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1 Abstract 

    Theory of   differential equations, whether of ordinary or partial, is the heart of Calculus- the 

most omnipotent branch of Mathematics. The formulation of representative problems that arise 

in any physical sciences and engineering, are modelled by partial differential equations. So to 

study partial differential equations is of main interest and necessity to researchers.  

    Real world problems in many diverse areas, like aero-dynamics, elasticity fluid dynamics, 

heat transfer, optics, acoustic, meteorology etc. are modelled by partial differential equations. 

All the basic equations behind any physical phenomena are either linear or non-linear, partial 

differential equations. Hence to understand any physical problem, thorough study of theory of 

differential equations is definitely required. The class of differential equations, which can be 

solved analytically, is much more limited, compared to that of, which can be solved by 

numerical methods. But, it is the theory of analytic methods only, which provides a platform to 

develop various numerical methods, too. So, one is tempted to study analytic methods, with the 

aim to develop deep understanding of fundamental concepts.  

      According to G.F.Roach, “A newcomer to the subject is often required to read through a 

great deal of mathematical analysis spread throughout a number of different books,  where 

perhaps rigour rather than potential application is the first consideration,  before he is in any 

position to judge whether or not any particular technique is applicable to his own specific 

problem.”  Keeping all these points in mind, here in this research work, a comparative study of 

different analytic methods is considered, with a view, to develop insight.   

          Partial differential equations, particularly second order partial differential equations, with 

their types, Strum - Liouville Eigen Value problems, Problems with Dirichlet conditions, 

Neumann Conditions, Robin conditions, Problems with homogeneous boundary conditions, 

non-homogeneous boundary conditions, Non-homogeneous problems, Problems with finite 

domains and infinite domains, problems in polar form, Bessel’s equations, all the varieties  are  

covered, rather more weightage is given to infinite domain problems in this research work. 

Modifications required to be done to the solutions obtained for infinite domain problems, to 

solve semi-infinite domain problems, are also derived, introducing method of images. Dirac 

Delta function, Gaussian curves and Gauss-Weierstrass Kernel  representations are powerful 

proven tools to understand behavior of solutions. Their relations with Fourier analysis are 

discussed in details. A few boundary value problems, collected from different branches of 

engineering, are solved to illustrate the methods, out of which four are published as research 

papers in distinct journals. 
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        This research work is organized within six chapters. 

(1)  Introduction: 

(a) Partial Differential equations, Definitions, Their types,  Types of problems, Types of 

conditions, General Strum-Liouville Problems 

(b)  Some useful functions: 

      (i) Dirac Delta Function (ii) Heaviside Unit Step Function (iii) Normal distribution 

function  

(2) Introduction to various Analytic Methods with applications:  

       (a) Eigen function Expansion Method using separation of variables  

       (b) Fourier Transform Method  

       (c) Green’s function method 

       (d) Laplace transform method  

    (3) Heat Equation and Solution to Heat Equation: 

            Homogeneous, nonhomogeneous equations on finite or infinite or semi-infinite domain  

           using various methods. Explicit representation of a solution using Gauss- Weierstrass 

           Kernel, Solution of some examples  

(4) Poisson’s Equation and Solution to Poisson’s Equation 

Solution of homogeneous, nonhomogeneous problems on finite or infinite or semi-

infinite domain using Green’s function method. Determination of Green’s function, 

using various methods such as:  

 (a)  Method of Eigen function expansions  

 (b)  Direct method 

 (c)  Using infinite space Green’s function by removing singularity  

 (d)  Method of images using infinite space Green’s function 

(5) Wave Equation and Solution to wave Equation: 

For one-dimensional wave equation, method of characteristics is introduced firstly on 

infinite region and then required modifications to be done to solve semi-infinite and 

finite domain problems are discussed.  How to solve wave equation using Green’s 

function Method, is also discussed.  

(6) Conclusions- Summary - Scope of this research work: 

As this research work is regarding comparative study of analytic methods, those points, 

which need to be highlighted as summary, are listed. Not only in Mathematics, in any 

applied sciences, boundary value problems are inescapable, the scope of study of 

analytic methods, used to solve partial differential equations, remains widely open. 
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2   Brief description on the state of the art of the research topic: 

     Real world problems in any physical situations of different discipline of engineering and 

science are modelled by partial differential equations along with the conditions. In other words, 

boundary value and/or initial value problems are generated. To solve those modelled problems 

we need to develop methods, which can be applied to obtain solutions and justify the stated   

initial and boundary conditions corresponding to the problem.  

