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Dear friends,  

In our posting “Introduction to Inquiry through geometry inquiry in Class 5” (Thu, Jul 24, 2014), 
Madhav, Vagish and I gave an example of how a class session  (or a sequence of class sessions) in an 
elementary school can be used as a case study that aims at a cluster of inquiry abilities. We also pointed 
out that the same class session is simulteneously a case study of a cluster of trans-disciplinary concepts. 
Trans-disciplinary concepts are concepts such as trait, change, history, evolution, definition, 
classification, classificatory systems, justification, system, structure, or function that integrate both 
knowledge and inquiry.  I would like to share with you my experience of another such class session case 
study.  ((We can also use a section, a chapter, or a sequence of chapters in a school textbook as a case 
study of a inquiry abilities and trans-disciplinary concepts, but that is for another posting.)   

Background: After a two hour workshop on Inquiry-Oriented Education that I conduced in College of 
Engineering Pune (COEP) a few months ago, we had a series of discussions during which it was decided 
that COEP would introduce an elective course on rational inquiry, and that I would provide all the help I 
can to set it up. The first class of this course was the day before yesterday (Saturday 24th). The name of 
the course is “Thinking, Inquiry and Research”.    

After the round of self-introductions, I used the remaining time to address the following questions.   

• What would the students learn from this course? 
• What value does this learning have for their undergraduatre program in COEP and for their 

subsequent professional, public and personal lives?  
• What learning strategies should they adopt to to do well in this course.  

The response to the first question was that they would learn a set of  trans-disciplinary inquiry abilities. 
This answer raised the question “What is inquiry?” and “What are inquiry abilities?” Inquiry is the 
process of looking for an answer to a question to arrive at a conclusion. We may view it as “research level 
0” in that research is inquiry that aims to make a contribution to collective knowledge, so the capacity to 
engage in inquiry (without necessarily aiming at contribution to collective knowledge) constitutes the 
foundations for subsequent research, say, for the research project that the COEP students need to do in 
their final year. The focus of our course would be on the process of inquiry, not so much on the product of 
inquiry, even though the process does pay considerable attention to the critical evaluation of the product, 
namely, a body of knowledge.   

I then proceeded to distinguish between the kinds of questions that students are exposed to in traditional 
examinations and classrooms, and the inquiry questions that they would be exposed to in the inquiry 
course. (There is a discussion of inquiry questions and traditional exam/classroom questions in the video 
video “2004 Introduction to Rational Inquiry 01” (http://www.youtube.com/watch?v=N38JHwPveSw) at 
the youtube channel IISER Pune Sci-Ed)  

As an example of the process of inquiry, I mentioned the class session on geometric shapes in class 5 
(what was discussed in our previous posting.) The topic was reassuring for COEP students because the 
knowledge content was at a basic level: that of class 5. I told them about our drawing figures on the 
blackboard and asking the children if they knew the terminology for the figures.  

I wanted the COEP students to address the questions that were put to the class 5 students in Mehrauili. 
When I pointed to the triangular figure on the black board and asked “Why  do you say this isn’t this a 
rectangle?” the COEP students said “Because it doesn’t have four sides.” “What is a rectangle such that 



this is not a rectangle?” I asked. On the whiteboard, I wrote down their response as a definition of 
rectangle:   

A figure is a rectangle if and only if it has four sides. 

followed by their correcponding definition of triangle as  

A figure is a triangle if and only if it has three sides.  

   ***   ***   *** 

Upto this point, the Mehrauli class and the COEP class proceeded the same way. From here onwards, they 
diverged. When I pointed to the square figure and asked, “This has four sides. Is it a rectangle?” the 
COPE students said yes. Is this both a square and a rectangle? Everyone said “Yes.” (Well, at least those 
who spoke up said yes: if anyone thought ‘No”, (s)he didn’t say it aloud.)  

I was expecting them to say “No”,  so I was a little surprised by their response. So I recounted my 
experience with class 5 students in Mehrauli five days earlier, when they said who no in response to the 
question, assuming that squares and rectangles are distinct: a square is not a rectangle. This is an 
important conceptual difference  (the narrow vs more general concepts), not merely a terminological 
difference.  It also points to an important difference here between two competing classificatory systems, 
one that goes for a hierarchical structure of categories (a square as a sub-category of rectangles), and the 
other that goes for mutually exclusive categories (square as distinct from rectangle, such that a square is 
not a rectangle.) How do we decide which is better one? (as distinct from “Which is the correct one?” ) 
This, I said, we would discuss at a later stage.   

I went back to their definition of the rectangle. I drew the picture of a parallelogram and asked “Is this a 
rectangle?” They said no. I pointed out that their judgment on this figure does not fit their definition of 
rectangles. They were quick to see the logical contradction between the definition and the judgment. 
Their solution was to modify the definition to: 

A figure is a rectangle if and only if it has four sides and all the angles are 90 degrees.  

What is 90 degrees, I asked.  Is it just the numbers on a protractor? What if you had different protractors? 
For instance, a protractor in which the number at the opposite end of 0 is 100 instead of180 (the matric 
calibration of protractors). Would you use that protractor and say that all angles of a rectangle must be 90 
degrees?  

