0.52880 | 0.63465 | 0.72559 | 0.80498 | 0.87586 | 0.94040 | 1.00000
0.3]0.01000 | 0.14194 | 0.28480 | 0.42071 | 0.54007 | 0.64204 | 0.72996 | 0.80745 | 0.87720 | 0.94098 | 1.00000
0.4] 0.01000 | 0.14994 | 0.29789 | 0.43396 | 0.55038 | 0.64899 | 0.73431 | 0.81004 | 0.87860 | 0.94157 | 1.00000
0.5]0.01000 | 0.15788 | 0.31047 | 0.44628 | 0.55990 | 0.65558 | 0.73864 | 0.81272 | 0.88007 | 0.94216 | 1.00000
0.6] 0.01000 | 0.16575 | 0.32253 | 0.45775 | 0.56877 | 0.66191 | 0.74297 | 0.81547 | 0.88159 | 0.94277 | 1.00000
0.7] 0.01000 | 0.17355 | 0.33408 | 0.46845 | 0.57709 | 0.66803 | 0.74728 | 0.81829 | 0.88316 | 0.94338 | 1.00000
0.8]0.01000 | 0.18125 | 0.34513 | 0.47848 | 0.58496 | 0.67398 | 0.75159 | 0.82115 | 0.88478 | 0.94400 | 1.00000
0.9] 0.01000 | 0.18886 | 0.35568 | 0.48790 | 0.59245 | 0.67978 | 0.75588 | 0.82406 | 0.88643 | 0.94463 | 1.00000
1.0]0.01000 | 0.19637 | 0.36576 | 0.49678 | 0.59963 | 0.68546 | 0.76016 | 0.82699 | 0.88812 | 0.94527 | 1.00000

FIGURE 8.7: Graph of ®(Z,T) versus Z and T



Groundwater Recharge 126

8.5 Conclusion

Here we have discussed the one dimensional groundwater recharge by spreading
through unsaturated porous medium. The homotopy analysis method is adopted to
solve the governing equations. The series solutions are obtained for the equations
which presented on the basis of linear and nonlinear conductivity and diffusivity
functions. The solutions are satisfy both boundary conditions. The numerical and
graphical representations of solutions are given. Moisture content of soil increases

when depth increases for a given time.
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1. Introduction

Spontaneous imbibition is the process in which the wetting phase is drawn into a porous
medium by means of capillary pressures and the curved interfaces between the wetting
and non-wetting phase without any external force. There are two types of spontaneous
imbibition: (1) Cocurrent (2) Countercurrent. In the cocurrent imbibition both wet-
ting and non-wetting phases move in the same direction while during countercurrent
imbibition both move in the opposite directions.

When a porous medium filled with non-wetting fluid is brought into contact with
wetting fluid, then there is a spontaneous flow of the wetting fluid into the medium and
a counter flow of the non-wetting fluid from the medium. This phenomenon occurs
due to the difference of wetting abilities of the fluids is called countercurrent imbibition
phenomenon.

The imbibition phenomenon has been investigated by many researchers such as
Brownscombe and Dyes [7], Scheidegger [26], Blair [5], Verma [30], Graham and
Richardson [10], Mehta and Verma [19], Tavassoli, Zimmerman and Blunt [28]. Many
researchers have discussed this phenomenon with different point of views. Blair [5] has
found the numerical solution of the imbibition of water and the countercurrent flow of
oil in porous rocks. Bourblaux and Kalaydjian [6] have discussed experimental study
of cocurrent and countercurrent flows in natural porous media. Pooladi-Darvish and
Firoozabadi [24] have discussed the similarities and differences of cocurrent and coun-
tercurrent imbibition and pointed out the consequences for practical applications. Mehta
[20] has discussed analytically the phenomenon of imbibition in porous media using
a singular perturbation method. Yadav and Mehta [31] have discussed the mathemati-
cal model and similarity solution of countercurrent imbibition phenomenon in banded
Porous matrix.Joshi, Desai and Mehta [11] have described an analytical solution of the
countercurrent imbibition phenomenon arising in the fluid flow through homogeneous
porous media. Parikh, Mehta and Pradhan [22] have discussed the mathematical model
and analysis of countercurrent imbibition in vertical downward homogeneous porous
media.

In this paper, we have discussed the countercurrent imbibition phenomenon in the
inclined homogeneous porous medium. During secondary oil recovery process, when
water is injected in inclined oil formatted homogeneous porous medium, at the common
interface the countercurrent imbibition phenomenon occurs. The main objective of this
paper is to measure the saturation of injected water at distance x and time ¢ for horizontal
(¢ = 0°) andinclined (6 = 5°, 10°) homogeneous porous medium. The nonlinear partial
differential equation for the countercurrent imbibition phenomenon has been obtained.
The homotopy analysis method has been applied to solve this governing equation by
using appropriate initial and boundary conditions.

In 1992, the homotopy analysis method (HAM) has been developed by Liao [12]
to obtain series solutions of nonlinear differential equations. This technique has been
successfully applied to solve various partial differential equations such as solution of
the linear vibration equation [1], solution of diffusion equations [23], solution has been
established for the well-known Richards’ equation for unsaturated flow of transports in
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Figure 1: Schematic Diagram.

soils [9] and so on. As pointed out by Liao, the convergence for the HAM solution
strongly depends on the value of the convergence control parameter co which is obtained
with the help of the co-curves.

2. Statement of the Problem

Here it is considered that water is uniformly injected in inclined oil formatted homo-
geneous porous medium. During the secondary oil recovery process, when water is
injected in inclined oil formatted homogeneous porous medium, at the common inter-
face the countercurrent imbibition phenomenon occurs due to the difference of wetting
abilities of water and oil. For the inclined homogeneous porous medium, the velocity
of oil and the velocity of water are considered under the gravitational effect. Hence
the gravitational effect will be deducted during imbibition fingers of oil occurring in the
opposite direction for smaller distance and short time in the inclined homogenous porous
medium.