      Nowadays, to solve a boundary/ initial value problem, trend is towards numerical methods. 

There are many numerical methods which are helpful to solve partial differential equations and 

to give approximate solutions of the problem. Numerical methods are programmable also. But, 

it goes without saying, that the platform to solve the problem numerically is being provided by 

the theory of Analytic methods only. More ever analytic methods provide us exact solutions of 

initial and boundary value problems under some suitable assumptions. The theory of Analytic 

methods has its own beauty and importance.  

     For the given problem, there may be many different analytical methods available, one needs 

to understand that out of those methods which one would be more suitable and applicable to 

the problem under discussion. The conceptual understanding plays vital role in the selection of 

an appropriate analytic method.  As Sir David Hilbert, 1900  (In Paris Lecture) said “ Each 

Progress in Mathematics is based on the discovery of stronger tools and easier methods,  which 

at the same time makes it easier, to understand earlier methods. By making these stronger tools 

and easier methods his own, it is possible for the individual researcher to orientate himself in 

the different branches of Mathematics.” 

   Among all analytic methods, like Eigen function expansion method, Fourier series and 

Fourier transform method, Laplace Transform method, Green’s function method and many 

others, available to deal with boundary value problems, Green’s function method possesses a 

remarkable place.  Historically differential equations were used to be solved by converting 

those into integral equations. Even today also, an integral equation representation of a 

boundary value problem together with corresponding boundary conditions, is much more 

preferred to apply numerical techniques. The Green’s function method was introduced by G. 

Green in 1828. However method was introduced a long back ago, it was somewhat less learnt. 

Comparatively this method has begun to emerge as a potential tool after the usage of the 

abstract mathematical analysis and advanced theory of differential and integral operators. In 
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this method, we have to determine a certain function, which will remain same for all boundary 

value problems, having same governing equation. That is this method gives explicit solution, 

means once, corresponding Green’s function to a boundary value problem is determined, we 

simply have to substitute it, along with initial and/or boundary conditions in derived formula, 

which is most probably in integral form, to find out required solution. So, it is not the case that, 

for every distinct problem, but with same governing equation, we need to determine distinct 

Green’s functions.  

     In this research work, more weightage is given to Green’s function method compared to 

other analytic methods, but at the same time, as there prevails a large variety of boundary value 

problems and initial and/or boundary conditions, it is discussed that for which type of 

problems, it would be better to use other than this method, with thorough explanation. The 

Dirac Delta function, Heavy side step function, Gaussian and Normal distribution and their 

Fourier transforms, are introduced.  Their relationship with Green’s function method is also 

discussed.  

   It is my humble effort to provide a comparative study of analytic methods, by which one can 

acquire more comprehensive understanding. 

3     Definition of the Problem: 

    To introduce and study different analytic methods, the most common partial order equations, 

particularly second order partial differential equations are utilized, with their types and 

varieties.  Strum - Liouville  Eigen Value problems, Laplace equation, heat equation, wave 

equation, Problems with  Dirichlet conditions, Neumann Conditions, Robin conditions, 

Problems with homogeneous boundary conditions, non-homogeneous boundary conditions, 

Non-homogeneous problems, Problems on finite domains and infinite domains, all these 

varieties and the methods to solve them are gradually discussed, starting from elementary and 

well-known methods to advanced  methods.  Fourier Analysis, with its very powerful tool,  

namely  “convolution”  is introduced and utilized freely.  Help of Dirac Delta function and 

Gaussian curves, together with Fourier analysis is taken. Solutions   are obtained for finite 

domain problems as well as infinite domain problems. For semi-infinite domain problems, 

solutions obtained for infinite domain problems are modified using method of images. 
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4   Objectives and Scope of the work: 

 

         The objectives of this research work are as follows: 

(1) To provide conceptual understanding about  prevailing analytic methods to solve  

      partial differential equations. 

(2) To provide an approach based on differential and integral operators introduced by 

 modern functional analysis. 

(3) To provide an introduction to Fourier Transform method - Fourier Analysis and to 

highlight, its strong relations with electrical engineering, civil engineering….. 

(4) To provide thorough understanding for the Green’s function method and to select 

       an appropriate expression of Green’s function, subject to the conditions and the   

      corresponding location of the point of the system. 

(5) To provide a self-contained and comprehensive literature to acquire insight to 

tackle with initial and boundary value problems. 

(6) To make realize a feel for the unity and integrity of Mathematics by highlighting 

interrelations between apparently seeming, quite different subjects. 

 

  Scope of this research work : 

          Nowadays, Green’s function method has emerged as a powerful analytic method. 

