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FOREWORD

I am happy to say that the Department of Mathematics, National Sanskrit
University, Tirupati-A.P, is conducting the XXXI Annual Congress of
APTSMS and Inter National Conference on Relavency of Ancient
Mathematics To The Current Digital Trends

during 9" -11%, August, 2022. It provides a platform for researchers and
academicians to exchange their latest views and information about
Mathematics in various fields and to acquire experience from the existing
developments and to explore future evolutions.

I am grateful to Prof.G.S.R.Krishna Murthy, Vice-Chancellor,
National Sanskrit University, for his support and encouragement. I am
thankful to Commander Chall Venkateswar (Retd), Registrar National
Sanskrit University, for his Co-operation. I thank all the Members of
organizing Committee and Supporting Staft of the department who have
supported in a big way to organize this conference.

Tand Also thanks toY.V.Krisna Rao, D.R &Finance officer
(i/c),National Sanskrit University for their financial support to conduct the
conference without which it would have been not possible to organize this
event.

May this conference be successful in every respect I wish every
participant to have a good experience of the conference as well as
recreation at our university.
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Dr.A.CHANDULAL
Head of the Department of Mathematics
National Sanskrit University, Tirupati-A.P
&
Organizing Secretary
XXXI Annual Congress of APTSMS & Inter National Conference on
Relavency of Ancient Mathematics To The Current Digital Trends



ANDHRA PRADESH AND TELANGANA SOCIETY FOR
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OBJECTIVES OF THE SOCIETY

. Promotion of studies and research in all disciplines of
Mathematics (like Pure Mathematics, Applied Mathematics,
Statistics, Computer Science, Astronomy and so on.).

. Provision of a common forum to bring together the
Mathematical scientists to exchange information and views
relating to their respective fields of interest in Mathematics.
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Editorial......

It is heartening to note that our journal is able to sustain the
enthusiasm and covering various facets of knowledge. It is our hope that
[JMER would continue to live up to its fullest expectations savoring the
thoughts of the intellectuals associated with its functioning .Our progress is
steady and we are in a position now to receive evaluate and publish as many
articles as we can. The response from the academicians and scholars is
excellent and we are proud to acknowledge this stimulating aspect.

The writers with their rich research experience in the academic
fields are contributing excellently and making I[JMER march to progress as
envisaged. The interdisciplinary topics bring in a spirit of immense
participation enabling us to understand the relations in the growing
competitive world. Our endeavour will be to keep IJMER as a perfect tool in
making all its participants to work to unity with their thoughts and action.

The Editor thanks one and all for their input towards the growth of
the Knowledge Based Society. All of us together are making continues
efforts to make our predictions true in making [JMER, a Journal of Repute

Dr.K.Victor Bal.)u
Editor-in-Chief

SOCIAL SCIENCES, HUMANITIES, COMMERCE & MANAGEMENT, ENGINEERING &
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Shear Waves in Dissipative Poroelastic Transversely Isotropic Magnetic
Inhomogeneous Solid Located Between Two Initially Stressed Half- Spaces

Chandavath Balu ™" ., Modem Ramesh 2 , Biragoni Radhika 3 , Perati Malla Reddydr

1.4
Department of Mathematies, Kakatiya University, Warangal-506009, T.G_, India.

2 Department of Mathematics, UCT, O.U, Hyderabad-500007, T.G., India.
} Department of Mathematics, Rishi MS Institute of Engineering and Technology, Hyderabad, T.G., India.

* Corresponding author e-mail: balu.ac.987(@ gmail com

Abstract: The purpose of this paper is to study shear waves in poroelastic medium consists of
transversely 1sotropic magnetic solid located between two 1mmtially stressed inhomogeneous half-
spaces. The equations are drawn from that of Biot’s incremental deformation framework.
Boundary conditions at interfaces are employed to obtain frequency equation. Because of
dissipative medium, waves attenuate. The frequency and attenuation coefficient are computed
against wavenumber fixing inhomogeneous parameter, magneto poroelastic coupling factor, and
mitial stress. The numerical results are presented in the form of graphs.

Key words: Shear waves, Magneto poroelastic, Inhomogeneous, Initial stress

1. Introduction

The Earth has a inhomogeneous layer structure, and has effect on the elastic waves. The Earth
crust has the great diversity of metamorphic, igneous and sedimentary rocks. These rocks can
generate magnetic field, because of minerals iron, nickel, and cobalt in them. Hence, these rocks
are the magneto-elastic in nature. The study of seismic waves in inhomogeneous media is
important in Earthquake Engineering and Seismology. The investigation of the SH-waves in
magneto-elastic solids is quite important for the progress of fundamental work in the mechanics
of a magnetic body. The shear waves in visco-elastic mhomogeneous layer placed an initially
stressed half-space is studied by Chatterjee et. al. [1]. In the paper [1], the study of propagation
of shear waves 1n an 1sotropic mitially stressed visco-elastic, heterogeneous layer lying over a
homogeneous half-space is made. The SH-type wave in an anisotropic layer located between an
orthotropic medium and an in-homogeneous half-space 1s made by Sultana and Gupta [2]. The
shear waves in monoclinic irregular layer is investigated by Chattopadhyay et. al. [3]. In the
paper [3], the horizontally polarized shear waves m an internal magneto elastic monochme
stratum with lower irregular interface is investigated. Sindhuja et. al. [4] studied shear waves in
poroelastic magneto medinm between self-reinforced poroelastic medium and half- space. In the
paper [4], the reinforcement, inhomogeneity and initial stress effects on the shear waves is
studied. Reddy et. al. [5], studied SH-waves in an initially stressed triclinic layer between
transversely heterogeneous isotropic poroelastic half-spaces. In the paper [5], the SH-waves in an
initially stressed triclinic layer welded between two half-spaces is studied. Using Biot’s theory,
the shear waves in a transversely isotropic poroelastic layer between two elastic layers is studied
[6]. The paper [7] deals with shear wave propagation in fiber-reinforced poroelastic medium
between two dry sandy poroelastic half spaces. Balu et. al. [8] studied shear waves in magneto-
poroelastic isotropic dissipative medium between two poroelastic half-spaces. SH-wave
propagation in magneto-elastic anisotropic medium between two elastic half-spaces is studied in
several papers [9-11]. However, the problem of shear waves in magneto transversely isotropic
dissipative poroelastic medium between two poroelastic half-spaces is not yet studied. Hence, in
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this paper, the same 1s studied.

The remaining part of the paper is organized as follows: In section 2, the problem solution is
given. Boundary conditions and secular equation are discussed in section 3. In section 4,
numerical results are given. Finally, in section 5, the conclusion is placed.

2. Formulation and Solution of the Problem

P —

[ Upper semi-infinite half-space I / == Jr‘
P Interface
v Magnetio porous transversely ETIace
soropac meedium >y == f:
7.4 x
P » Lower semi-infinite half-space

Fig.1. Geomentry of the problem

The magneto poroelastic isotropic medium between two heterogeneous semi-infinite half spaces,
all in influence of gravity and 1mitial stress is considered here. The x -axis 1s considered positively
downwards along the shear waves direction. In absence of the viscosity of body forces and fluid,
the equations of motion are [12] given below:

oo, o o’ )
L+—I(S, e, +S,e—pw, |=— ,+ U, )+b—(u, —U,),
ox, 6%.( it €k i€ pa’rk) or (p11”r P12 r) or (”r r)
s 26—_,(;)1, ur.+p,,Ur.)—b£(ur.—Ur.)_ @)
I Sl - ot

In the above, o (i,7 =1,2,3) is the stress tensor of the solid, S, and S are the components of
the initial stress, b 1s co-efficient of dissipation. ¢,” denotes differentiation with respect to
position, s’ = (—7 p*) is fluid phase stress, p~ is fluid pressure, 77 is porosity, u, and U, are
components of displacement for the solid and fluid, respectively, ¢, and o, are the components
of the strain and rotational tensors, respectively, p is initial stress, and p, are mass coefficients.

The constitutive relations for transversely poroelastic isotropic solid in the cylindrical system are
given by

o, M, M, M, 0 0 0 e, a
Co| | M, M, M; 0 0 0 || eg a
o.|_|My My My 0 0 0 |le.| |a& B, @
By 0 0 0 M, O 0 ||es 0
T 0 0 0 0 M, 0 |le, 0
lo.| | © 0 0 0 My||le.| | O]
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where, P = M[s' —a(e, +e,)—a'e_].
In the Eq. (2), e, and e, are the components of normal and shear strains, P is the pore pressure,

o and o' are Biot’s effective stress coefficients in isotropic plane and in =z -direction,
respectively. M is Biot’s modulus, &'is the variation of fluid content per unit reference volume,
and M , are components of the drained elastic moduli, depend on E.E',v,v',G and G'. E and

vare drained Young’s moduli and Poisson ratio in the isotropic plane, E' and v’ are similar
quantities as that of £ and v corresponding to the direction of the axis of symmetry, G and G’
are the shear moduli related to the direction of the isotropic plane and axis of the symmetry,
‘_ E' and v/ can be computed.

respectively. For given anisotropic ratios of n, = £ and N, =
E v

Different N, and N, ratios define different degrees of anisotropy. The strain and rotational

1| Ou. ou 1( éu. ©OCu,
€ =4 i_'_ - > @, == L_ ! . (3)
S ox, ox g ox, oOx

We consider three cases namely upper semi-infinite porous half-space, intermediate layer of
magneto-poroelastic media and lower semi-infinite porous half-space, separately in the following
sections.