No, they said. We would then say 50 degrees.  

What is the basic idea that you are trying to express, regardless of the system of calibration? Can you state 
the condition on the angles of a rectangle without using  measurement tools?   

One student said that each side of a rectangle must be perpendicular to its adjacent sides. That was a good 
move, but it raises the question “What do we mean by perpendicular?” 

One of the students said “Perpendicular means vertical.” (You might remember that  the concepts of 
vertical and horizontal were one of the problems that the Mehrauli students had. )  So I drew two slanting 
lines at right angles and said “Neither of these is vertical, so would you say neither of them is 
perpendicular to the other?”  

This journey helped them understand that the idea they were groping for when they said “90 degrees” and 
“perpendicular” was that of right angle. One student finally suggested the following idea. If we divide the 
circumference of a circle into four equal parts, call them AB, BC, CD and DA, and then draw straight 
lines AC and BD, the angles between them would be AC and BD would right angles.  



Excellent, I said. Now can we remove the circle out of the picture?  If you have two lines intersecting, 
under what conditions would you say that all the angle are right angles? This immediately helped them to 
get to the following definition:  

The angle between two lines is a right angle if and only if when the lines are extended and they 
intersect, all the angles of intersection are equal.  

This led to the revision of the earlier definition of rectangle as follows: 

A figure is a rectangle if and only if it has four sides and all the angles are right angles.   

This was indeed progress.  But the journey continued. On the blackboard, I drew the following picture of 
a figure composed of four curved lines that meet their adjacent lines at right angles.  

 

Is this a right angle?  
No.  
But from your definition it follows that it is.  
That is true. So we have to modify our definition as: 

A figure is a rectangle if and only if it all the sides are 
straight, and all the angles are right angles. 

Very good, I said. But now tell me, what is a straight side?  

They said a path from point A to point B is straight if and only if it is the shortest path. But this led to the 
question “Under what conditions do we say that one path is shorter than the other?” Implicit in this 
question is the question “What do we mean by length?”  

The subsequent discussion that required some exposition on my part led to the following realization: if we 
follow Euclid in viewing a point as an entity with zero dimension (zero length, zero width, zero 
thickness), then we cannot view a line as being made up of points such that every point (except the end 
point) has two adjacent points. Hence, it is impossible to define the length of a line AB as the number of 
points AB contains. There is no clear definition of length in Euclid, so it remains as a primitive intuition. 
Since we do not have an answer to the question “What is length?” we do not have an answer to the 
question “What is a straight line?” and hence no answer to the question “What is a rectangle?” (or what is 
a polygon?”) (For the details of this problem, watch “Conceptual Inquiry Part 1 at 
http://www.youtube.com/watch?v=ioeHxbMj51E)  

I pointed out that the problem does not arise if we abandon Euclid’s idea that a point has zero magnitude. 
Suppose we think of a line from A to B as being composed of a set of finite points such that if we set up a 
procedure of dividing it and dividing the output. If a point has unit magnitude, the procedure comes to a 
stop when we divide a two point line into two points. In contrast, the procedure never ends if a point has 
zero magnitude. If a point has non-zero magnitude, we can define length, area and volume of a one 
dimensional object, a two dimensional object, and a three dimensional object respectively as the number 
of points it contains. This is not possible if points have zero magnitude, because between any two points, 
however close they are, there is an infinite set of points. 

We then had a brief discussion of the views of the nature of matter in Arisotle and Democritus. Aristotle 
held that matter is infinitely divisible, like the rational number line. In contrast, Democritus held that if we 
keep splitting up matter at some stage we get to the indivisible particle of matter, when the process of 
splitting has to stop. He called it atomos, a Greek word which means ‘that which is indivisible.’ Modern 
physics subscribes to the view that matter is made up of indivisible fundamental particles/strings, and 
hence subscribes to the discretist view. The appropriate geometry for the modern view of matter, 
therefore, is discrete geometry, not Euclidean geometry.  Discrete vs. gradient is an important  trans-



disciplinary distinction that we will come across in almost every field of inquiry, so I intend to return to it 
several times.    

  ***   ***   *** 

Somewhere in between, we went back to the issue of a square being a subcategory of a rectangle vs 
square and rectangle being distinct concepts. I pointed out that the issue here is that of critically 
evaluating classificatory system. As an example outside geometry, I mentioned the classificatory schemes 
in biology. Aristotle, for instance, held that all animate entities are divided into humans and non-humans, 
and non-humans are divided into plants and animals. In contrast, Karl Linneaus held that all entities are 
divided into animate and inanimate, all animates are divided into plants and animals, and that humans are 
mammals that come under the category of animals.  
 