          We can summarize scope of this research work as follows: 

(1) In any branch of engineering or applied science, any researcher has to encounter 

partial differential equations and boundary value problems in his own field and 

study.  This research work can serve as a guideline to solve those problems. 

(2) Theory of Green’s function method is not only a tool to solve a boundary value 

            problem, it is also a means of reducing a differential equation into an integral 

            equation. This point seems to be very attractive to those, who are primarily interested 

            in developing numerical techniques and algorithms to obtain solutions of boundary 

            value problems. 

(3) Green’s function method also helps in studying Schwartz Distribution Theory and 

            the space of testing functions. (A testing function    is a continuous function, which has 

            continuous derivatives  of all orders and which vanishes outside a certain finite interval) 
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5 Original contribution by the thesis 

 While solving the problems under discussion, appropriate expressions of solutions are 

selected with explanation. Expressions involving Dirac delta functions and Heaviside unit 

function are derived with full details. The Dirac Delta function, denoted by   ,  is  defined 

as      ( )  {
                
               

     with    ∫  ( )    
 

  
 

       The Heaviside unit function, denoted by    is defined as   ( )  {
              
               

    

 The representation of  function in terms of the derivative of      is also shown. 

 While studying Green’s function method, all the steps of derivations of the    

            following formulas  are shown: 

(a) For Poisson Equation: 

 Green’s function for  infinite plane  
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 Green’s function for rectangle  (0<x<L, 0<y<H) - the method of 

multiple images 
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(b) n -dimensional infinite space Green’s function for heat equation 
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(c) The Green’s function  for one dimensional wave equation for infinite domain 
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                               Expressing  (         ) in terms of Heaviside unit step function, 
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(d) the Green’s function for three dimensional wave equation for infinite domain 
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  6    Methodology of Research and Results/Comparisons: 

              To introduce and illustrate the method, firstly very simple problems are selected and 

theory to solve them is developed, step-by-step, from easy to complex. 

           As for example, to introduce Green’s function, firstly a simple boundary value problem 

is solved by an elementary, well-known method and then it is shown that how the Green’s 

function for that problem, arises in quite natural way and what physical meaning, it bears. The 

concrete framework is then furnished by including necessary definitions and functions. Finally 

what properties are being enjoyed by these Green’s functions, are derived with their physical 

meanings.   
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     As for example,  

(1) For the differential equation,     
   

            ( )            ,   the required  

two-point  Green’s function   (   )  should satisfy              (   )  where 

  is Dirac Delta Function. Here   (   )  can be interpreted as that displacement of the 

system which is due to an applied force of density   concentrated at the point  

      [2] 

(2) For the non-homogeneous heat equation,    
  

  
       (   )  with initial 

condition     (   )   ( ), where       
  

     
  

    
  

    
  

            

    (           )  and       (                  ), depending upon the 

value of  dimension    the required Green’s function  (         )  should satisfy,   

  

  
        (    ) (    ) 

Here  (         )  can be interpreted as the temperature response at    at time   

due to a source located at     at starting time        [1] 

 

7 Achievements with respect to objectives 

 

(1) A comprehensive and self-contained literature introducing analytic methods to 

solve partial differential equations of various types has been prepared. 

(2) Achieved, a sense of profound learning of these techniques and to acquire 

capability to solve BVPs. 

(3) Achieved a sense of high appreciation towards excellent ideas innovated and 

cultivated by great mathematicians. 

(4) Achieved capability of expressing a situation involving an impulse, using Dirac 

Delta function and its derivative. This point helps to express and understand many 

engineering problems. 

(5) Realized that Fourier analysis and Electrical Engineering are very deeply related. 
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8 Conclusion 

 

(I) If problem under study has circular symmetry and boundary conditions are 

such that   the required solution is finite at origin, then it is advisable to 

solve problem using Bessel’s functions.  Many problems of this type are 

solvable using Bessel’s Functions. 

 As for example: 

                              To solve the two dimensional heat equation   
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/   ( )  

                              with circularly symmetric time independent sources,  and boundary 

                               condition as    (   )    and initial condition  (   )   ( ), then using 

                              Bessel’s  function, solution  will be   
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(II) The  -dimensional infinite space Green’s function for non-homogeneous  

heat equation  
  

  
       (   )  on infinite domain, is  

   (         )  
 

(  ) 
0

 

 (    )
1

 

 
 

 (    ) 

  (    )    

                                    (a)     is a Gaussian function centred at       . 

                                    (b)     is symmetric about response and source position if the elapsed  

                                           time is same. 