2.1. Upper semi-infinite porous half-space
Consider the upper semi-infinite porous heterogeneous half-space M, (say). Let (ul,uz, ”3) and

comp onents are

(U,.U,, U,) be displacement components of solid and fluid part, respectively. For the SH-wave,
ity =0, We="10., Uy=u51021)a0d T, =0 U, =00 =TE [(x271).
Then Eq. (1), become

6?12 +6?-23 - 6?12 = ° (pllu +p17 7) b_(uv Uz )5
Ox oz oz ot
62
0= g(912”2+922U2)*b7(”27U2)- @
ot ot

Since half-space M, is heterogeneous, the densities and initial stress variations are considered as
given below.

P =P+ =), Pip = P Q+=), Py = Pl +=), P = Proo 1+ ). 4)
S = S S
In the above, o4, P120> P2 are starting point values of mass coefficients, and p,,, 1s starting

point value of initial stress.
Substitution of Eqgs. (2) and (5) in Eq. (4), the following equations are obtained:

M, po.0u, M, du, z o’u, o*U, au, U,
= — = = ;:1+— 3 " +b — =),
( 5 5 ) o2 5 a2 ( )(P110 or? + P ) ( or )
6 U, 6 U 6U'J
0=(00+ ) 20 5 b =). 6
( é:)(ﬁ'loat_ + P = ( 61) (©)
For harmonic waves, the component of dlsplacements are taken as follows:

0202 fEe™ . (E.e) =R (™. 7)
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&

In Eq. (7), £k i1s wavenumber, i is unity of the complex number system and 7 is time.
Substitution of Eq. (7) in Eq. (6), gives

M. i M55 ) 2 9 =z g 2 9 =z g
S £+ (B - 532 — py ke (1) + bike) £,(2) + (P> 1+ ) + bike) Fy () = 0,
2 2 2 & &
(Prok*e* QU+ D)+ bikeN) fi(2) + (Pgk e+ 2 + DK F(2) = 0. @)
1 1
Eq. (8) can be re-written as,
a’fi, >
dzgl +4g; f1(2)=0. ©)
Solution of Eq. (9) is
Si(z)=C, e™. (10)
In Eq. (10), C| is arbitrary constant, and
2 . 1 z 2 4 2 2 M;;
q, = 1 (a1 +1ia, )3 a; =5, (1+ é_)(lcﬁ1{})9272{}(9-L +2b7 piog (T -

Uursslc'zzzo‘f")2 +b3(1+§i))5 :
1

P 412 24 242 9. T 2 2
%)aﬁk + 10220)0120@Jr ++b"k” pyyy —2b 9220@4)902 =5100(Py0 —2P120P20 +M7)
Substitution of Eq. (10) in Eq. (8), gives
E@==D;0;" i), (11)

where D, = p,,, —ib(l +§i)a)71 . Gy = Poyg HiD(1+ é:i)afl .
1 1
Substitution of Eq. (10) in Eq. (7), and then using displacement-stress relations, the relevant

stress components are obtained as follow:
MSS = _ik(x—c
(033)1, :TQ1C1 gl e, (12)

2.2. Intermediate magneto poroelastic media
Consider the middle layer of magneto transversely isotropic material M, (say) of thickness '/,

which is under initially stressed. Let (u,,u;,uy) and (U,.U;.,U,) be the solid and fluid

components of the displacement, respectively. In this case, the equation of motion for the

propagation of SH-waves are given below.
e

ooy, oo, ow,, - = o (]
o1 2 =t - Do +(J>(B)1- = 2 (p11”5 +p17U5)+b_(”5 _Us)a
ox iz ox % ot~ B ct
o* o
0=—7 (pw”s"'p”Us)_b_(”s_Us)a (13)
ot~ N o ot

where (7xB), is the y -component of electromagnetic force (emf), J is the electric current

density and B the magnetic induction vector, the Maxwell’s equations which given on the
electromagnetic field are
= o Ou,

V.B=0, VxE=—"", VxH=J B=u H, J=c(E+ . x B). (14)

El
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In the above, E is the induced electric field, H is the magnetic intensities consist of both
primary and induced magnetic fields, g, and & are the induced permeability and conduction co-
efficient, respectively.

The linearized Maxwell stress tensor (rrj }M” of magnetic field is given by
(z—?)‘u\r :ﬂe(Hr' aj_Hj ar'_Hk ak é‘y) (15)
Let H = (H,,H,,H.),and let change m magnetic field be (a,,a,,a;). Here it 1s assumed that

the displacement current is absent. With the help of Eq. (14), the below equation 1s obtained.
2 dii

5 eH - s =
V'H=pu,c(—+Vx(—x H)). (16)
ot ot
The components of Eq. (16) can be written as
6H | 2 O6H . 5
2o 1 gy OH._ 1 Goy (17)
ot H,C ot MO i
eH | . S BiE:
g5 e, L g o Doy By O g (18)
ot H,C T Ox ot éz =~ ot
If the medium is fully conducting (i.e & — =), the equations (17) and (18) reduce to
& 6H | B ou
o, .o, T2 C (g, sy, O (g sy (19)
ot ot ot ox ot oz T ot

Here it is assumed that the primary magnetic field is uniform in the entire space. From the Eq.
(19) it is clear that there is no perturbation in A and H_, but there is perturbation in H .

Therefore, considermng small perturbation @, m H,. Thus, they can written as
H,=H,, H,=Hy+a, and H_=H,,where(H,,, Hy, , H;) are components of the initial
magnetic field ﬁO.Since (H,cos¢, 0, H,sing), where H, :‘f}o‘ and ¢ is the angle at which

wave crosses the magnetic field. Thus one can write

H =(H,cosg, a,, H, sin g). (20)
Here one can assume that initially a, to be zero. Usmng Eq. (20) in (19), one can obtain
da, [} Ol - 0 ., Ous
= =—(H,cos =)+ —(H,sing—>). 21
Py 6x( 0 ¢61) 6:( 0 ¢61) (21)

Now integration of Eq. (21) with respect to ¢ provides

Ot ., Bu.
a, =H, COS@L-O- H,sing il
- Ox oz

(22)

2

Using Eq. (14) and the relation, V(%} =—(Vx ﬁ) x H + (ﬁ@)ﬁ provides the
electromagnetic force as
(J % B) :ﬂ{_ 6(%)+(§.6).§]. (23)

The component form of J x Bcan written as
(JxB), =0, (JxB).=0, and
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= = N L 62 . ) 62 } 5 62 :
(UxB), =u H;(sin" ¢ u: +sin2¢ %5 4 cos? @ u: ). (24)
’ oz Ox Oz ox~
Substitution of Eq. (24) in Eq. (13), gives
M. P 2 2 62“— 7 . 2 62“— 7 . 62
—= -+ u H, cos” >+ (M. +pu Hysin® >+ u H;sm?2 =
( 2 2 ﬂe ] ¢) ax2 ( 55 ﬂe ] ¢) 6‘_.'2 ﬂe ] ¢6x a:
o u, N o°U, +b(6u5 B GUS)
Pngz TP Tan ot o
0’us U, ou, oU,
O — ') ',) =+ 27 ',) T b 2 — 2 - 25
Prpn TP ( ot ot ) (25)

For harmonic waves, the displacement components of SH-wave in intermediate layer of
magneto-poroelastic layer are taken as follows:

HS(I, :,t) = f2 (:) eik(x—ct), US (JC, S,t) = Fg (:) eik(x—ct).