For the mathematical model of the countercurrent imbibition, it is assumed that
Darcy’s law is valid for the investigated flow system and only the average cross sectional
area occupied by the fingers is considered, the size and shape of the individual fingers
are neglected. The porosity and permeability of inclined homogeneous porous medium
are considered as constant. The saturation of the injected water is then defined as the
average cross-sectional area occupied by injected water at distance x and time ¢ and is
denoted by Sy, (x, 7).
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3. Mathematical Model of the Problem

Assumed that the Darcy’s law is valid for the investigated flow system, the velocity of
injected water V), and velocity of oil V,, can be written as follows [3], [4], [21], [27]:

Vw =—"—K | —— + pypgsin6 (1)
Sw 0x
K 0P,

V,=—-—2K 2 — pogsint (2)
8o dx

where V,, and V,, are the velocities of water and oil respectively, K is the permeability
of the homogeneous medium, k,, and k, are the relative permeabilities of water and oil
respectively which are functions of saturation of water S, and saturation of oil S, §,, and
3, are the constant viscosities, P, and P, are the pressures of water and oil respectively,
pw and p, are constant densities of water and oil respectively, 6 is the inclination of
homogeneous porous medium and g is acceleration due to gravity.

The equation of continuity of injected water is

0S8y aVy
P—/+—"2=0 3
ot + 0x 3)

where P is the porosity of the medium.

When two immiscible fluids are in contact in the interstices of a porous medium, a
discontinuity in pressure exists across the interface separating them. The difference in
pressure is called the capillary pressure (P.), that is

P.—p,—P, @)

For definiteness, we assume that the capillary pressure (P, ) is a continuous linear function
of the form

P. = —BSy, Mehtal20] 5)

where f is a constant quantity.
We assume the standard relationship due to Scheidegger and Johnson [27] between
phase saturation and relative permeability as

kyw = Sy (6)
ko =1—aS, (7

In countercurrent imbibition phenomenon, the sum of the velocities of injected water
and native oil is zero [26], that is

Vw+V,=0 (8)
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5
From (1) and (2),

i|=0 ©))

o

Ky [Py Ko [0P,
—K | —= + pugsint | + =K
Sw ax )

From equations (9) and (4)

kw+k0 oP, ky, 0P, ky k
Sw 8,/ 0Ox o
. P

(0} .
—Pw — —Po | gsinb (10)
58y Ox Suw' 8 0)
P, (lg_:pw - lg—jpo)gﬂw - k_:aai
8 = kw k(} (11)
* S0 T3,
From equation (2), we get
k ky 0P,
k (o 5
‘@sz[ — “} (12)
Using equation (8) and (12)
ky ko
S 8 . d P,
Vw = —ﬁK |:(/0w C:| (13)
ot » ox

On substituting the value of V,, from equation (13) to (3)

+ 50 ax

ky k ky k,
0 55 0 5.5 0P
Pt | el T K (pu + po)gsind | + — KM —0 (14
ot dx ’g_w 4k f x
For the investigation flow system involves water and viscous oil, therefore according to
Scheidegger [26], we have

kU) kO
B 80 ko
v — (15)
kw k(}

R
On substituting values from (15), (7) and (5) into equation (14), we get
PaSw . K(pw + po)gsinf 0(1 —aSy,) KB o

at 8o

1 —asy 2| e
x5, ax[( ““’)ax]
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Using dimensionless variables

X Kpt
X=2, T=—"11,
L S, L2P
Equation (16) reduces to
39S, 9%S 92S 95, \* 95
— = aSy——m —a| — ) —aA—2= (17)
oT 0X?2 0X?2 0X 0X
L ino
where A = (0w +go)gszn and Sy, (x,1) = Syu(X, T).

We choose appropriate initial and boundary conditions for imbibition phenomenon
as

2
Sﬂxm:XZX (18)
Sw(0,7T)=0 (19)
SMLD:l%Z (20)

X + X°
Here, Sy, (X,0) =

is the initial saturation of injected water, S,,(0, 7) = 0 is

saturation of injected water at X = 0 and S,,(1,7) = is saturation of injected

water at X = 1.

4. Solution of the Problem by Homotopy Analysis Method

To solve the equation (17) by means of the HAM [12], according to the initial and
boundary conditions, we choose initial guess as

1+ 7T)(X + X?)

Swo(X, T) = G (21)

We choose the linear operator as

%X, T;q)
L@X,T;q) = —axz (22)
with £(f) = 0 when f = 0.
Now we define a nonlinear operator as
L X Tig) PO Tig) (30X, Tiq)’
N@X.T;q) = —axz WX T —« (T)
a0 X.Tiq) 09X, T:q) 23)

X oT
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The so-called zeroth-order deformation equation is
(I = L@X,T;q) — Su(X, T)) = cog H(X, T)N[p(X, T; q)] (24)

where g € [0, 1] is the embedding parameter, ¢y # 0 is a convergence control parameter,

H(X, T) # 01is an auxiliary function, £ is an auxiliary linear operator, S,,,(X, T') is an

initial guess of S, (X, T), ¢ (X, T'; g) is an unknown function, " is a nonlinear operator.
When g = 0 and g = 1, it holds

¢ (X, T;0) = Sy (X, T) (25)

and
d(X,T;1)=8,(X,T) (26)

respectively. Thus, as the embedding parameter g increases from 0O to 1, the solution
¢ (X, T; q) deforms from the initial guess Sy, (X, T') to the solution Sy, (X, T') of the
original equation (17). Expanding ¢ (X, T'; ¢) in Taylor series with respect to ¢ we have

o0
GX.T:q) = Suy(X, T) + Y Su, (X, T)g" (27)
m=1
where .
10 X, T,
Swm (X’ T) — _¢(—Q) (28)
m! agm —0
q_

The convergence of the homotopy series (27) depends upon the convergence control
parameter. If the auxiliary linear operator, the initial guess, the convergence control pa-
rameter co and the auxiliary function are properly chosen, the homotopy series converges
atg = 1 and

o0
Sw(X, T) = Suy(X, T)+ Y Su, (X, T) (29)
m=1
Differentiating the zeroth-order deformation equation (24) m times with respect to the

embedding parameter ¢ and then dividing them by m! and finally setting ¢ = 0, we have
the so-called mth-order deformation equation

—_—
L(Sw, (X, T) = xmSw,_; (X, T)) = coH (X, T) Ry (Su,,_,) (30)
where -
Rm(S—_»wm,l) _ I 9 N(¢>(i(, T;q)) 31)
(m — 1)! dgm—1 4=0
and

0 ifm<l,
= - 32
Xom {1 ifm > 1. (32)
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{Swx(1, 0), Swxx(1, 0), Swxxx(1, 0)}

L o

=)=

Figure 2: The co-curves of S, (1,0) (Solid line), Sy, (1, 0) (DotDashed line) and
Swyxyx (1, 0) (Dashed line) for 10th order approximation.

