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1 Abstract

The thesis has been devoted to study of 1-D flow in porous media and the de-

velopment of mathematical model of fluid flow through porous media. The

fluid flow through porous media is one of the most important concept in

many areas of applied science and engineering such as filtration, hydrogeol-

ogy, petroleum engineering, geomechanics, water resource engineering, soil

mechanics, environment engineering, chemical engineering, construction en-

gineering, civil engineering, geophysics, biophysics etc.

In recent years, extensive research works have been carried out to study

the fluid flow through porous media. This field has gained extensive attention

due to its broad range of applications in science and industry. In particular,

the modeling of fluid flow through porous media is a central problem within

the field of various applications in such areas. The scope of the present

study lies in an increasing importance of the hydrodynamics of single phase

flow and multiphase flow through porous media. Thus, an investigation of

such research area leads directly or indirectly to study in another research

area far away from the first in terms of physical context, yet related through

the fundamental principles of fluid dynamics of multiphase flow. Due to

vast scope of multiphase flow through porous media, the specific problems

are almost unlimited and therefore it is reasonable to select such types of

problems for discussion here. Accordingly a selection of more interesting

problems of current interest have been made for mathematical treatment in

the thesis. The investigated problems of the present study are concerned

with the flow of immiscible fluids.

This work has been devoted to the study of some problems with fluid
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flow through porous media. The development and testing of mathematical

models describe the fluid flow through porous media. The solution of the

problems have been studied numerically and graphically. The thesis consists

of eight chapters. The first chapter deals with the introductory nature and

the general introduction of the subject matter of the thesis. The second

chapter includes a brief discussion on certain relevant topics, like basic equa-

tions governing the flow of an incompressible fluid through porous medium

and related literature review. The problems related to the present work

are studied in Chapters 3 to 8 with the homotopy analysis solution [17].

An approximate analytical solution of fingering phenomenon arising in two

phase flow through homogeneous porous medium is studied in Chapter 3.

The mathematical model for countercurrent imbibition phenomenon in the

inclined oil formatted homogeneous porous medium with homotopy analysis

solution is discussed in Chapter 4. Chapter 5 discusses the mathematical

models of cocurrent imbibition phenomenon in inclined homogeneous and

heterogeneous porous media. Chapter 6 is divided in two parts, the first

discusses the homotopy series solution for fingero-imbibition phenomenon in

the heterogeneous porous medium during secondary oil recovery process, sec-

ond part discusses fingero-imbibition phenomenon in heterogeneous porous

medium with magnetic field effect and its solution is compared with first

part. The homotopy series solution of Boussinesq’s equation for infiltration

phenomenon in unsaturated porous medium is studied in Chapter 7. On

the basis of linear and nonlinear conductivity and diffusivity functions, the

groundwater recharge by spreading of water in vertical direction is studied

in Chapter 8.
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2 Brief description on the state of the art of

the research topic

Scheidegger [34] has introduced the physics of flow through porous media.

The study of the physics of fluid flow through porous media has become

basic for many scientific and engineering applications like as groundwater

hydrology, ceramic engineering, petroleum engineering, water resource engi-

neering, soil mechanics, etc. All these branches of science and engineering

have contributed a vast amount of literature on this topic.

The fluid flow through porous media can be classified into single phase

flow and multiphase flow. Many researchers have discussed to the single

phase flow and multiple phase flow with different view points. Different type

of problems of fluid flow through porous media in the various fields have

been discussed by Muskat [23]. The theory of dynamics of fluids in porous

media, as applicable to many disciplines of science and engineering are given

in the book ”Dynamics of fluids in porous media” by Bear [1]. It helps to

researchers where flow through porous media plays a fundamental role in

fields such as soil mechanics, soil physics, groundwater hydrology, petroleum

engineering, drainage and irrigation engineering, chemical engineering and

sanitary engineering. By reading this literature, I have learnt which has

made easier to understand and analyze my research topic. The phenomenon

of fingering (instability) has been of great importance in many engineering

fields such as agriculture engineering, soil mechanics, groundwater hydrology

and petroleum engineering [2, 3, 7, 32, 35, 39]. The phenomenon of fingering

in homogeneous porous media without capillary pressure was examined from
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a statistical viewpoint by Scheidegger and Johnson [35]. The stabilization

of fingers in a specific oil-water displacement process with capillary pressure

has been statistically discussed for a heterogeneous porous medium by Verma

[42].

Spontaneous imbibition is the process in which the wetting phase is drawn

into a porous medium by means of capillary pressures and the curved inter-

faces between the wetting and non-wetting phase without any external force.