(26)
The equations (25) and (26) give
d>f, wdl, i
24+ —==—— f =0.
d> 4 dz 4 /> (27)
The solution of Eq. (27) 1s
f2(z) =e 4 (C,cos8( g,z)+ C,sin( g,z2)) . (28)
In Eq. (28), C, and C, are arbitrary constants,
NalAr” + 4] _ ) . T
;A= > , a=iku H;sin2¢, 4, =M, +pyH,sin ¢,
1 M—— p 2 2 2 2 2 g 2 2 . _pl'ykc_'_ib
t=(—— 2 —2 )+ u Hy cos™ @)k~ — py k¢ —bikc— k ¢ = bikc(—————)).
(Mss (« 5 2) Heily ?) P (P ( o ke 1 ib
Egs. (25), (26) and (28), yvield
Fg(:):_MmMz_zl />(2), (29)

ib ib o . .
In the above, M, = o), —I—, M,, = py — 2 Substitution of Eq. (28) m Eq. (26), gives the
ol ol

relevant stress component as follows:

M o= . -
- 2;5 aq, e . (C, cos(g,2) +C; Sm(gzz))eik(x B (30)
1
2.3. Lower semi-infinite poroelastic half-space
The lower heterogeneous poroelastic half-space M, (say) of thickness '/,' under the effect of
initial stress 1s considered. Let (u,,ug,1,) and (U,,U,,U,) be the displacement of components

solid and fluid, respectively. Then the equation of motion for SH-wave can be written as

(0, )MZ -

oo, &0, b, 07 3
?174' ?-j_ ioL = ﬁ3(pn”s+p12Us)+bT(“s_Us)a
ax oz ox ct ot
0’ d
0=——s (912“3+922Us)*bﬁ_(“s*Us)a (€2))
ot ct
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&

If half-space is heterogeneous with respect to initial stress and mass coefficients, now one can
have

P = Pruo+n2), p, = py(A+n2), pyy = payy(I+nz)and p = py (1+ p'2). (32)
In the above, p,,, is starting values of p and n, p” are constants. Substitution of Eqs. (2) and
(32) m (31), gives

My Py Bl . B i . Piss ’U, b ou; 0U;
—= -+ pz + = l+n)—+—"A+n:z + — i
¢ 2 2 (Leri2) dx* bz Mss( )af MSS( ) or’ Mss(c’?t 6t)
o’ &rt, ou; U
0= piog (1 +12) & + g (14 m2) T8 — b (E2 - 228, (33)
B Ot~ o or- ot ot
For harmonic waves, the components displacement of SH-wave were are taken as follows:
HS (x,:,t) :f3(:) eik(x_‘:t)a US (x,:,t) :F3 (:) eik(""‘:t)_ (34)
Substitution of Eq. (34) in Eq. (33), gives
fs , »
22 v fi(z)=0. (35)
Solutions of Eq. (35) is
fi(2)=C,e™. (36)
In Eq. (36), C, 1is arbitrary constant, and
1 . 71; P * ) ) ) 2 2 2
q; = T (as+ig)? ,as =s;(€ 2 (+p 2D (1"'7'-':)"'6'7)"'(1"'”:)3m(ﬂl{ﬁzﬂ_pjzﬁz&
(L n® +b2)2 -

2 p'n 1 2 2 1 2
+b"(1+n2)(o + M_O + P +M—)))aa5 = 5;6(1+n2)" (0150 + Pr20Pro + M—(pzzﬂ + P120P220))-
Substituting this Eq. (34) 1n (33), we obtain

F,(:)=—D, D;! £,(2), a7

D b
where Dy = p,,(1+n2)— 1_7 D, = pypy(1+nz)+ iy
W W

Substitution of Eq. (36) in (33), and using the displacement-stress relations, the relevant stress
component is obtained as

(023)s, =M q5C, e "= (38)
Boundary Conditions and Secular Equation
Assume that displacement components and stresses are continuous at the interface of upper half-
space (M) and middle layer (M,)

Le, (”2);141 = (us)Mz and (o, )Ml = (0'23)3142 . at z=1 (39)
Assume that displacements and stresses are continuous at the interface of lower and middle.
Le, (us)yy, = (Ug) gy, and (023)y, =(O23)y,» at == 1, (40)
The above boundary conditions result in
|-AU J [Cr]: 09 (I,J = 1727394)7 (41)
where
—ah 1“

4, = e, 4, =—cos(q,l,) g 43 =—sin(q,/,) e S 4, =244 g
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—al —al,

4y, = ayq, c08(q,],) e** , 4,y = a,q, sin(g,l,) e, Ay = Ay = Ay = 4y, =0,
4,,, Ay, =similar expressions as A,,,A4;; with /, and negative sign replaced by /, and positive
sign, respectively.
A,, =similar expression as A4, with / and positive sign replaced by /, and negative sign,

respectively.
Ay, A =similar expressions as 4,,,4,, with /; replaced by/,, respectively.
A,,=similar expression as A, with /, and ¢, replaced by /,and ¢, , respectively.
Eq. (41), results in a system of four homogeneous equations in four arbitrary constants
C,,C,,C;and C,. For a non zero solution, the determinant of coefficients matrix is zero.
Accordingly, the following complex valued frequency equation is obtained.

a,|+ f\a;\ =0. (i,7=1,2,3,4). (42)

In Eq. (42), the elements a, and ar'; are given in Appendix-A.

4. Computational Results

Employing parameter values m the Eq. (42), the implicit relation between frequency (@) ,

wavenumber, and the thickness(h=//l) 1s obtammed. The frequency and attenuation coefficient

(0™ agamst wavenumber are computed at fixed inhomogeneous parameter, magneto coupling
2Im(w)

< LA

factor and initial stress. The attenuation coefficient (Q07')is Q™ :?z—)—’. In this formula,
elw

Im(w)1s frequency of imaginary part in Eq. (42) and Re(w)1s frequency of real part in Eq. (42).
Lower and upper semi-infinite porous half-space are assumed to be are Berea sandstone
saturated with water (Material-I, say) [13]. The material values of the same are as follows:

Py =24152kg/m’, p,, =—300 kg/m’>, p,, =500 kg/m’.
Intermediate layer of magneto-poroelastic medium is assumed to be Water saturated sandstone
(Material-II, say) [14]. The material values of the same are given below:

Py =1.90302 x10° kg/m’, py, =0kg/m’, p,, =0.2268 x10° kg /m’.
Using the said values i secular equation, the frequency and attenuation coefficient against
wavenumber at fixed mhomogeneous parameter, initial stress and magneto coupling factor are
calculated when the anisotropic ratio N, =lat various N, values N, =1,at various N values.

The material constant M, involves E,E',v and v'. The values of Young’s modulus (E),

Poisson’s ratio (v) for water saturated Berea sandstone and Shale rock are taken to be
14.4Gpa,0.20 and 1.854 Gpa,0.22 as presented in the papers [14, 15]. The values are calculated
by the bisection method implemented in MATLAB environment, and the numerical results are
presented in Fig. 2-3. Figs. 2 and 3 depict the frequency and attenuation coefficient against
wavenumber at fixed inhomogeneous parameters, initial stress and magneto-poroelastic coupling
factor. From Figures 2 and 3, it is clear, in general, that the frequency values are less than that of
attenuation coefficient.
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Fig.2. Frequency and attenuation coefficient against wavenumber at heterogeneous parameters

(E R L = 0.01), magneto-poroelastic coupling factor (’U“'TH‘; =0.01) and P=1.

k' k' ke
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Fig. 3. The frequency and attenuation coefficient against wavenumber at heterogeneous

parameters (E, ﬁ,i = 0.02), magneto-poroelastic coupling factor (’U‘*'—HD =0.02) and P=2.
k k k& N

5. Concluding Remarks

In the framework of the Biot’s incremental Poroelasticity theory, SH-waves in dissipative

magneto transversely isotropic poroelastic media located between two poroelastic half-spaces is

studied. Frequency and attenuation coefficient values are calculated at varying wavenumber at

fixed inhomogeneous parameter, poroelastic magneto coupling factor and initial stress. From the

results, 1t 1s clear that, m general, frequency values are less than that of attenuation coefficient.
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Appendix-A

a,, =cos(l,)exp(,), a,, =sin(t,)smn(/,)sinh(/;) —cos(t,) cos(l,)cosh(/,),
a,, = —sin(t,) cos(/;)sinh(/,) — cos(z,) sin(/; ) cosh(/;), Qs =i Bptdy—Cy

ay, =2L,R,(cos(T;)cos(/,) —sin(Z;) sin(l,)) exp(/; ), Ayy =—Z9 =10 T 21— Tnas

a,, = sin(t,)sin(/,)sinh(/;) — cos(z,) cos(/,) cosh(/y), A=~Et Tt B H24,

ay; = cos(t,)sin(/,) cosh(/y) +sin(z, ) cos(/, ) sinh(/), Ay = =2~ EngkByp—Thgs
a;, = cos(t,)sin(/; ) sinh(/ ) + sin(t, ) cos(/; ) cosh(/;), ahy = 25— Zg+ 25+ Zg,

a,, = sin(t,)sin(/,) cosh(/,) — cos(t,) cos(/; ) sinh(/,), gl =zuedgs =gt ze

aj, =2L,R,(cos(Z;)sin(l,) + sin(T}) cos(/,)) exp(/,), Qly =2y —Z33 + 233 — Zog»