Assume H (X, T) = 1, then the solution of mth-order deformation equation (30) is

-1 -
Sw, (X, T) = XmSw,,1 (X, T) + coL™ (R (Sw,,_,)) (33)

subject to boundary conditions Sy, (0, 7) = 0 and S, (1, T) = 0, m > 1. In this way,
we get Sy, (X, T) form =1,2,3, ... successively. Hence,

S X T) = X+TX+X@+TW N X+aX+&MX
it = 6T 6 T e 6 N8 718 " 36

TX oTX 5a0ATX oT?X X2 «aX?

6 T 9 T3 T8 T m
aAX? TX? aTX? aATX? oT?*Xx%? X3

TR 36 12 72 36
aX? aAX3 oTX3 a«ATX? aT?Xx3 Xx*
36 18 18 18 36 72
aX* oTX* oT?*X*
- - — (34)
72 36 72

is the solution which represents the saturation of injected water at distance X for time 7.
The equation (34) describes the analytical expression for the saturation of injected water
for the countercurrent imbibition phenomenon arising in fluid flow through the inclined
homogeneous porous medium.

The values of the following constants are taken from standard literature: L =1, g =
9.8, 0w =0.1,0,=03,8=0.1,0 = 1.11.

As discussed by many researchers such as Liao [15], Abbasbandy, Shivanian and Va-
jravelu [2], Saeidian and Javadi [25], Abbasbandy and Shivanian [1], Paripour, Babolian
and Saeidian [23], Ghotbi, Omidvar and Barari [9], the nonzero convergence control
parameter c 1s introduced to construct the so-called zeroth-order deformation equation.



Publication 1

142

Homotopy Analysis Solution of Countercurrent Imbibition Phenomenon

{Swx (0, 0), Swxx(0, 0), Swxxx(0, 0)}
0.6

=02

Figure 3: The co-curves of S,,,(0,0) (Solid line), Sy (0, 0) (DotDashed line) and

Swyxyx (0, 0) (Dashed line) for 15th order approximation.

{8x(0.5, 0.5), Swxx(0.5, 0.5), Syxxx(0.5, 0.5)}

2.0

<o

Figure 4: The co-curves of S,,, (0.5, 0.5) (Solid line), Sy, (0.5, 0.5) (DotDashed line)

and Sy, (0.5, 0.5) (Dashed line) for 20th order approximation.

The convergence of the series solution is dependent upon the convergence control pa-
rameter ¢ and thus choosing a proper value for co provides us with a convenient way to
adjust and control convergence region and rate of solution series given by the homotopy
analysis method. The so-called cg-curves are used to find proper value of ¢ for which

the solution series converges.

Using Mathematica software for BVPh [18], we plot the cop-curves of S, (1, 0),
Swxx (1, 0), Sy (1, 0), Suy (0, 0), Suyy (0, 0), Sy (0, 0), Sy (0.5, 0.5), Sipy (0.5,
0.5), Swyxx (0.5,0.5), Sy (0, 1), Sy (0, 1) and Sy, (0, 1) in the figures 2-6 for the
inclination 6 = 0°. We choose proper value of co = —0.9 with the help of co-curves.
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{Swx (0, 1), Siwxx(0, 1), Swxxx(0, 1)}

.
5]
T

Co

Figure 5: The co-curves of Sy, (0, 1) (Solid line), Sy, (0, 1) (DotDashed line) and
Swyxyx (0, 1) (Dashed line) for 25th order approximation.

{81x(0, 0), Siyxx(0, 0), Swxxx(0, 0)}

0.6

0.4

e S = S e

Co

Figure 6: The co-curves of S, (0, 0) (Solid line), Sy, (0, 0) (DotDashed line) and
Swyxx (0, 0) (Dashed line) for 30th order approximation.
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{8Sx (0, 1), Swxx(0, 1), Swxxx(0, 1)}

15

Co

11

Figure 7: The co-curves of S, (0, 1) (Solid line), Sy, (0, 1) (DotDashed line) and
Swyyxyx (0, 1) (Dashed line) for 25th order approximation.

‘‘‘‘‘‘‘‘

{8x(0.5, 0.5), Swxx(0.5, 0.5), Syxxx(0.5, 0.5)}

€o

Figure 8: The cp-curves of S, (0.5, 0.5) (Solid line), Sy, (0.5, 0.5) (DotDashed line)
and Sy, (0.5, 0.5) (Dashed line) for 30th order approximation.

In the case of inclination = 5°, we plot the co-curves for Sy, (0, 1), Sy, (0, 1),
Swyxx (0, 1), Sy (0.5, 0.5), Sy (0.5,0.5), Swyyy (0.5,0.5), Suy (0, 0), Sy, (0, 0) and
Swyxx (0, 0) in the figures 7-9. With the help of co-curves, we choose proper value of

co = —0.5.

For inclination & = 10°, we plot the co-curves for S, (0, 0) and Sy, (0, 0) in the
figures 10-11. We choose proper value of c) = —0.25 from these cy-curves.
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Figure 9: The co-curves of S,,,(0,0) (Solid line), Sy, (0,0) (DotDashed line) and
Swyxy (0, 0) (Dashed line) for 30th order approximation.
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Figure 10: The cp-curve of S, (0, 0) (Solid line) for 30th order approximation.

5. Results and Discussion

5.1. Numerical and Graphical representation without inclination (6 = 0°)

For this case, we put & = 0° in equation (34) so it represents the saturation of injected
water for countercurrent imbibition phenomenon in the homogeneous porous media
without inclination (& = 0°). Numerical and graphical presentations are obtained by
using Mathematica software. We choose the proper value of the convergence control
parameter co = —0.9 to obtain convergent homotopy series. Table 1 indicates the
numerical values of saturation of injected water for distance X and time 7.

Figure 12 represents the graph of saturation of injected water vs. distance X for
different time 7 = 0.1,0.2, ..., 1 and figure 13 represents the graph of saturation of
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Figure 11: The co-curve of Sy, (0, 0) (DotDashed line) for 30th order approximation.

Table 1: Numerical values of the saturation of injected water in inclined homogeneous
porous media with inclination 6 = 0°.