   Aristotle     Linnaeus  
   entities      entities 
 
  HUMAN  non-human   animate  inanimate   
              
   animate  inanimate      animal     plant        
           : 

animal    plant            :  
    :  
    :     mammal   non-mammal    

          : 
mammal non-mammal              : 
     HUMAN   

Both involve hierarchies of categories, but they differ in the particular structures they choose. Which of is 
the better one? Students said the Linneaus system. Why? Because it was Darwin who proposed it, they 
said. I pointed out that the justification of an idea by an appeal to authority is inadmissible in scientific 
inquiry. It cannot be the case that we judge something to be true simply because some authority says it is 
so. This is the style used in advertisements and political propoganda. For us to accept something as true in 
science, we need to provide observatoinal evidence nd the thread of reasoning from independently 
verifiable observations to the conclusion wish to defend. Furthermore, as Nishchay (one of the three 
facilitators for the course) pointed out, Linneaus came before Darwin, so on whose authority do we 
choose between the authority of Aristotle and the authority of Linneaus?  

No answers came up at this point. I will pick up this thread after taking the students through a journey of 
classifying figures in geometry, which will take us to the general problem of choosing between 
alternative classificatory systems, using geometry as an example. Once the general epistemic principles of 
this challenge is understood, I can take them to the extraoridinary muddy waters of biological 
classification and biological trees.   

Yet another thread emerged in the course of our discussion that involved the choice between competing 
alternatives.  While discussing the issue of defining right angle, Nishchay offered the following 
definition: 



The angle between two lines is a right angle if and only if the following condition is met: 
Suppose two lines intersect at point O. If we take points A and B on one line and C and D on the 
other such that AO = BO = CO = DO. If so, AC = AD = BC = BD 
      A 

      
    C O       D 
 
 
     B 

Either of these definitions is adequate to capture our intuition of right angle  and perpendicular. If we 
adopt one of them as the definition of right angle, it is possible to prove the other as a theorem. Are they 
equally good? To answer that question, we need to appeal to the epistemic principle of simplicity. This 
will have to be pursued at a later stage when we would need to present the epistemic principles of correct 
predictions, generality, and simplicity.     

One other thread that came out of this class session was the view of a straight line as the circumference of 
a circle that has infinite radius. I will pick it up in the next class session.  

  ***   ***   *** 

This was a lesson in what may be called conceptual-mathematical inquiry. As in the case of the Mehrauli 
session for class 5, the aim of the COEP session for engineering students was to help the students develop 
the capacity for mathematical thinking and inquiry (as distinct from the skills of  mathematical 
calculations or of manipulating formal symbols.)  In an indirect manner, even though the focus was on the 
process not the product, it also resulted in a deeper understanding of mathematical concepts, and their 
interconnections with concepts outside math.  

What the class session demonstrates is a way of addressing fundamental questions. In geometry, they 
would be  

What is a point? 
What is a line? What is its relation to the concept of point? 
What is magnitude/quantity? (Length is a specific category of size, and size is a specific category 
of magnitude that includes both countable and uncountable quantity.)  
What is orientation (Direction is asymmetric orientation. Vector is magnitude and direction. Angle 
is the magnitude of difference in direction.)  

Even our graduate students spend any time contemplating such fundamental questions.  If research 
institutions are looking for high caliber graduate students, we have to start directing school students 
towards thinking about fundamental questions. Knowledge revolutions happen when research addresses 
deep questions that call for deep thinking, not superficial nitty gritty and technical quesitons that call for 
calculation and symbol manipulation.  

***   ***   *** 

The primary learning outcome of the class session can be described as apprenticeship to the art and craft 
of recognizing ignorance, a central strand of the capacity to pursue high quality research.  As secondary 
aims, it involved such things as the ability to arrive at, formulate, and critically evaluate definitions, and a 
set of abilities associated with the concepts of logical consequence and logical consistency, categories, 
systems of categories, competing alternatives, and so on.  

Let me clarify what I mean by recognizing ignorance. Research is inquiry that aims to make a 
contribution to the existing body of collective knowledge. To do research, we identify and formulate 



research questions and look for answers leading to conclusions that we hope to be incorporated into the 
existing web of knowledge.  A good research question should clearly articulate what we do not know (= 
are ignorant of) in the context of what we know, such that our ignorance can be reduced. In the case of the 
run of the mill research questions, what we do not know is obvious when we read the existing literature. 
But then, there are also regions of ignorance that are not recognized as ignorance, where we have an 
illusion of knowledge. The kind of questioning tactics directed against the concept of straight line and 
length in the class session uncovered an instance of that ignorance, helping students to see that they didn’t 
really know what they thought they knew. This was the essence of the strategy that Socrates used in 
Ancient Greece, with the result that the authorities became so uncomfortable that they decided to execute 
him.  (For other examples of the strategy of unearthing of ignorace hiding beneath the illusion of 
knowledge, see the videos on “What is a solid?” What is circumscription? and “What is social science?” 
in 2014 Introduction to Rational Inquiry 01-07 in the youtube channel IISER Pune Sci-Ed.)  

Such unearthing of ignorance leads to the formulation of research fundamental research questions. When 
successful they transform the web of knowledge in profound ways.   (Uncovering and clarifying  
ignorance is the first step, the attempt to reduce ignorance is the next step.)  

Mohanan 