10
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as, = sin(z,) cos(l; ) cosh(7y) — cos(z, ) sin(7, ) sinh(7y), R
a3, = cos(t,) cos(l; ) sinh(/y ) —sin(z, ) sin(/, ) cosh(Z; ), Ay =y, =03 =ay =0,
@y =ay=a; =a, =0, t, :];aj{ , L =kaR, s cos(l}), Is =kaR, cos(T,),
1

z, = R,M cos(T, ) cos(t,)sin(/; )sinh(/;), z, = R,M cos(7,)sin(¢,) cos(l;) cosh(/,),
zy, = R, M sin(T,) cos(t,) cos(/;) cosh(/y), z, = R, M sin(T,) sin(t, ) sin(/; ) sinh(/; ),
zy = R, M sin(7,) sin(#, ) cos(/; ) sinh(/,), Z,0 = Ry M cos(T,) cos(t,) cos(/;)sinh(/y),
z,, = R, M cos(T,)sin(t,) sin(/; ) cosh(/), Z,, = Ry, M cos(T, )sin(t, ) cos(/;) sinh(/y ),
s = R, M cos(T,) cos(t,)cos(!;) cosh(/y), zs = R, M cos(T,)sin(¢, ) sin(/; ) sinh(/,),
z, = R,M sin(T, ) cos(¢, )sin(/ )sinh(/;), zy = R, M sin(T,)sin(¢, ) cos(/; ) cosh(/;),
z,3 = R, M cos(T, ) cos(t,) sin(/;) cosh(/,), zu = R, M cos(T,)sin(¢,) cos(/;) smh(/y),
z,s = R,M sin(T,) cos(#,) cos(/; )sinh(/y), Z,s = R, M sin(T, )sin(z,)sin(/;) cosh(/y),
S ! = S, = . = ,A1:1+ﬂe—f{{;sin2¢,

(pLkc? +b3(1+é))5 (M (phkc? +b7)): >

1 o 2 2 = ) ) -

§3 = 1.7 R12(012+022)49 REZ(H';_'_H;):"? RSZ(H§+HI‘;)4?

(P2 +nz)+b2)
y P l1’1?;\*':_1 2 L = lTarav.r_1 Le i 1 = lTarav.r_1 &5, M = HoH, sin2¢,

2 a, 2 a, 2 as M
a, = s, (A+ i)/o110102220‘594 + bgngzn (= if (MSS JBid )a)4k2 shal{lsk if pzznp1220a’4

S S 2 2 S
oM Py g (4 S - 2b7 02,000 (4 2))
2 2 & &

2 2
ay = 51h@(Prg —2P130Pr0 + Mi)

55

a, = 232(92 ((ngzo a+

H2
P )Jr)ue 0
2M M :

55 55 55 55

2 2 P pH,y 2 2
cos @)+ b (leM + 7 % cos’ @) + b (2P0 +

2

M P
Pro — Pin)) — ﬂ’ a, = _252b1a’(pz_20 +20,10P0 T puopzzol
1

P * 2 2 2 2 2 2
ds =53 ((ﬁ A+ p2)—D(ppee” (I+nz)+b7 )+ (1+ n:)3 @~ (P10 P20 — P Pino)

a3

5 o 1
+b (1 +nz2)(oy;0 + M—i} + Py (L+ M_)))°

55 55

2 2 ]- 2
as = 5;D(1+nz)" (P + PraoPao + F(pizn + P130P220))-

23

11
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a,,=similar expression as @, with /,, /,and positive sign replaced by /,,, /,, and negative sign,
respectively.

a,,=similar expression as a, with R ,7, and /, replaced by R,,T; and /,, respectively.

a,, =similar expression as a,, with /,, /,and positive sign replaced by /,,, /,, and negative sign,
respectively.

a,, =similar expression as a@,,with cos(/,) replaced by sin(/, ).

al,=similar expression as a,, with R,,7; and /, replaced by R,,T, and /,, , respectively.

t, =similar expression as 7, with /,replaced by /,.

I, =similar expression as /, with cos(Z;) replaced by sm(Z;).

l,,1, =similar expressions as /,,/, with /,replaced by/, , respectively.

Is =similar expression as /, with cos(Z; ) replaced by sm(Z; ).

I,,l, =similar expressions as I,/ with / replaced by /,, respectively.

I, =similar expression as /, with R,,s, and 7 replaced by R,,s;and T;, respectively.

l,, =similar expression as /,with R, ,s,and T replaced by R,,s,and T}, respectively.

l
215 0 Zis Bt o B By B BBy = SIMNIAT PXPIEsSIONS. AS Zi,2..25, 24, 24 EiesSiinEn Wit £, 1 and
I;replaced by #,,/, and [, , respectively.

11-1;, =similar expressions as /,,/,, I replaced by /,, respectively.

Zis Zans Bags B Bana Zag s Dy tay =HININAY RXPIOSSIONN 88 2,7, 2.7 Jn ale Bovith & 1 and
I replaced by ¢,,/, and [, respectively.

12
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THE CHARACTERIZED CONCEPT OF L-VAGUE RINGS
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Abstract:In this paper we introduce L-Vague Ring, L-Vague ideal and studied some properties on L-Vague
rings and L-Vague ideals also define L-Vague coset on L-vague rings, L-Vague ideals and studied some of the
fundamental operations on L-Vague ring, L-Vague ideal and L-Vague quotient ring respectively. These concepts
are used in the development of some of their important properties have been investigated.

Keywords: Vague set, L-Vague cut-set, L-Vague ring, L-Vague ideal, L-vague Quotient ring
Mathematics subject Classification (2000) : 08A72, 20N25, 03F55

Introduction: The theory suggested by Zadeh.L.A.[13] to explain a fuzzy subset A of a given universe X
describing the truth city of an element of x of X belonging to A by means of a truth city function u, defined from
X into [0 1] has remodelled the approach of Mathematical modelling,managing etc., in conducting the real-life
situations mathematically. Now, several branches of fuzzy mathematics like fuzzy algebra, fuzzy analysis, fuzzy
fication, defuzzificaton, fuzzy intervals etc., have emerged. But in the decision making, the fuzzy theory takes
care of membership of an element x only, that is the evidence against x belonging to A. It is felt by lot of decision
makers and researchers that in proper decision making, the demonstrate belongs to A and evidence not belongs
to A are both necessary and how much X belongs to A or how much x does not belong to A are necessary.

Several generalisations of Zadeh’s fuzzy set theory have been proposed, such as L-fuzzy sets[12]. Interval
valued fuzzy sets, Gau.W.L. and Bueher D.J.[4] have initiated the study of vague sets with the hope that they
forma better tool to understand, interpret and solve real life problems which are in general vague than the theory
of vague sets. Ranjit Biswas [10] initiated the study of vague groups and Ramakrishna.N [6], [7],[8], Ramakrishna
N.T. Eswarlal.T [12],[6],[8] are grate extended the study of vague algebra. The study L-vague sets of a vague
set, as a pair of function. In this paper we introduced some operations on L-vague sets and studied some properties
on L-vague rings and define L-vague coset, also studied some of their operations on L-vague coset. These
concepts are used in the development of some of their important properties have been inspected.

1. Preliminaries

In this section we briefly present the necessary material on lattices, Boolean lattices, Brouwerian lattices and
illustrate with examples.

Definition 1.1 [12]:An L-vague set u in X is a pair yu = (mu ,nﬂ) where m, : X - L, n, : X - L are mappings

such thatm, <1, —n, andn, <1, —m,

13
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the mapping m,, : X — L is defined the degree of membership function and n, : X — L defined the degree of
membership function and n, : X — L defined by the degree of non-membership function of the element x €
X to u < X respectively. The function m,,n, satisfy the conditionm, <1, —n, andn, <1, —m, ie,
m,(x) <1, —n,(x)andn, (x) < 1, —m, (x) for x in X, where 1, —m, (x) and 1, — n, (x) are elements
of lattice L.

Definition 1.2 [12]: Let (G, *) be a group. An L-vague set A= (m,,,n, ) of G is said to be L-vague group of G if
it satisfies the following conditions

(D Valxy) =2 AVa(x), Va(y)} forx,y € G
(V4 (™Y = (V4 (0}
ie., (D) my(xy) = A{mu(x), ma(y)} (2) naxy) < v{ng(x),na(y)}
B)myu(x™1) = my(x)(4) ny(x™ 1) <ny(x) forallx,ye G
Definition 1.3 [5]: Let u: R — L then u is called an L-fuzzy ring of R, if for all x,y in R

i) ulx—y) = ul)Au®)
(i)  ulxy) = plx).