T X =0.1 X=02 X=03 X=04 X =05 X =06 X =07 X =038 X =09 X=1.0
0.0 0.0231599 0.0471921  0.0724362  0.0992933  0.1282463  0.1598903  0.1949826  0.2345284  0.2799370  0.3333333
0.1 0.0254093  0.0518122  0.0795584  0.1090685  0.1408571  0.1755716 ~ 0.2140553  0.2574587  0.3074506  0.3666667
0.2 0.0275444  0.0562090 0.0863562  0.1184278  0.1529744  0.1907019  0.2325514  0.2798426  0.3345601  0.4000000
0.3 0.0295647  0.0603800  0.0928225  0.1273579  0.1645762  0.2052483  0.2504250  0.3016224  0.3612071  0.4333333
0.4 0.0314699  0.0643225  0.0989504  0.1358455  0.1756402  0.2191763  0.2676272  0.3227338  0.3873230  0.4666667
0.5 0.0332594 0.0680341  0.1047336  0.1438776  0.1861439  0.2324508  0.2841057 0.3431054  0.4128262  0.5000000
0.6 0.0349331 0.0715126  0.1101658  0.1514414  0.1960650  0.2450354  0.2998057  0.3626584  0.4376200  0.5333333
0.7 0.0364906  0.0747557  0.1152411  0.1585248  0.2053812  0.2568935  0.3146691  0.3813058  0.4615895  0.5666667
0.8 0.0379317 0.0777617  0.1199538  0.1651157  0.2140708  0.2679879  0.3286359  0.3989530  0.4845984  0.6000000
0.9 0.0392563  0.0805287  0.1242988  0.1712029  0.2221125  0.2782818  0.3416440  0.4154975  0.5064860  0.6333333
1.0 0.0404642  0.0830552  0.1282712  0.1767756  0.2294857  0.2877385  0.3536303  0.4308301  0.5270634  0.6666667

injected water vs. time 7T for different distance X = 0.1,0.2, ..., 1. Table 1 indicates
the numerical values for figure 12 and figure 13.

5.2. Numerical and Graphical representation with inclination (6 = 5°,6 = 10°)

Equation (34) represents the saturation of injected water for countercurrent imbibition
phenomenon in the inclined homogeneous porous medium. Table 2 indicates the numer-
ical values of saturation of injected water for different values of distance X and time 7 in
homogenous porous media with inclination & = 5°. The convergence of the homotopy
series is dependent on the convergence control parameter c¢p. Here we choose cp = —0.5
to get convergent homotopy series.

Figure 14 represents the graph of saturation of injected water vs. distance X for

different time 7 = 0.1, 0.2, ..., 1 in homogeneous porous media with inclination 6 =
5°. Table 2 indicates the numerical values for figure 14.
In the case of homogeneous porous media with inclination 6 = 10°, ¢g = —0.25 is

used to find the numerical values of saturation of injected water for different distance X
and time 7'. Table 3 indicates its numerical values.
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Figure 12: The graph of saturation of water v/s distance for fixed time 7 =

0.1,0.2,...,1(0 = 0°).

Table 2: Numerical values of the saturation of injected water in inclined homogeneous
porous media with inclination 6 = 5°.

T X=01 X=02 X=03 X=04 X=05 X=06 X=07 X=08 X=09 X=10
0.0 00022572 0.0055912  0.0105527 _ 0.0179908  0.0292399 _ 0.0464591 _ 0.0733081 _ 0.1164850 _ 0.1900465  0.3333333
0.1 00024311 0.0060196 0.0113537 0.0193412  0.0314102  0.0498805 0.0787155 0.1252695 0.2054031  0.3666667
0.2 00025899  0.0064107 0.0120855 0.0205756  0.0333963  0.0530169  0.0836900  0.1334087  0.2198668  0.4000000
0.3 00027342 00067665 0.0127513  0.0216997  0.0352066 0.0558795 0.0882439  0.1400096  0.2334094  0.4333333
0.4 00028650 0.0070887 0.0133547  0.0227190  0.0368498  0.0584797  0.0923902  0.1477818  0.2460060  0.4666667
0.5 00029827 0.073791 0.0138987 0.0236391  0.0383351  0.0608292 0.0961419  0.1540373  0.2576363  0.5000000
0.6 00030882 0.0076393  0.0143865 0.0244656  0.0396719  0.0629403  0.0995117  0.1596906  0.2682853  0.5333333
0.7 00031819 0.0078706 0.0148208  0.0252039  0.0408711  0.0648263 0.1025111 0.1647596 02779447  0.5666667
0.8 00032643 0.0080744 0.0152043  0.0258595  0.0419449  0.0665025 0.1051486  0.1692662  0.2866140  0.6000000
0.9 00033358 0.0082516 0.0155391 0.0264379  0.0429084 0.0679874 0.1074276  0.1732382  0.2943027  0.6333333
1.0 0.0033966 0.0084028  0.0158268  0.0269445  0.0437808  0.0693059  0.1093420  0.1767127  0.3010336  0.6666667

Table 3: Numerical values of the saturation of injected water in inclined homogeneous

porous media with inclination 6§ = 10°.

T X=01 X=-02 X=-03 X-04 X=-05 X=-06 X=07 X=08 X=09 X=10
0.0 0.0001494 0.0004312 _0.0009835 0.0021512 0.0047436 _ 0.0105918  0.0236846  0.0529370 _ 0.1228750 _ 0.3333333
0.1 00001731 0.0004843 0.0010749  0.0023011 0.0050114 0.0111801  0.0251603  0.0564768 0.1316964  0.3666667
0.2 0.0002023 0.0005480 0.0011799  0.0024579  0.0052527 0.0116669 0.0264483  0.0597091  0.1398476  0.4000000
0.3 00002387 0.0006266 0.0013066 0.0026349  0.0054820 0.0120552  0.0275404  0.0626465 0.1473343  0.4333333
0.4 00002840 0.0007246 0.0014644 0.0028483  0.0057194 0.0123519  0.0284247 0.0653022 0.1541616  0.4666667
0.5 0.0003400 0.0008471 0.0016637 0.0031175 0.0059912  0.0125691  0.0290851  0.0676895  0.1603343  0.5000000
0.6  0.0004086 0.0009991 0.0019163  0.0034656 0.0063318  0.0127265 0.0295012 0.0698217  0.1658559  0.5333333
0.7 00004915 0.0011859  0.0022344  0.0039192  0.0067846  0.0128540  0.0296475 0.0717116  0.1707268  0.5666667
0.8 00005902 0.0014123  0.0026310  0.0045082  0.0074038  0.0129952  0.0294939  0.0733709  0.1749431  0.6000000
0.9  0.0007060 0.0016830 0.0031189  0.0052660  0.0082555 0.0132115  0.0290053  0.0748090  0.1784942  0.6333333
1.0 0.0008396 0.0020015 0.0037107  0.0062288  0.0094193  0.0135871  0.0281430 0.0760315  0.1813605  0.6666667

Figure 15 represents the graph of saturation of injected water vs. distance X for
different time 7 = 0.1, 0.2, ..., 1 in homogeneous porous media with inclination 6 =
10°. Table 3 indicates the numerical values for figure 15.
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Figure 13: The graph of saturation of water v/s time for fixed distance X =
0.1,0.2,...,1(6 =0°).
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Figure 14: The graph of saturation of water v/s distance for fixed time 7 =
0.1,0.2,...,1(6 =5°).
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Figure 15: The graph of saturation of water v/s distance for different time 7 =
0.1,0.2, ..., 1(6 = 10°).