There are two types of spontaneous imbibition: cocurrent and countercur-

rent. In the cocurrent imbibition both wetting and non-wetting phases move

in the same direction while during countercurrent imbibition both move in

the opposite directions. The imbibition phenomenon has been investigated

by many researchers such as Blair [4], Brownscombe and Dyes [8], Graham

and Richardson [13], Mehta and Verma [20], Scheidegger [34], Tavassoli et

al. [38]. Imbibition in water-wet porous media is commonly considered as

countercurrent imbibition [4, 5, 11, 12, 19, 31, 46]. When a porous medium

is partially filled with wetting phase, oil recovery is dominated by cocurrent

imbibition phenomenon, not countercurrent imbibition [5, 19, 31, 46]. The si-

multaneous occurrence of both phenomena fingering and imbibition is known

as fingero-imbibition phenomenon which is investigated by researchers with

different viewpoints [11, 14, 21, 22, 25, 26, 27, 28, 36, 43].

The groundwater flow has great importance in various fields of science

and engineering like as fluid mechanics, hydrology, environment engineer-

ing, water resource engineering, soil science [1, 6, 10, 11, 29, 30, 40, 34].

Infiltration is the process in which precipitation or water on ground surface

enters into the subsurface soils and moves into rocks through cracks and pore
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spaces. Philip [29] described the development of infiltration equation and its

numerical solution. Srivastava and Yeh [37] described one dimensional, ver-

tical infiltration toward the water table in homogeneous and layered soils by

analytical solutions. Witelski [44] extended the applicability of the Boltz-

mann similarity solution by introducing a time-shift constant to describe the

long time behavior for absorption into slightly wet soil layers. Wojnar [45]

have discussed Boussinesq equation for flow in an aquifer with time depen-

dent porosity. Chavan and Panchal [9] have discussed the solution of porous

medium equation arising in fluid flow through porous media by homotopy

perturbation method using Elzaki transform.

One dimensional groundwater recharge problem is related to hydrology,

environment engineering, soil mechanics, water resource engineering etc. The

flow of water in unsaturated soil has been considered with some specific as-

sumptions. The problem of groundwater flow has been discussed by many re-

searchers with different aspects, like as Klute [16] reduced diffusion equation

to an ordinary differential equation and applied a forward integration and

iteration method, Verma [41] obtained solution of a one dimensional ground-

water recharge for constant diffusivity and linear conductivity by Laplace

transform, Prasad et al. [33] developed numerical model to simulate moisture

flow through unsaturated zones using the finite element method, Joshi et al.

[15] obtained solution of one dimensional vertical groundwater recharge by

group theoretical approach, Nasseri et al. [24] studied solution of advection-

diffusion equation on the basis of the simplified Brooks-Corey model for soil

conductivity and diffusivity.
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3 Definition of the Problem

In the secondary oil recovery process, physical phenomena like as fingering

phenomenon, countercurrent imbibition phenomenon, cocurrent imbibition

phenomenon, fingero-imbibition phenomenon occur in the fluid flow through

porous medium. The mathematical models of 1-D flow in porous medium

were studied with some specific assumptions in the present work. The aim

of the present study was to investigate the behavior of the saturation of in-

jected water in different physical phenomena which are arising in the fluid

flow through homogeneous or heterogeneous porous medium. To study the

infiltration phenomenon through unsaturated porous medium and the solu-

tion of the Boussinesq’s equation for infiltration phenomenon. The objective

of the work is to investigate the behavior of the moisture content of soil in

the groundwater flow when excess water on the ground surface is spreading

in the vertical direction through unsaturated porous medium.

4 Objective and Scope of work

The main goal of the present work is to study the 1-D flow in porous me-

dia. The primary objective of our study is to discuss the one dimensional

mathematical problem arising in the fluid flow through porous media. The

secondary objective is to study the solution of one dimensional nonlinear

partial differential equation by homotopy analysis method. The solution

represents:

• the saturation of the injected water which helps us to predict the

amount of water required to inject for recovering oil,
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• the moisture content which helps us to predict the amount of water

spread in the unsaturated soil.

This type of mathematical model is useful for predicting oil recovery from

petroleum reservoir and for predicting moisture content increase in unsatu-

rated soil. The scope of the current work is to study of problems of 2-D flow

in porous media.

5 Original contribution by the thesis

The original contribution made by the study is created/modified mathemat-

ical models of

• countercurrent imbibition phenomenon in the inclined oil formatted

homogeneous porous medium,

• cocurrent imbibition phenomenon in the inclined homogeneous porous

medium,

• cocurrent imbibition phenomenon in the inclined heterogeneous porous

medium

• fingero-imbibition phenomenon in the heterogeneous porous medium

with magnetic field effect.

The solution of various problems of fluid flow through porous media are

discussed using homotopy analysis method with appropriate boundary con-

ditions.

8



Comparison study of the solution of fingero-imbibition phenomenon in

the heterogeneous porous medium with magnetic field effect and without

magnetic field effect are given.