Definition 1.4 [5] : A L-fuzzy set 4 of R is called an L-fuzzy ideal of R , if for x,y in R

) ux—y)Zpl)Au®)
(i)  plxy) = p()A p(y)
2. L-vague Rings

In this section we define the following

Definition 2.1 : Let (L,< ) be a lattice with involutive order reversing operation N:L— L. Let (R,+,.) be a
commutative ring. An L-vague set A in R is defined as an object of the form A= (my,n,). Where my: R — L and
ny: R — L defines the degree of membership function and degree of non-membership for x€ R

Definition 2.2 : Let L be a lattice. An L-vague set A= (my4,ny) of L is said to be L-vague ring if it satisfies the
following properties

(1) ma(x —y) = AM{mu(x), my(y)} and ny(x —y) = v{n,(x),ny(y)}
(2) mu(xy) = A{my(x), my(¥)} and ny(xy) < v{ng(x),n (y)}

(3) my(x Ay) = Amy(x), my(y)}

(4) ng(xvy) = ving(x),ns(y)}

Definition 2.3 :Let A= (m,,n,) be an L-vague ring of a ring R then the true a — cut set my, can be defined by
My, = {x € R:my(x) = a}

14
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Definition 2.4: Let A= (m,,n,) be an L-vague ring of a ring R then the false a — cut set n,pz can be defined by
nup = {x € Riny(x) < B}.

Definition 2.5: Let A= (m,,ny) be an L-vague ring of a ring R then the L-vague cut set of A is A, ) can be
defined by

A p) () ={x ER:my(x) 2 aand ny(x) < p} foralla,p €[01]
Theorem 2.6: Let A= (my4,ny,) be an L-vague set of a ring R. then
my(0) = my(x) and ny(0) < ny(x) forall 0, x€ R
Proof: Let x,0 be any two elements in R then

(1) my(0) = my(x —x) = A{my(x), my(x)} = my(x)
=>m,(0) = my(x)

(i) na(0) = ny(x — x) < viny (%), na (%)} = ny(x)

= 14(0) < 1y (x)

forall x,y € [0 1]
Theorem 2.7: Let A= (my,ny) be an L-vague set of a ring R. then
my(x) = my(—x) and ny(x) = ny(—x) for all x€ R
Proof: Let x,0 be any two elements in R then
D) mu(x) =my(=(=x)) = A{m,(=x)} = my(x)

=>my(x) = my(—x).
(D) () = ma(=(=x)) < V{na (1)} < ny(x)
=>n,(x) = ny(—x).

Theorem 2.8: Let A= (my,ny) and B= (img,ng) are L-vague rings of ring R then AN B is also L-vague ring of a
ring R for all x€ R

Proof: Let x,y be any two elements in R then
@) munpx=y) = AMmyu(x = y),mp(x = y)}
= Mmy(x), my (), mp(x), mp(y)}
= Mmynp(x), manp(¥)}

~Meang)(x —y) = AMmynp(x), manp(y)}
(i)  nune(x—y) =vi{ng(x—y)ng(x—y)}

15



NTERNATIONAL «JourNAL oF MuLtipiscipLINaRY EpucaTioNnaL REsEArRcH
B [N 1ssN:2277-7881(Print); Impact Factor:10.16(2026); IC Vawe:5.16; IS Vawe:2.286
B PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL

= (Fulfilled Suggests Parameters of UGC by IJMER)
A []<m Volume:15, Issue:1(1), January 2026
Scopus Review ID: A2B96D3ACF3FEA2A
\\EIK/ E Article Received: Reviewed: Accepted

Publisher: Sucharitha Publication, India
Online Copy of Article Publication Available: www.ijmer.in

International Conference on “Relevancy of Ancient Mathematics to the Current
Digital Trends”

(;‘(;\'er Page

< v{ng (x),ny (¥), np(x), np (y)}
< v{ngnp(x), nynp(¥)}
“Neang) (X —¥) < v{ngnp(x), nanp(¥)}
(iii) Meanp) (xy) = AMmu(xy), mg(xy)}
= A{my(x), mu(y), mg(x), mg(y)}
> AMmynp(x), manp(¥)}

= Meangy(xy) = A{mang (), mans (1)}
(iv)  neans) (xy) = v {na(xy), np (xy)}
< v{ng(x), ny (¥), np (%), ng ()}
< v{nuns (%), tuns ()}
“ Neang) (y) < v{nunp (%), nunp (1)}
(A n B) is also L-vague ring of rings A,B for x,y€ R

Theorem 2.9: Let A= (imy,n,) and B= (mp,ng) are L-vague rings of ring R then AB is also L-vague ring of a
ring R for all x€ R

Proof: Let x,yE€ R

(1) (ma.mg)(x —y) =(my.mg)(x + (=)

= A{((my.mp)(x)), (my.mp)(—y))}

= A{((my. mp)(x)), ((Mg.mp)(¥))}

(ma.mp)(x —y) = AM{((my. mp) (X)), (M4. mp)(¥))}
(1) (na.np)(x — y) =(4. 1) (x + (—¥))

< v{((ng.np)(x)), (na.np) (=)}

= v{((ng.np)(x)), (na.np)(¥))}

(na.np)(x — ¥) < v{(ng.np)(x)), (4. 1) (¥))}
(i)  (ma.mp)(ry) = max{Aly Ajey ma(xy;)mp(x,y;), /%0 %1, y;y] €R T X7/

XXy yi = xy}

> min (S %, Sk v} = xy for i,j € N}

Therefore (m,.mg)(xy) = min((m,.mg)(x) A(m,.mg)(y)

() (anp)Cy) = minf\[ \ [ maGayp \/ moiivd) /3,58, 9} € R, iy v} = xy)

i=1 j=1 i=1 j=1

16
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n m n m
< minf\/ \ [ (aGovna \ [ (s cDvna ) /2,33, 58, 57 € R, xaddyy vt = xy)

=1 j=1 i=1 j=1

=[min{V/L, (n, () v (X)) / xixt = xiVImin Vit np () vig (v7)/ Byvf = v}

=((n4-np) (X)V (M4 1) (¥)
Therefore (ny.n5)(xy) = ((ng.ng)(x) v (n4.15)(y)
3. Operations on L-vague ideals of a ring.

In this section we define the following

Definition 3.1 : Let L be a lattice . An L-vague set A=(my,ny) of L is said to be L-vague ideal of ring R if it
satisfies the following properties

my(x —y) = A{my(x), my(y)}
ny(x —y) < V{ng(x), g ()}
my(xy) = A{my(x), my(y)}
na(xy) < V{ng(x),ns(y)}
mu(x Ay) = AMmu(x), my(y)}
ny(x Vy) < V{n,(x),n,(y)}

SR WN=

Definition 3.2: Let A=(x,my, ny) be an L-vague ideal of ring R (if and only if)

L. (my) () = {x € Rimy(x) = m,(0)}
2. (my)(*) = {x € Riny(x) =n,(0)}

Theorem 3.3: Let AC Rthen A is an ideal of R if and only ifA* = (x,m,,n,) is also an vague ideal of R.
Proof:Let X,y in A then A is an ideal of R
if and only if
() mu(0)(x —y) =my(0)
=/\{m4 (0)(x), ma(0)(y)}

ma (0 =) = [\ (ma(©)60, ma ()

(i)  mu(0)(xy) = my(0)
=A{m(0)(x), ma (0)(y)}

17
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my(0)(y) = [\ ma(©)60,ma©) )

(i) ny(0)(x —y) = 1y (0)
=V{na(0)(x),nA(0)(y)}

OEEEAVIENOIOEROIG)

(iv) n4(0)(xy) = ny(0)
=V{na(0)(x),no(0)(y)}

na @) = /1060, 1))}

Theorem 3.4:Let A = (x, my,ny) be a L-vague ideal of ring R and R be a ring with identity then

1) my(1) < my(x)
(i)  nu(1) = ny(x) for all x€ R

Proof:
(1) For x€ R, my(x) = my(x. 1) = A{m,(x), my (1)} = my(1)
= my(x) = my(1)
(i)  Forx€ R,ny(x) =ny(x.1) < V{ng(x),ny (1)} < nyu (1)
= ny(x) < my(1)
Theorem 3.5: Let A = (x, my, ny) be a L-vague ideal of ring R.