6. Conclusion

The equation (34) represents an approximate analytical solution of nonlinear partial
differential equation (17) arising in countercurrent imbibition phenomenon in inclined
homogeneous porous medium by homotopy analysis method which gives the satura-
tion of injected water in inclined porous media during the countercurrent imbibition
phenomenon occurred. The solution (34) satisfies both the initial and boundary condi-
tions. The graph of saturation of injected water in the horizontal porous medium given
by figure 12 increases as distance X increases for given time 7. Figure 14 and 15
represent the graphs of S, (X, T') in inclined porous medium vs. distance X for time
T = 0.1,0.2,..., 1 which show that saturation increases when distance and time in-
crease. But due to inclination the saturation of injected water is less than the saturation
of injected water without inclination.

It is concluded that when the water is injected in oil formatted homogeneous porous
medium, at the common interface the countercurrent imbibition phenomenon occurs
and the saturation of injected water increases as distance X increases for given time
T in both inclined homogeneous porous medium and horizontal homogeneous porous
medium. The saturation of injected water in the case of inclination is less comparative
to the case without inclination.
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ABSTRACT

The present paper discusses the mathematical model for fingero-imbibition phenomenon arising in fluid flow through the
heterogeneous porous medium with magnetic field effect during secondary oil recovery process. The mathematical formulation
leads to a nonlinear partial differential equation and its solution has been obtained with appropriate boundary conditions by
homotopy analysis method. The solution represents the saturation of injected water for fingero-imbibition phenomenon which
increases when distance increases for given time. The graphical and numerical representations of the solution are discussed.

Keywords: Fluid flow, Heterogeneous porous medium, Fingero-imbibition phenomenon, Homotopy analysis method.

AMS subject classification: 76S05, 76 Txx, 65Nxx, 35Q35.

INTRODUCTION

If a porous medium filled with some phase
(oil) is brought into contact with another phase
(water) which preferentially wets the medium,
there is a spontaneous flow of the wetting phase
(water) into the medium and a counter flow of the
native phase (oil) from the medium. This
phenomenon occurring due to the difference of
wetting abilities of the phases is called imbibition
phenomenon. Besides this if a porous medium
filled with one phase (oil) is displaced by another
phase (water) of lesser viscosity, then instead of
regular displacement of the whole front,
protuberances may occur which shoot through the
porous medium at relatively very high speed
giving rise to the fingering phenomenon. This
simultaneous occurrence of both phenomena
fingering and imbibition is known as fingero-
imbibition phenomenon (see fig. 1).

The imbibition phenomenon have been
investigated by many researches with different
aspects. Mishra and Verma [3] have discussed
imbibition in the flow of two immiscible fluids
(oil and water) with magnetic field. Shah and
Verma [5] have obtained the numerical solution
of fingero-imbibition phenomenon through
homogeneous porous media with magnetic field
using finite difference method. Desai [21] has
discussed the imbibition phenomenon by
similarity transform. Patel, Mehta and Patel [9]

15

have discussed mathematical model of imbibition
phenomenon in heterogeneous porous media.
Parikh, Mehta and Pradhan [10] have discussed
mathematical modeling of fingero-imbibition
phenomenon in homogeneous porous medium
with magnetic field effect in vertical downward
direction. Patel, Rabari and Bhathawala [11] have
obtained numerical solution of imbibition
phenomenon in a homogeneous medium with
magnetic fluid.

In the present work, we have developed the
mathematical model for fingero-imbibition

Imbibition Phenomenon Magnetic field

L

Fingering Phenomenon

o * G
S Gy e
PR

s e
Injective water |
with magnétic particles
Stal g

=

Imbibition surface X=0

Figure 1: Fingero-imbibition phenomenon.
phenomenon in heterogeneous porous medium
with magnetic field effect. The mathematical
formulation leads to the governing nonlinear
partial differential equation. The solution of the
problem have been obtained using homotopy
analysis method [20]. The main aim of this work
is to find the solution (the saturation of injected
water) of the fingero-imbibition phenomenon in
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the heterogeneous porous medium with magnetic
field effect.

AIM AND SCOPE OF THE WORK

The aim with this work is to discuss the
mathematical model for fingero-imbibition
phenomenon arising in fluid flow through the
heterogeneous porous medium with magnetic
field effect during secondary oil recovery
process. The solution of problem is obtain by
using homotopy analysis method. This solution
represents the saturation of injected water which
helps us to predict the amount of water required
to inject for recovering oil. This type of
mathematical model is useful for predicting oil
recovery from petroleum reservoir.

STATEMENT OF THE PROBLEM

Here we consider the cylindrical piece of
heterogeneous porous matrix of length L which is
filled with oil. During the secondary oil recovery
process, the imbibition phenomenon will occur
simultaneously with fingering which describes
the fingero-imbibition phenomenon. It s
considered that the flow of water with magnetic
particles and oil in the heterogeneous porous
medium under the variable magnetic field effect.
In this work assumed that the injected water is
conductive while the oil is non-conductive and
the effect of a variable magnetic field is to
increase the velocity of injected water by gradient

of “;—If where w is permeability of magnetic field

H. 1t is assumed that the Darcy’s law is valid for
the investigated flow system for the mathematical
model of the fingero-imbibition phenomenon and
the average cross sectional area occupied by the
fingers was observed.

The saturation of the injected water S,, (x, t)
is then defined as the average cross-sectional area
occupied by injected water at distance x and time
t. The porosity and permeability of
heterogeneous porous medium may vary from
one place to another place. Considered that the
porosity and permeability of heterogeneous
porous medium are the functions of variable x
only.