                          The solution  (   ) to this equation (for n=3) is: 

                            (   )   ∫ ∭ (         ) (     )
 

 
           

                                      ∭ (   ) (        )      

                                      ∫ ,∯  ( (          )    
      

 (          ) )   ̂    -   
 

 
 

                     Here,  

(a) The term  ∫ ∭ (         ) (     )
 

 
        implies the contribution 

                  due to the  source term   (     ) in which the Green’s function  (         )  

                  acts as the influence function. 

(b)  The term  ∭ (   ) (        )     implies the contribution due to initial  
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    function    (   ) in  which the Green’s function  (        ) is  the influence  

    function. 

(c) The term  ∫ ,∯  ( (          )    
      

 (          ) )   ̂    -   
 

 
  

    implies  the  contribution  due to non-homogeneous boundary conditions. 

                Thus all the types of non-homogeneity are covered. 

     

  (III)  The Green’s function for one-dimensional heat equation on semi- infinite domain, is   

         (         )  
 

√   (    )
 ( 

 (    ) 

  (    )   
 (    ) 

  (    ) ) 

                  Here   is physically measurable quantity. If     is very large compared to  

                    (     )  that is the product of  distances of response  location    and  source 

                location     from origin is  sufficient large   compared  to   (     )   

                 (provided neither    nor     is near to boundary ) then the contribution from  

                 the term   
     

  (    )  can  be neglected.  Hence for such cases, Green’s function for 

               semi-infinite domain can be approximated by  infinite domain  Green’s function. 

                That is, for semi-infinite problem also, 

                    (         )  
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 ( 

 (    ) 

  (    ) )    if          (     ). 

 

(IV)   (         )    
 

(  ) 
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    (    )      (    ) 

  
    

 

  
 is   dimensional,  

infinite domain Green’s function. So the solution  (   )  to    dimensional, infinite 

domain inhomogeneous wave equation,  
   

           (   )  is  

            (   )    ∫ (∭ (         ) (     ) 
   )   
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(    ) (         )  

                                (    )
 

   
 (         )1         ∫ 0∯  . (     )   

 (         )  
 
  

 

                               (          )   
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   This formula covers all the three types of non-homogeneous terms. The first integral 

on R.H.S. shows effect of nonhomogeneous source term  (   ) to the response, the 

second integral shows effect of initial conditions and the third integral shows effect of 

nonhomogeneous boundary condition ( if it is given) and as on the  boundary,     will 

be zero, contribution of this third term will be only   

    ∫ 0∯  . (     )   
 (         )/   ̂     1

 
  

 
    . 

 So any kind of non-homogeneity can be treated by this single formula. 

 

(V) However, using Green’s function method, the wave equations, with all the types of 

non-homogeneity, can be solved, but, if problem has no any non-homogeneous 

boundary or initial conditions, it would be better to solve wave equation using  

method of characteristics. In this method, the general solution of one-dimensional 

wave equation, 
   

        
   

       is, 

    (   )   (    )   (    )   where    and   are arbitrary functions.  

Thus the general solution is expressed as sum of two waves  (    ) and 

  (    )  where  (    ) is a wave of fixed shape traveling to the right with 

velocity     and   (    ) is a wave of fixed shape traveling to the left with velocity 

     Here    and   can be determined using initial  conditions. Say, initial conditions 

are given as:       (   )   ( )                        

         and            
  

  
(   )   ( )                       

Then   (   )  
 

 
 ( (    )   (    ))   

 

  
 ∫  ( )  

    

    
 

This expression of solution to wave equation seems more natural. 

 It is known as  D’Alembert’s  Solution. 

 

(VI) The solution to the one-dimensional  wave equation on semi-infinite domain  ( either 

on      or on      ) with  (   )   , is the same as an infinite domain problem 

with the initial positions  (   )   ( ),  and initial velocities  
  

  
(   )   ( )  

extended as odd functions. 
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(VII)    To obtain the solution for a vibrating string of fixed length    using method of 

characteristics, first the problem must be extended to infinite domain problem by 

extending the initial conditions as odd functions (around    ) which are periodic 

with period   . Then utilizing method of characteristics with D’Almberts solution, 

solution to the wave equation on  finite length    can be obtained. If  the string is 

initially at rest, that is, 

  ( )   
  

  
(   )   , then its periodic extension is also zero for all  . 

Hence   (   )  
 

 
(  (    )   (    )), where  ( ) is the odd periodic 

extension of the given initial position. This solution is much simpler than the 

expression of the solution obtained, by using Fourier sine series. 
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