O I my(x —y) = my(0) then my(x) = my(y)
(i) If ng(x —y) =nyu(0) then ny(x) = ng(y) forx,y €RR

Proof:
For x,y€ R
O mu) =mux—y+y) = AMma(x —y), ma(y)} = ma(y)
=>my(x) =2 my(y) - (1)

and ma () = ma(y = x +) 2 [\ {maCe =), ma(0} = ma()

=>my(y) = my(x) - (2)

18
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From (1) and (2)
= ma(x) = my(y)
(D) ny(x) = ng(x —y +y) < Ving(x = y), na ()} = na ()

=>n,(x) Sy (y) = (1)
and m(y) = may = x + ) = \ [ (1ax = )y 00} = ma ()

=>14(y) = nu(x) - (2)
From (1) and (2)
~na(x) = na(y)
Theorem 3.6: Let A = (x, my, ny) be a L-vague ideal of ring R then

(D) my(*) is an ideal of R
(ii)  nu(*) isneed not be an ideal of R

Proof: (i)Forx,y € my(*) andr € R
my(x —y) = A{my(x), my(y)} = my (0)
= my(x —y) = my(0)
And my,(xr) = my(x) = m,(0)
~my(xr) = my(0)
Therefore my,(*) is an ideal of R
(ii) Let x,y €(ny)+and r € R.
If ny(x-y)=ny(x) then ny(x-y)> ny,(0) implies (x-y) €(ny)«.
But if ny(x-y)< max{n,(x), ng(x)} then (x-y ) does not belongs to (1, ).
Similarly, if ny(xr)=> ny(x) then x€(ny )+
If nyu(xr)< ny(x) the xr does not belongs to (114)+.
Theorem 3.7: Let R be a ring with identity and A = (x, my4, ny) be an L-vague ideal of a ring R then

(i) myu(x) =my(x~1)isanideal of R and ny(x) = n,(x~ 1) is an ideal of R
Where xis the unit element.

19
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(ii)  Letx,y be associates then m,(x) = m,(y) and ny(x) = nyu(y)

Proof: (i) For x€ R such thatxx ! = x"1x =1
Letm, (x™1) = my(x™1) = my(x™Tax™h) = myu (x7'x) = my(x)
mu(x™1) = my(x) - (1)
And my(x) = mu(x. 1) = my(xx~'x) 2 my(xx™!) = my(x71)
mu(x) = mu(x™h) - (2)
From eq’ns (1) and (2)
my(x) = my(x™)
Also my(xx™1) = my(1) = my(x) and my(x~'x) = my(1) = my(x™1)
Therefore my(x) < mu(1) andm,(x™1) < m,(1)
= my(x) = my(x™1) =myu(1)
Also iy (xx™1) = ny (1) < nu(x)and n,(x~1x) = ny(1) < ny(x~b)
na(x) < nyu(1) and ny (x™1) < ny (1)
ny(x) = ny(x™) = ny (1)
(ili)  Letx=uy where u is the unit element then
my(x) = my(ux) = my(y)and my(y) = my(xu=t) = my(x)
ny(x) = ny(ux) < ny(y)and ny(y) = ny(xu™) < ny(x)
Therefore m, (x) = my(y) and n,(x) = n,(y)

Theorem 3.8: Let R be a ring with identity andA; = (x, Myj, Ny j), B = (x, Mg, Np j) are two L-vague ideal of a
ring R then (Aj N Bj) is an vague ideal of R. More over for any j€ I,indexed set, 4; = (x, my;(x),ny;(x):x €
R) is an L-vague ideal of R.

Proof: For x,y€ R then
(D) For x, y€ R then
m(AjﬂBj) (x) = m(AjnBj)(x - y + Y)

= /\{m(AjﬂBj) (X-Y)' m(AjﬂBj) (y)}

20
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:m(AjﬂBj)(y)
M(a;nB;) ) :m(AjnBj)(y —x+x)
= /\{m(AjnBj) (x — :V)'m(AjnBj)(x)}
=m(AjnBj)(x)
(ii)  Forx, y€ R then
Nea;ne)(X) = Nane) (X —y + )
< VEng,ne,) (X =¥, nane) (0D}
=n(AjnBj)(Y)
n(AjnBj)(}’) :n(AjnBj)(y —x+x)
< V{ N(4;nB)) (x — }’)»n(AjnBj)(x)}
=MN(a;ng;) (%)
() mM(a;05,) (¥) = V{mg; Cey), mp; (xy)}
> \ [ 0G0, ma; (), 5 060, 25, 3)
= {mAjnBj(x)'mAjnBj(:V)}
Therefore m(, p,)(xy) = {Myjnp; (), Majns; (1)}
(iv) n(AjnBj)(xY) = V{”Aj(x}’);nsj(x}’)}

< \/{nAj (%), 14;(¥), 5 (x), ng;(¥)}

< {nAjnBj(x)'nAjnBj(y)}
Therefore n(AjnBj)(xY) < {nujnej (%), najnp; ()}
Therefore (Aj N Bj) is also L-vague ideal , where Aj,Bj€ R and for all x,y € R
4. L-vague cosets.

In this section we explain the L-vague coset and study quotient ring of R by the truth ship function
and false ship function of an L-vague ring and L-vague ideal respectively.
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Definition 4.1: Let A = (x.m,(x),n,(x)) be an L-vague set of an L-vague ring R then D =
{(x, my(0)pg+my(x), ny (0)g+n,4(x))} is called an L-vague coset (LVC)of A and it is denoted as
C={(x, (x+ma))(X),(x+ne)x) : x € R}

Theorem 4.2: Letx,y€ R and let D = {(x, m4(0)03+my4(x), ng(0)03+n4(x))} be an L-vague coset of
L-vague ring of A then

® (m4a(0)patmy)(y) = mu(x —y)
() (a(0)+n) () =na(x —y)

Proof: For any x,y€ R

O (ma(0)eg+my)(y) =max{min{m,(0)eg(u)ma)(v):u + v = y}}
= min{m, (0)pg(x),ma(y — %)}
=my(y —x)}
(i)  (na(0)pg+na)(y) =min{max{n, (0)eg(u)ng) (v):u + v = y}}
= max{n, (0)pg(x),ma(y — x)}
=n,(y — x)}

Remark: 4.3 The above result becomes

(x+my)(y) = my(x — y) and (x+14) () = na(x — y)

Theorem 4.4: LetA = (x, my(x), ny (x))be an L-vague ideal of R then

() X+ my =y + my if and only if my(x — y) = m,(0)
(i) x+ny=y+n,ifandonlyifny(x —y) = ny(0)

Proof:
(1) Suppose x + my =y + mythen  (x+my(x)) =y + my(x)
implies m,(0) = my(x — y).
Conversely, if my(x — y) = m,(0), then for z€ R,
x+tmy)(2) =mu(x —2z) =my(x—y +y —z)
= min {my, (x — y),my(y — 2)}

= min{m, (0), m,(y — 2)}

=my(y — 2).
Similarly my(y — 2) = (y + my)(2) = (x + mA(Z)).

Therefore my(x — z) = my(y — 2)
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Hence x+my=y+my
(ii) Supposex +ny =y +n then (x+n4(x)) =y +ny(x)
implies ny(0) = ny(x —y).
Conversely , if ny(x — y) = ny(0), then for z€ R,
(x+na)(2) =ng(x —z) =ng(x —y +y — z)
< max{n, (x — y),ns(y — 2)}

> max{ny (0), n, (y — 2)}

=ny(y — 2).
Similarly ng(y — z) = (y + n4)(2) < (x + nA(z)).
Therefore ny(x — z) = ny(y — z)

Hence x+ny=y+ny

Definition 4.5: Let A= (X, t,(x), f4(x)) bean L-vague set of an l-vague ring R, then g is called L-vague
quotient ring R by t4 andf, if it satisfies the following properties.

() 0+t4 =ty,0+f4 = fyis the zero element of%

(ii) Forall xeR—(x+t,)=(—x)+t,and — (x + f;) = (—x) + f, additive inverse of

(iii) Forallxy,z€ %, x+y)+z=(x+y)+z

(iv) Forallxyze€ %, (x+y) = (y+x)

(v) Forallxy,z€ %, x.(y.z2)=(Xy).z

(vi) Forallxyze€ g, x.(y+z) = xy+xz and (x+y).z=x.z+y.z

Conclusion: In this paper we introduced some operations on L-vague sets and studied some properties on L-

vague rings and define L-vague ideals, also studied some of their operations on L-vague ring and L-vague
ideals. These concepts are used in the development of some of their important properties have been inspected.
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ABSTRACT

In this paper we give a simple system of defining relations for the generalized accessible rings established in [2].
We showthat ((wo,x0,y0),z) = sgno ((w,x,y),z) for all w,x,y,ze R and (vo,xc,yc) = sgno (v,x,y) for all v,x,ye R, where
o is any permutation of the three elements. Also it is shown that f(w,Xx,y,z) is a skew symmetric function of w,x,y,z. Using
these results, we prove that a flexible ring R is generalized accessible if and only if it satisfies the following identities (i)
x,(zy,y) =0 (i1) (x,y,(W,2)) + (x,(w,z),y) = 0 for all w,x,y,ze R and a 2- and 3- divisible generalized standard ring R is a
generalized accessible ring. It is also proved that a non-commutative generalized accessible Jordan ring R is generalized
standard.