MATHEMATICAL MODEL

The velocity of injected water V,, and
velocity of oil V, can be represented due to
Darcy’s law as [14, 15]:

o _ ko [9Ry , wHOH )

w8, lox T 4m ox M
k, OP,

V,=—-2K—2 2

o 60 ax ( )

where Vj,, and V, are the velocities of water and
oil respectively, k, and k, are the relative
permeabilities of water and oil respectively, &,
and &, are the constant viscosities of water and
oil respectively, K is the variable permeability of
the heterogeneous porous medium, B, and P, are
the pressures of water and oil respectively, w is
permeability of magnetic field H.

The equation of continuity of injected water
is
Sw |, My _
P=r+=—t=0 (3)
where P = P(x) is the variable porosity of the
heterogeneous porous medium.

The pressure difference is given by the
capillary pressure P,:

P.=P,—Py. )

The imbibition condition for countercurrent
imbibition phenomenon can be expressed as [14]

Vy=-V,. (5)
Using equations (1), (2) and (4) in (5), we get
P, ky ko\ ' (k,0P. k, wHOH
w5 Gatrama) ©

According to Scheidegger [14], we have

bk b ko) ko -
8w 8o '

5, 5, 75,

On substituting the value of %‘C" with (7) in
equation (1), we get

_k k, [apc wH OH] g

v s, lox 4am ox ) ®
Substituting equation (8) into (3), we get
3S, 07 kodP  k,wHdH]

P Tax 5, ox X5, maxl = @

16
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We assume that the capillary pressure P, is a
continuous linear function of the form [19]

P.=—-pBSy (10)
where S is a constant.

Due to Scheidegger and Johnson [1], we
assume the standard relationship between phase
saturation and relative permeability as

k,=S,andk, =1—-as,, (11D
where a is a constant.

For the heterogeneous porous medium, we
assume the porosity and permeability as functions
of x only [2],

P(x) = ; and K(x) = Ko(1 + bx) (12)
a; — axx

where a,, a,, K, and b are positive constants.
Since P(x) can’t exceed unity, we assume that
a, —ax = 1.

For simplicity, we consider K o< P [17],
K=K.P (13)
where K. is a constant.

Considering the magnetic field in the
x- direction only, we write H as [4, 22]

H = Ax™ (14)

where A is a constant parameter and n is an
integer.

Using the value of H for n = 1 in equation
(9) with equations (13), (11) and (10), we get

ds, PK 0 as,,
ot “opaxll0 TGy
K2 9 b —as,)xl. (15
418, P 0x aSw)x]. (15)
Using dimensionless variables
X K.t
X==, T-= PK :
L 8,12
equation (15) becomes,
as, 10 as,,
S = pax [P0 )
F PO b asx). (16
4BP 9X aSy)X]. (16)

Now,

10P d(log P)
PaX 94X

0 (aZLX 1 )
(neglecting higher order terms of X)
a,L

a,’

Equation (16) reduces to

3, 0 (- as )asw AG - as )6SW
aT _ oxX *w X ®w)ox
+ Ba [(1 - Q’SW)X]
+ AB(1 — aS,)X (17)
272
where A=2%L B =“tt and
aq 4ntpB

Sy (6 t) = S, (X,T).

A set of suitable boundary conditions for
fingero-imbibition phenomenon are considered
as

T 1+43T
Sw(0.7) =z andS,(1L,T) =——  (18)

The equation (17) is the desired governing
nonlinear partial differential equation for the
fingero-imbibition ~ phenomenon  in  the
heterogeneous porous medium with magnetic
field effect. The solution S,,(X,T) of equation
(17) represents the saturation of injected water at
distance X and time T.

APPLICATION OF
ANALYSIS METHOD

In 1992, Liao [20] proposed a new technique
homotopy analysis method (HAM) to obtain
solutions of nonlinear differential equations.
Many authors have applied the HAM for solving
ordinary differential equations and partial
differential equations. For example, Liao [16] has
discussed solution of various ODEs by HAM.
Liao [6] has obtained solution for an unsteady
boundary-layer flow due to an impulsively
stretched sheet by HAM. Ali and Mehmood [7]
have discussed the solution of the unsteady
boundary layer flow equations by HAM. Darvishi
and Khani [8] have applied the HAM to solve the
foam drainage equation. Patel and Desai [12, 13,
23] have applied the HAM to one dimensional

HOMOTOPY
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partial differential equation arising in fluid flow
through porous medium.

Let us consider the nonlinear partial
differential equation according to equation (17)
as

NpX,T;)] =0

where g € [0,1] is the embedding parameter,
¢ (X, T; q) is an unknown function and a nonlinear
operator Jv is defined as

%p(X,T;q)
0X?2
—apX,T;q)

(X, T\
“U ox

(19)

NlpX,T;q)] =
*p(X,T; q)
XZ

0p(X,T;
+(A- Bax)u

do(X,T;
—Aap(X,T; Q)(!)(TQ)
— (Ba+ ABaX)p(X,T;q)
dp(X,T;q)

aT

According to boundary conditions (18), it is
straightforward to choose initial approximation
as

+ABX + B — (20)

T+X2+T(X+X?)

Sw,(X,T) = = (@)
Now we choose the linear operator as
0%9(X,T; q)
LlpX,T; q)] = —axz (22)

which has the property £(f) = 0 when f = 0.

Let ¢, # 0 be the convergence control
parameter and H(X,T) be a non-zero auxiliary
function. Liao [20] constructed, the so-called
zeroth-order deformation equation

(1 = QL[pX, T; ) = Sy (X, T)]
= qcoHX, TN [o (X, T; )] (23)
where S, (X,T) is an initial approximation of
S»(X,T). When g = 0and g = 1, we have
»X,T;0) =S,,X,T) and o(X,T;1) =S, (X,T)
(24)
respectively. Therefore, when g increases from 0

to 1, the solution ¢ (X, T; q) deforms (varies) from
the initial approximation s,, (X, T) to the solution

Sy(X,T). By Taylor’s theorem, we expand
¢(X,T; q) in powers of g as

PAT;0) = S, T) + ) 5, (X, T)G™ (25)

m=1
where
1 0mp(X,T;q)
Sw X, T) S e | (26)
q=0
Assume that the linear operator, the initial
approximation, the  convergence  control

parameter and the auxiliary function are selected
such that the series (25) is convergent at g = 1.
Then at g = 1, the series (25) becomes

Sw(X,T) = 5, (X, T) + Z Sy, (X,T)  (27)
m=1
Define the vector

Su. = {80, (X. 7)., (X, 1), ... S, (X, T)}.
Differentiating (23) m times with respect to g and
then putting g = 0 and finally dividing them by
m!, we have the so-called high-order deformation
equation

L[Su, (X, T) = XSy X, T)]
= coHX, TR (Sw,,_,) (28)
where

Wml]

0X?