6 Methodology of Research and Results/Comparisons

We have studied various literatures related to fluid flow through porous me-

dia and done a comparative analysis to find out research gap and problem

statement. The literature survey helped us to define an objective of the

research.

We have used Mathematica BVPh package for nonlinear boundary value

problems [18]. It is a combination of the homotopy analysis method and

the computer algebra system Mathematica, and provides us a convenient

analytic tool to solve many nonlinear differential equations.

We have studied various problems of fluid flow through porous medium

and according to research gap we create/modify the mathematical model

for different physical phenomena arising in two phase flow through porous

medium during secondary oil recovery process.

An approximate analytical solution of one dimensional nonlinear partial

differential equation arising in the oil-water displacement process (instability)

in a homogeneous porous medium is investigated. The homotopy analysis

method has been used to find solution of this equation with appropriate

boundary conditions. The solution interpreted numerically and graphically

using Mathematica BVPh package for homotopy analysis method [18] and it

is compared with the exact solution.
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The mathematical model is developed for the problem of countercurrent

imbibition phenomenon occurring in the inclined oil formatted homogeneous

porous medium. The homotopy analysis method has been applied to solve

mathematical equation with suitable boundary conditions. The c0-curves are

obtained using Mathematica BVPh package.

One dimensional nonlinear partial differential equation for fingero-imbibition

phenomenon arising in two phase flow through heterogeneous porous medium

during secondary oil recovery process is discussed. The homotopy analysis

method is used to solve the equation with appropriate boundary conditions.

Using Mathematica software, the graphical and numerical interpretations of

solution are given. Comparison of the solution of fingero-imbibition phe-

nomenon in heterogeneous porous medium with magnetic field effect and

without magnetic field effect are given.

The mathematical model is developed for cocurrent imbibition phenomenon

in the inclined oil formatted homogeneous porous medium and heterogeneous

porous medium. An approximate analytical solution of the governing equa-

tion is derived by homotopy analysis method. The graphical and numerical

solutions are discussed.

The infiltration phenomenon through unsaturated porous medium has

been discussed. The mathematical formulation yields a Boussinesq’s equa-

tion. The homotopy series solution of the Boussinesq’s equation for infiltra-

tion phenomenon is obtained. The numerical interpretation of solution and

the graphical interpretation of solution are also discussed by Mathematica

software.

The problem of one dimensional groundwater recharge in the vertical di-
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rection is discussed. The groundwater is recharged by spreading of water in

vertical direction and the moisture content of soil increases. On the basis of

linear and nonlinear conductivity and diffusivity functions, three cases are

considered for Brooks-Corey model. The governing nonlinear partial differ-

ential equations has been solved by homotopy analysis method. The proper

value of convergence control parameter for convergent solution has been cho-

sen from c0-curve. The numerical and graphical solutions are obtained.

7 Achievements with respect to objectives

The mathematical models of the problems in fluid flow through porous media

are created/modified for

• countercurrent imbibition phenomenon in the inclined oil formatted

homogeneous porous medium,

• cocurrent imbibition phenomenon in the inclined homogeneous porous

medium,

• cocurrent imbibition phenomenon in the inclined in heterogeneous porous

medium

• fingero-imbibition phenomenon in the heterogenous porous medium

with magnetic field effect.

We have discussed the problems of fluid flow through porous media for

• oil-water displacement process (instability) in a homogeneous porous

medium,
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• countercurrent imbibition phenomenon occurring in the inclined oil for-

matted homogeneous porous medium,

• cocurrent imbibition phenomenon in the inclined oil formatted homo-

geneous porous medium,

• cocurrent imbibition phenomenon in the inclined oil formatted hetero-

geneous porous medium,

• fingero-imbibition phenomenon in the heterogeneous porous medium,

• fingero-imbibition phenomenon occurring in the fluid flow through het-

erogeneous porous medium with magnetic field effect,

• the infiltration phenomenon through unsaturated porous medium,

• groundwater recharge in the vertical direction.

The solutions of mathematical problems are obtained by homotopy analysis

method with appropriate boundary conditions.

8 Conclusion

We have studied the mathematical models of different physical phenomena

like as fingering phenomenon, countercurrent imbibition phenomenon, cocur-

rent imbibition phenomenon, fingero-imbibition phenomenon which are aris-

ing during secondary oil recovery process. We have discussed the infiltration

phenomenon through unsaturated porous medium and an approximate an-

alytical solution of the Boussinesq’s equation for infiltration phenomenon.
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Also we have investigated the mathematical model of groundwater recharge

in vertical downward direction through unsaturated porous medium. All the

problems are consider in one dimensional fluid flow and then the governing

equations come in the form of one dimensional nonlinear partial differential

equations. Homotopy analysis method is adopted to find solution of nonlin-

ear partial differential equations with appropriate boundary conditions. The

solutions are interpreted graphically as well as numerically using Mathemat-

ica BVPh package for homotopy analysis method.
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