INTRODUCTION

Schafer [3] defined Generalized standard rings and determined the structure of 2- and 3- divisible simple, finite
dimensional generalized standard algebras by showing that they must be either commutative, Jordan, or alternative.
Kleinfeld et. al. [ 1] introduced the generalized accessible rings. Shestakov [4] obtained the defining relations for the class
of generalized accessible rings.

PRELIMINARIES
Throughout this section R represents a generalized accessible ring.
A ring is flexible if the following identity holds (x,y,x) = 0.
A flexible ring is non commutative Jordan if the following identity holds (x2,y,x) = 0.

A ring is a generalized standard ring if it satisfies the following identities :

xyx)=0, 1.1
(X,¥,2)X + (7,2,X)X + (2,X,¥)X = (X,¥,ZX) + (V,XZ,X) T (XZ,X,¥), «evevrenr.n. 1.2
x,y,wz) + (W,y,X2) + (2,y,xw) = (X,(W,2,y)) + (X,W,(¥,Z)).  cereerrrrnnnn 1.3
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It is observed that these identities imply (y,y,(x,2))=0 ............. 1.4
and if 2- and 3- divisible, (x,y,x>)=0. ... 1.5

A Ring R is a generalized accessible ring if it satisfies the identities

(x.yx) =0,

xzyy)=0. 1.6

3 (X,y,(W,2)) = - (W,(X,¥,2)) - 2(X,(Y,2,W)) + 2(y,(z,w,X)) + (z,(W,X,y)). ..... 1.7

In any arbitrary ring, we have the following identities:

S(x,y,2) = (xy,2) - X(y,2) — (%,2)y, e 1.8
(X,yOZ,W) = (X0Y),Z,W) + (X,¥,20W) — XO(Y,Z;W) — (X,Y,Z2)OW,  vvveeenr. 1.9
(W.x,(y,2)) = (W,(X,¥),2) + (W.X),y,Z) = (W,(X,¥,2)) = (Z,(W,X,¥), -oevveenne 1.10
G(x,y,w,z) = 3(X,y,(1W1,T)) +(W,(x,y,2)) + 2(x,(y,2,W)) — 2(y,(z,W.X)) - (z, (W.x.y)),

Lemma 1.1:((Wo,x0,y0),z) = sgno ((W,X,y),z), where w,x,y and z are arbitrary in R and & is any permutation of the three
letters w,x and y.

Proof: Let us take three elements w,x and y to form an alternative triple. That is, ((w,y,y),z) = 0, ((y,y,w),z) = 0 and
((y,w,y),2) = 0.

By linearizing 1.6 and 1.1, we obtain
((W’XaY)’Z) = —((W,y,X),Z)

= ((xy,;w),2)

~((y,x,w),z)
=((y,w.x),2) .
Therefore ((w.x,y),z) = ((x,y,w),z) = ((y,W,X),2).
Hence (WG,X6,y5),7) = sgnG ((W,X,),2). O

Lemma 1.2: Let V=%(R,R), Let ve V and x,yeR. Then (vo,x0,yc) = sgno (v,x,y), where ¢ is any permutation of the three
elements v,x and y.

Proof: Since from G(y,y,w,z) = 0, we have

3(yaY5 (W,Z)) = '(Wa(ya}I,Z)) - Z(Ya(YaZ:W)) + 2(Y:(Z’W’y)) + (Z’(W’Y7Y))' e 112
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From lemma 1.1, the right hand side of equation 1.12 is zero.

Thus we have (y,y,(w,2))=0. 1.13
By linearizing 1.13, we have (x,y,(w,2)) = -(y,X, (W,2)).

Now apply flexible law to 1.13, we have ((w,z),y,y) = 0.

By linearizing this last equation, we get ((w,z), X,y) = -((W,2),y,X).

Thus we have (x,y, (W,z)) = -(y,X,(W,z)) = (W,2),X,y) = -((W,Z2),y,X)).
We also know from the flexible law that (x,(w,z),y) = -(v,(W,z),X).
Now we have need to prove that (x,(w,z),y) = -(X,y,(W,2)).
To prove this we define
K(w,x,y,2) = (W.x,(¥,2)) = (W,(x,),2) + (W,X), y,2) = (W,(X,¥,2)) T+ (z,(W.X.y)).
Now from 1.10 we states precisely that K(w,x,y,z) =0
From 3K (x,z,w,y) + G(y,w,Xx,z) — G(x,z,w,y) = 0, we obtain
3(x, (zw)y) =3((x,2),w,y) + 3(x,2,(W.y)) — 3(x,(z,W,y))

-3((%,2,w),y) + 3(y.w,(x,2)) + (X,(y,W,2))

2(y,(W,2,X)) - 2 (W,(2,X,y)) = (z(X,y,W))

-3(%,2,(W,y) - (W,(x,2,)) - 2(X,(2,y,W))

2(z,(y,w,x)) + (v,(W,x,2). 1.14
By using lemma 1.1 and collecting all terms on the right hand side of 1.14 yields.
-3(x,(W,2),y) = -(W,(x,y,2) - 2(x,(Y,Z,W)) + 2(y,(z,W,X)) + (z,(W,x,y)). .....1.15
But from G(x,y,w,z) = 0 we have
3(x,y,(W,2)) = -(W,(X,y,2)) - 2 (x,(y,Z,W)) + 2(y,(z,W,X)) + (z,(W,X,y)). ... 1.16
Comparing 1.15 and 1.16 we have
xy,(w,2)) =-(x,(W,2),y). . 1.17
This completes the proof of the lemma. O

Lemma 1.3: f(w,X,y,z) is a skew symmetric function of w,x,y,z.
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Proof: From lemma 1.2, we have ((x,y),z,w) = -(z,(X,y),W).

Now we substitute w=z in the above equation,

we get ((x,¥),2, 2) = - (2,(X.Y),2).

By flexible law, ((x,y),z,z)=0. 1.18
Now we have to show that f(w,x,y,z) = -f(z,w,x,y).

To prove this we define function

f(w,x,y,2) = (W,X),y,2) - (x,(W,y,2)) - (X,y,z),w) which is satisfied by the identities 1.6 and 1.17
Now substitute z=y in the function f(w,x,y,z), we have

ftw.x,y,y) = (W.X),y,y) = (%,(W.y,y)) - (X.y,¥),W)-

By using 1.18 and 1.6 in the above equation,

we obtain f(wx,y,y)=0. 1.19
By linearizing 1.1, 1.6, 1.18 and using 1.10, 1.17, we get

fz,wx.y) = -((z.w).xy) + (W,(zxy)) + (W.X,y).2)

= -((zW).x.y) T (W,(2.X,y)) - (W,(X%y,2)) - (W,(X,¥),2) + (W:X).y,2) + (W.X, (¥,2))
= (W:¥),y,2) = ((¥,2),X,W) - (z,W),X,y) T (W,(2.X,y)) + (W,(2,y.X) + (2,(X,y),W)

= ((w.x),y,2) + ((y,2):w.x) - (2,W),X,y) + (W,(zX,y)) — (W,(2.X,Y)) - ((X,y),2,W)

= ((Wx),y,2) + ((¥,2),W:X) - (x,9),2,W) — (2,W),X.y).

Consequently, f(w,x,y,z) = (W,X),y,z) + ((¥,2), W,X) - ((X,y),Z,W) - ((z,W),X,y),
That is, f(w,x,y,z) = -f(z,w,x,y).

When, in view of 1.19, it follows that f(w,x,y,z) is skew—symmetric.

This completes the proof of the lemma. O

Theorem 1.1: A flexible ring R is generalized accessible if and only if the identities (i) (x, (z,y,y)) =0 (ii) (x,y, (W,z)) +
(%, (w,2),y) =0.

Proof: First we assume that a flexible ring R is generalized accessible if it satisfies the identities (ii).

The above identity proved in the lemma 1.2. Conversely, if R satisfies the identities (i) and (ii) then R is generalized
accessible.
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To prove this we take definition,

f( w.xy.,z) = ((W,X),y,2) - (X,(W,y,2) - (X,y,2),W).

From this definition, we have

(w,x),y,2) = f(w.x,y,z) + (X,(W,y,2)) + ((X,y,2),W).

((y,2),w.x) = f(y,z,w,x) + (z,(y,w.x)) + ((z,W,X),y).

(x,y),z,w) = f( X,y,2,W) + (y,(X,2,W)) + ((¥,2,W).X).

Now, by virtue of 1.10 and 1.17, we have

f(w.x,y,2) + (x,(W.y,2)) + (X,y,2),W) + { (y,2Z,w.x) + (2, (y, w.x)) + ((z,w.x),y) - f(X,y,2,W) - (y,(x,2,W)) — ((y,2,W).X).
=((W.x),y,2) + ((y,2),W.X) = (X.y), Z,W).