Wml

o Z oy g

< 1asw.as

j_"Wm-1-j

0X X

Rm(swm—l) =

4

j=0
as,

A aSWm—l _ Wm-1

6_){ Ba ax

Sw, 1

—1-J

~4a ) Su =g
Jj=0

— Bas — ABaXS,

Wm-1 Wm-1
+ (B+ABX)(1 — )
as,

Wm-1

aT

,m=1 (29)

and

0, when m<1
Xm—{l, when m > 1. (G0

Here we consider the auxiliary function as
H(X,T) = 1. Then the equation (28) becomes

18
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Swm(X’ T)= Xmswm_l(X: T)
+ oL R (Sw,,_ )] + C1X
+C, (31)

where C; and C, are determined by the boundary
conditions S, (0,7)=0 and S, (1,T)=0,
m = 1. Solution of (31) gives S,,, (X, T),S,,,(X,T)
and so on. Hence the homotopy series solution of
(A7) isas

T+X2+TX+X?)
Sy(X,T) = 0

TX TX?

30 60 5 ' s 2
. ABX +ABX3
2 6

6
A( X X3® 5TX TX?

373 7% 2
+ TN @ X + Xt 3TX
25\ 2" 2
+TX2+TX3+TX*—3T2X
3T2X2 T2X*

+ +T2X3 +

Aa( X X° 47TX TX?
25\ 10 10 60 3
TX* TX5 27T%X N T2Xx?
5 20 2
T?X3 T?X* T2X°5

2 4 10 )

Ba( X +X4 13TX TX?
5 4 4 12 2
TX3

+TX4 ABa( X
3 4 5

N X% 3TX N TX3 TXx*
20 10 6 12

+ X + 32
20 (32)

The solution (32) represents the saturation of
injected water at distance X and time T for the
fingero-imbibition phenomenon arising in fluid
flow through the heterogeneous porous medium
with magnetic field effect.

As pointed out by Liao, the convergence of
the homotopy series solution depends upon the
value of convergence control parameter c,. The
proper value of ¢, has been obtained using c,-
curves. Many authors have discussed the
convergence of the homotopy series solution. For
example, Liao [6, 16], Ali and Mehmood [7],
Darvishi and Khani [8], Patel and Desai [12, 13,

19

23] have chosen a proper value of ¢, providing
us the convergent homotopy series solution of
nonlinear ODEs and PDEs. With the help of
Mathematica package for nonlinear BVPs [18],
the so-called cy-curves are plotted for 20th order
approximation. This helps us to discover the
range for the admissible values of ¢y, which
corresponds to the horizontal line segment. It is
obvious that the wvalid domain of ¢, is
—1.2<c¢y <—-04 from the cy-curves (see
figures 2-4). This means that the series (32)
converges for these values of c,.

USwx L0, 1, Swxx 0, 11, Swxxx [0, 1L

-

T W W S | R Y

(0,1) (Solid line), S,,,,(0,1)

wWXX

(0,1) (Dashed line).

Figure 2: The cy-curves of S,

(DotDashed line) and S, ,

USwx L0, 0L, Swxx 0, 0L, Swxxx -0, 0L

o
L
Loy
h
i
1
04 +1

r &
N~

— o

02 +

(0,0) (Solid line), S,, . (0,0)

wxXx

(0,0) (Dashed line).

Figure 3: The c,-curves of S, ,
(DotDashed line) and S,

WXXX
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ISwx [05, 05, Syxx 05, 05, Sywxxx 05, 05

Y 20 F

. . . c
15 10 05 0
K

' 05 f;
Figure 4: The c,-curves of §,,, (0.5, 0.5) (Solid line),
Swyx(0.5,0.5) (DotDashed line) and S (0.5,0.5) (Dashed
line).

WXXX

RESULTS AND DISCUSSION

The following values of constants are
considered as: L =1,a =1.11,a;, = 2,a, =1,
B =01 w=0.1,1=0.1 and we choose the
proper value of the convergence control
parameter ¢, = —0.8 to obtain convergent series
solution. We have considered first 20 terms of
series solution. Hence it gives an approximate
solution of fingero-imbibition phenomenon in
heterogeneous porous media with magnetic field
effect. Table 1 indicates the numerical values of
saturation of injected water for fingero-
imbibition phenomenon at distance X for time T.
Graphical presentation of the saturation of
injected water is obtained by using Mathematica
software. The graph of saturation of injected
water versus distance X for fixed time
T =0.1,0.2,...,1 is given in fig. 5 and fig. 6
represents the graph of saturation of injected
water versus time T for fixed distance
X=0102,..,1

SwiX, T
08 -

06 .

Q2| oot e

= X

Figure 5: Saturation of water v/s distance X for fixed time
T=
0.1(lower most graph),0.2, ..., 1(upper most graph).

20

SwiX, Tl
08 -

Figure 6: Saturation of water v/s time T for fixed distance
X =
0.1(lower most graph),0.2, ..., 1(upper most graph).

COMPARATIVE STUDY WITH FINGERO-
IMBIBITION PHENOMENON IN
HETEROGENEOUS POROUS MEDIUM
WITHOUT MAGNETIC FIELD EFFECT

Patel and Desai [13] have discussed
homotopy series solution for fingero-imbibition
phenomenon in heterogeneous porous medium
without magnetic field effect. Table 2 shows the
comparative numerical values of the saturation of
injected water of fingero-imbibition phenomenon
without magnetic field effect [13] and with
magnetic field effect.

CONCLUSION

We have discussed the fingero-imbibition
phenomenon in heterogeneous porous medium
with magnetic field effect under certain
assumptions. The homotopy series solution (32)
represents the saturation of injected water. The
solution (32) satisfies the boundary conditions
(18). Numerical and graphical representations are
obtained using Mathematica software. Table 1
indicates the numerical values of the saturation of
injected water. Figures 5 and 6 give graphical
representation. It is concluded that the saturation
of injected water of fingero-imbibition
phenomenon increases when the distance
increases for given time T. Due to additional
magnetic field effect the saturation of injected
water is more increasing than the saturation of
injected water without magnetic field effect. We
can conclude that the magnetic field effect plays
an important role in the fingero-imbibition
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phenomenon in the heterogeneous porous
medium.
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Table-1: Numerical values of the saturation of injected water with magnetic field effect.

