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Case Studies of Inquiry and Integration in Class Sessions  

Class Session 2 in the COEP Course “Thinking, Inquiry and Research    
Mohanan 

Dear friends,  

With the hope of clarifying the nature of Inquiry-Oriented Education in the classroom, I would like to 
share with you my experience of the second class session (Saturday 2 August) in the course “Thinking, 
Inquiry, and Research” in College of Engineering Pune”.  

The first class session (26th July) was an attempt to demonstrate the core elements of mathematical 
inquiry, using questions such “What is a square?” “What is a rectangle?”, “Is a square a rectangle?” and 
“What is a straight line?” The exploration of these questions aims to nurture the ability to construct and 
evaluate definitions, one ingredent of which is the ability deduce the predictions/logical consequences of 
definitions and match them against one’s judgments, such that if there is logical inconsistency, either the 
definition or the judgement should be changed.  Prohibition of logical inconsistency and deducing logical 
consequences are two of the central pillars of rational inquiry.  

The second session began with something that was left over from the previous one. In response to the 
question “What is a straight line?” one of the students had suggested the ‘definition’ that  

a straight line is the circumference of a circle with infinite radius.  

This response needed to be engaged with, particularly because it pointed to a lack of understanding of the 
concept of infinity (infinity is not a number, it is a property of neverendingness in a series of process) and 
limit.  

I began by reminding them of the difference in the curvature of a circle with a small radius and a circle 
with a greater radius. As the radius increases, the curvature decreases. Now, curvature is deviation from 
straightness, so when the curvature of a line decreases, it approaches straightness.  

Does the process of approaching straightness (= decreasing curvature) ultimately end at straightness ( = 
get to the state of zero curvature)? In the language of calculus, we can say straightness (=zero curvature) 
is the limit of the process of the decreasing curvature resulting from the increasing of radius. But does the 
increasing of radius resulting in the circumference of a circle becoming a straight line?   

This is where it is important to understand that “X approaches Y “ (or X tends to Y”) does not mean “X 
reaches Y”. Take for instance, the following recursive operation that moves from point 1 to point 2 on a 
numberline.   

Operation A: move half the distance from X to Y. 
Operation B: move half the remaining distance.  
Continue performing operation B.   

At every step, you move closer and closer towards the target, but since it moves only half the remaining 
distance, it will never reach the target, no matter how small the remaining target.  If the total distance 
from X to Y is one kilometer, half a kilometer would be left after the first step, a quarter kilometer after 
the second step, one eightth of a kilometer after the third, 1/16th after the fourth, and so on. Even if at 
some stage  the remaining distance is 0.000001 mm, there would still be 0.0000005 mm after the next 
step. The gap would approach zero, never become zero.  

In other words, the number of steps in the process of moving from X to Y is infinite (it is never ending) 
and Y is the limit of the process (in the sense that it will never cross Y), but the process will never reach 
Y.   
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The limit of the process of decreasing the curvature of the circumference a circle by increasing its radius 
is that of a straight line, but will the process ever result in the circumference becoming a straight line? The 
answer is no.  An ant moving from a point on straight line in a given direction will never get back to the 
starting point, but an ant moving from a point on a circle, however large, will get back to the starting 
point.  

Notice that if the curve is not a circle, it is indeed possible to reduce its curvature until it becomes a 
straight line. A straight line, in other words, can be viewed a curved line whose curvature is zero, but not 
a circle because a circle’s curvature can never be zero.  

A question that came up in class at this point was “Can a very short line segment of the circumference of 
a circle with very large radius be a straight line? The answer is no. The curvature of a segment of the 
circumference of a circle will approach zero, but never become zero. This is easy to show, because a line 
segment in Euclidean geometry, however small, has an infinite number of points, and hence the distance 
from the center to the two end points will always be less than the distance from the enter to a mid point.  

This is not true if we define a line as being made up of a connected sequence of points such that no point 
has more than two neighbouring points. (This would not be Euclidean geometry in which between any 
two points, however small, there is infinitely many interventing points.) If we define line this way 
(resulting in discrete geometry) the shortest possible line would be one with two points. In such a 
geometry, a two-point line can be part of a circle, and yet be a straight line.  

What I have summarised above is a classroom engagement with the students’ definition through rigorous 
mathematical thinking, without formal symbols and symbol manipulation, without calculation. This is a 
valuable mode of functioning that students are typically not familiar with in their regular math classes.  

After this brief stretch of mathematical inquiry, we switched to conceptual inquiry. I gave a two minute 
intro to conceptual inquiry by saying that both mathematical and conceptual inquiries involve defnitions, 
axioms, and deducing the logical consequences of definitions and axioms. Their primary difference lies in 
that while mathematics seeks to understand logically possible worlds, conceptual inquiry seeks to 
understand abstract human concepts, including those in mathematics, science and philosophy.  

For practice, I started with the following question for practice: 
What do the students in Thinking, Inquiry, and Research need to learn in order to be successful in 
their life by the time they are thirty years old?  

The students immediately saw that in order to answer this question, they needed to define success. I was 
quite pleased by this, because their response suggested that they were already sensitized to the value of 
defining concepts before investigating questions that crucially depended on them. I divided the class into 
three groups, and gave them a few minutes to come up with definitions of success, one definition per 
groups.  

They came up with four. We raised the question whether the four definitions were distinct, in the sense 
they were expressing different propositions, or whether they were equivalent, in that they were different 
ways of expressing the same propositions. If they were distinct, we had to choose between them, but if 
they were equivalent, there was no need to make a choice.  

How do we choose between definitions of concepts? In the case of definitions of concepts like triangle, 
square, and rectangle. the first strategy was that of checking if the logical consequences of the definitions 
agreed with our intuitive judgments. If they didn’t we had to change either the definition or the judgment. 
The second strategy was to find out which definition yielded the simplest predictions for the widest range 
of what needed to be predicted. To use a similar strategy in conceptual inquiry, we resort to thought 
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experiments, that is, construct imagined scenarios and assign our judgements to them. For instance, we 
ask,  

“Jamie wanted to be an internationally famous dancer. His parents won’t let him go to a dance 
school. He ended up becoming one of the wealthiest entrepreneurs in the world. Did he have a 
successful life?”  

We tried out a few such thought experiments, and discovered that all the four definitions yielded the same 
judgement. So we decided that, to the best of our knowledge, they were equivalent.  

I don’t remember their definitions, but all of them involved the concepts of values, goals, and achieving 
these goals. The basic idea in all of them was that ‘success’ is relative one’s goals, and that individual i be 
judged to be successful with respect to goal g if i achieves g.  The next step was to list the students’ goals, 
and value system that priorized one goal over the other.  If you value both friendship and fame, and if you 
had to choose between the two, which would you sacrifice?  

I started out by writing ‘money’around middle of the white board. If they valued something above money 
(i.e., they were willing to sacrifice money for the other thing if there was a conflict) I would write it above 
money, and if it was the other way round, I would write it below money. This lead to the discovery of 
different value systems for different students.   

I pointed out that in order to calculate the decisions we make on the basis of such value systems and 
goals, we need a system of defeasible logic.  We didn’t have time to go into the demonstration of how 
defeasible logic worked in such cases.  
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