X=0.1

X=0.2

X=03|X=04|X=05|X=06|X=07]X=08]|X=09 |X=10

0.1

0.0294702

0.0409648

0.0548286 | 0.0714324 | 0.0911921 | 0.1145950 | 0.1422402 | 0.1749026 | 0.2136411 | 0.2600000

0.2

0.0528328

0.0676626

0.0848556 | 0.1048177 | 0.1280162 | 0.1550146 | 0.1865255 | 0.2235014 | 0.2672979 | 0.3200000

0.3

0.0759336

0.0938712

0.1141989 | 0.1373570 | 0.1638673 | 0.1943772 | 0.2297319 | 0.2711031 | 0.3202373 | 0.3800000

0.4

0.0987564

0.1195543

0.1427983 | 0.1689628 | 0.1986268 | 0.2325306 | 0.2716734 | 0.3174967 | 0.3722661 | 0.4400000

0.5

0.1212845

0.1446740

0.1705897 | 0.1995398 | 0.2321627 | 0.2692999 | 0.3121271 | 0.3624155 | 0.4231194 | 0.5000000

0.6

0.1435009

0.1691909

0.1975056 | 0.2289855 | 0.2643291 | 0.3044852 | 0.3508272 | 0.4055203 | 0.4724262 | 0.5600000

0.7

0.1653884

0.1930648

0.2234759 | 0.2571912 | 0.2949670 | 0.3378610 | 0.3874590 | 0.4463816 | 0.5196575 | 0.6200000

0.8

0.1869300

0.2162553

0.2484289 | 0.2840434 | 0.3239060 | 0.3691771 | 0.4216559 | 0.4844582 | 0.5640480 | 0.6800000

0.9

0.2081090

0.2387224

0.2722926 | 0.3094260 | 0.3509672 | 0.3981617 | 0.4529997 | 0.5190818 | 0.6044820 | 0.7400000

1.0

0.2289092

0.2604273

0.2949965 | 0.3332228 | 0.3759679 | 0.4245282 | 0.4810286 | 0.5494552 | 0.6393414 | 0.8000000

Table-2: Comparative numerical values of the saturation of injected water without magnetic field

effect and with magnetic field effect.

T

X=0.1

X=0.2

X=03|X=04|X=05|X=06|X=07]|X=08]X=09 | X=10

0.1

0.0294301

0.0408938

0.0547358 | 0.0713267 | 0.0910823 | 0.1144897 | 0.1421481 | 0.1748322 | 0.2136012 | 0.2600000

0.1

0.0294702

0.0409648

0.0548286 | 0.0714324 | 0.0911921 | 0.1145950 | 0.1422402 | 0.1749026 | 0.2136411 | 0.2600000

0.2

0.0527940

0.0675937

0.0847656 | 0.1047151 | 0.1279096 | 0.1549123 | 0.1864359 | 0.2234330 | 0.2672591 | 0.3200000

0.2

0.0528328

0.0676626

0.0848556 | 0.1048177 | 0.1280162 | 0.1550146 | 0.1865255 | 0.2235014 | 0.2672979 | 0.3200000

0.3

0.0758961

0.0938046

0.1141118 | 0.1372578 | 0.1637642 | 0.1942783 | 0.2296453 | 0.2710369 | 0.3201998 | 0.3800000

0.3

0.0759336

0.0938712

0.1141989 | 0.1373570 | 0.1638673 | 0.1943772 | 0.2297319 | 0.2711031 | 0.3202373 | 0.3800000

0.4

0.0987202

0.1194901

0.1427143 | 0.1688671 | 0.1985275 | 0.2324355 | 0.2715902 | 0.3174333 | 0.3722302 | 0.4400000

0.4

0.0987564

0.1195543

0.1427983 | 0.1689628 | 0.1986268 | 0.2325306 | 0.2716734 | 0.3174967 | 0.3722661 | 0.4400000

0.5

0.1212496

0.1446122

0.1705089 | 0.1994478 | 0.2320674 | 0.2692088 | 0.3120477 | 0.3623551 | 0.4230855 | 0.5000000

0.5

0.1212845

0.1446740

0.1705897 | 0.1995398 | 0.2321627 | 0.2692999 | 0.3121271 | 0.3624155 | 0.4231194 | 0.5000000

0.6

0.1434674

0.1691316

0.1974281 | 0.2288975 | 0.2642381 | 0.3043985 | 0.3507520 | 0.4054637 | 0.4723946 | 0.5600000

0.6

0.1435009

0.1691909

0.1975056 | 0.2289855 | 0.2643291 | 0.3044852 | 0.3508272 | 0.4055203 | 0.4724262 | 0.5600000

0.7

0.1653563

0.1930080

0.2234018 | 0.2571073 | 0.2948806 | 0.3377792 | 0.3873886 | 0.4463291 | 0.5196290 | 0.6200000

0.7

0.1653884

0.1930648

0.2234759 | 0.2571912 | 0.2949670 | 0.3378610 | 0.3874590 | 0.4463816 | 0.5196575 | 0.6200000

0.8

0.1868992

0.2162010

0.2483583 | 0.2839637 | 0.3238244 | 0.3691004 | 0.4215907 | 0.4844107 | 0.5640233 | 0.6800000

0.8

0.1869300

0.2162553

0.2484289 | 0.2840434 | 0.3239060 | 0.3691771 | 0.4216559 | 0.4844582 | 0.5640480 | 0.6800000

0.9

0.2080794

0.2386705

0.2722254 | 0.3093505 | 0.3508905 | 0.3980903 | 0.4529401 | 0.5190399 | 0.6044621 | 0.7400000

0.9

0.2081090

0.2387224

0.2722926 | 0.3094260 | 0.3509672 | 0.3981617 | 0.4529997 | 0.5190818 | 0.6044820 | 0.7400000

1.0

0.2288809

0.2603777

0.2949326 | 0.3331515 | 0.3758960 | 0.4244623 | 0.4809749 | 0.5494194 | 0.6393273 | 0.8000000

1.0

0.2289092

0.2604273

0.2949965 | 0.3332228 | 0.3759679 | 0.4245282 | 0.4810286 | 0.5494552 | 0.6393414 | 0.8000000
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