= (W,(x,¥),2) - (W,x,(y,2) + (W,(x,y,2)) — (z,(W,X,y)) + ((¥,2),W.X) = ((X,¥),2,W).
=-((x,y):;w,2) - (W.x,(y,2)) + (W,(X,y,2)) + ((W.X,y),2) + ((¥,2),W.X) — ((X,y),Z,W).
Now by linearizing of 1.1 and 1.18, we have

f(W,X,y,Z) + (X,(W,y,Z)) + ((X,yaZ),W) +f (y5Z’W’X) + (Z,(y,W,X)) + ((ZaWaX)aY) - f(XaYaZaW) - (y,(x,z,w)) - ((y,z,w),x) =
(W,(X,y,Z)) + ((W,X,y,),Z).

When, in view of the linearized 1.1, 1.6 and lemma 1.3
3f(w,z,x,y) = 2[(W,(X.Y,2)) — (2,(W,X.Y)) + (V,Z.W,X)) - (%,(y.ZW)]. ... ....1.20

3[((w,2), x,y) - (z,(W,X,y)) - (z.X,y),W)]

=2(W,(x,y,2)) - 2(z,(W,X,y)) + 2(y,(z,W.X)) - 2(x,(y,Z,W))

3(W,2),%.Y) = 2(y,(z,W.X)) - 2(x,(y,2,W)) + (z,(W.x,y)) — (W,(X,,Z)) which is equivalent to 1.7.

Thus, 1.7 can be replaced by the simpler 1.20 in the definition of a generalized accessible ring.

Theorem 1.2: A 2- and 3- divisible generalized standard ring R is a generalized accessible ring.

Proof: If we substitute w=y in 1.3, then we get

X,y,y2) + (v,y,X2) + (z,y,xy) = (X,¥,(V,2)) e 1.21

because of 1.1. By cancellation and subtraction, this last equation becomes

(x,y,zy) + (y,y,Xz) + (zy,x,y) = 0.
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By interchanging x and z in 1.21 and subtract with this last equation, we get

yy(x2)=0. 1.22
By linearizing 1.22 and using 1.1, we obtain

(W,y,(%,2)) = -(v,W,(x,2)) = (x,2),w,y) = - (X,2),y,W).  eeerernrnn. 1.23

Now substitute w=z=x in 1.3 and using 1.22 we get

3(xyX) =((exy). 1.24

Now we take z=y=x in 1.10 we obtain ((W,x),x,X) = -(X,(W,X,X)).

Using 1.22 and the linearization of 1.1 we have ((w,x),x,x) = 0.

Therefore we have (x,(w,x,x)) = 0.

If we put w=y in this last equation and using the linearization of 1.1 then we get (x, (x,x,y)) = 0.

Substitute this in 1.24 we get 3(x,y,x?) = 0, and since R is a 2- and 3- divisible, it follows that (x,y,x?) = 0.
............. 1.25

Now put w=x in 1.3 and using 1.22, then we obtain

2(x,y,xz) + (z,y,x%) = (X, (X,2,Y)).

But by the linearization of 1.25 yields (x,y,xz + zx) + (z,y,x?) = 0.

By comparing this last two equations we get

xy,(x2)=xxzy). 1.26
Now interchange w and z in 1.3 and subtract the resulting equation from 1.3, we get
x,y,(w,2)) = (x,(W,2,y)) — (z,W,y)) + (X,W,(¥,2)) - (X,Z,(Y,W)). eerrrrrnnnn. 1.27
Substitute w=y in 1.27 and using 1.11, then we obtain

x,y,(y,2)) = -(x,(z,y,y)) + (x,y,(Y,2)) which implies (x,(z,y,y))=0. .......... 1.28
Now by linearization of 1.28 and use of 1.1 we get

(x,(wo,y0,2z0)) = sgno (X,(W,y,2)). e 1.29

Where o is any permutation of the three letters w,y and z. By using 1.29, we rewrite 1.27 as (X,y,(w,z)) + (xX,w,(z,y)) +
(x,2,(y,W)) = 2(x,(W,2,y))-

By linearizing 1.26, we get
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(W.y,(%,2)) + (%,y,(W,2)) = (W,(X,2,)) + (X,(W,Z,y)).
Interchange x and y in this last equation, we obtain

(W,x,(y,2)) + (v,x,(W,2)) = (W,(¥,2,X)) + (y,(W,Z,X)). . 1.31

Now apply permutation (wyz) in 1.31 we get

(v,x,(z,w)) + (z,x,(y,W)) = (v,(z,w,X)) + (z,(y,W,X)). e 1.32
Now subtract 1.31 from 1.32 and use 1.29 we have

2(%,y,(W>2) + (X,W,(y,2)) + (2.X,(y,W)) = -(W,(X,y,2)) + 2(y,(z,W.x)) +

(z(Wxy). 1.33

By adding 1.30 and 1.33 and using 1.29 and 1.23, it follows that

3(x,y,(W,2)) = -(W,(X,Y,2)) — 2(X,(Y,Z,W)) + 2(V,(z,W,X)) + (Z,(W,X,y)). ..... 1.34
Therefore in other words G(x,y,w,z) = 0.

Since 1.1, 1.28 and 1.34 constitute a generalized accessible ring.

In any arbitrary accessible ring R, it is shown that R is flexible, that all associators satisfy ((x,y,z),w) = 0. From this it
follows that R is a generalized accessible rings.

Theoreml.3: A non commutative generalized accessible Jordan ring R is generalized standard.

Proof: By linearizing the Jordan identity (x2,y,x) = 0, we obtain

(X,y,zow) + (z,y,xow) + (wW,y, x0z) = 0.

Now we have hence

2(x,y,zw) + 2(w,y,xz) + 2(z,y,XW)

= (%Y, (z,W)) + (W,y,(x,2)) + (2,y,(x,W))

= (xy,(zw)) + (W,y,(x,2)) + (2,y,(W.X)) + 2(z,y,(x,w))

= H(x,z,w,y) + 2(z,y,(X,W)).

Where H(x,z,w,y) = (X,y,(z,w)) + (W,y,(X,2)) *+ (2,y,(W,X)).

Now using function f(w,x,y,z) = (W,X),y,2) - (X,(W,y,2)) - (X,y,2),w) in H (x,z,w,y), we have

H(x,z,w.y) = ((z,w),x,y) + (x,2),w,y) + (W,x),2.y)
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= f(z,w,x.y) + (W,(zx.)) + (W.x,y),2) + f(x,2,w.y) + (2,(x,W,y)) +
((z,w,y).x) + f(W.x,,y) + (X,(W,2,y)) + ((X,2,Y),W).
By using properties of generalized accessible ring, we obtain
H(x,z,w,y) = -3f(w,z,x,y) + 2(W,(X,y,2)) - 2(z,(W,X,y)) - 2(X,(¥,Z,W)).
Now using 1.20 in the above equation, we have
H(x,2,w.y) = -2(W,(x,y,2)) + 2(2,(W,X,y)) = 2(y(2,W,X)) + 2(x,(y,2,W)) +
2(W(x,y,2) - 2(2,(WX,¥)) = 2(%,(¥,2,W))-
= -2(y,(2,W,X)).
Now using the identity of corollary of the lemma 2.1 from “Generalized standard rings”.
L.P. Shestakov, Algebra, logika, 13, No.1, 88 — 103 (1974), we have
((v:%),y,2) = (X,¥,2),Y)-
Using the linearization of above identity, we have
2(x,y,zw) + 2(w,y,xz) + 2(z,y,xw) = H(x,z,w,y) + 2 (z,y,(x,W))
= -2(y,(z,W,X)) + 2(z,y,(x,W))
=-2((z.x,W),y) + 2(z,y(x,W))
= 2((2y,W),X) - 2(zx,(y,W))

= 2(X,(Z,W,Y)) + 2(X727(Y7W))

Consequently
(X,y,zw) + (W,y,X2) + (2,y,XxW) = (x,(z,W,y) + (X,2,(y,W)). (or)

(%y,2W) + (2,y,xW) + (W,y,X2) = (X,(2,W.y)) + (X,2,(y,W)).

Therefore R is generalized standard ring.
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CLASSES ON HARMONIC STARLIKE FUNCTIONS
Ravindar Boini

Department of Mathematics, School of CS&AI SR University, Warangal, Telangana, India

ravi.boini@gmail.com

Abstract.The harmonic function subclasses described by an operator in a unit disk aare discussed in this paper.
Obtain the necessary and sufficient conditions for above classes.

INTRODUCTION
Let f=p+igbe harmonic in the domain Qof complex planel] . We shall express /' =y+i(, with y and ¢ are respectively
analytic part and co-analytic part of f.

Let S, represents the functions of kind f=y+i{ which are harmonic one-one and orientation- preserving in
A={z el :|4 <1 with £(0)=y(0)= £.(0)-1=0, alsoy and( as

y(z)=z+ ianz" ,L(2)= ibnz”,

n=2 n=1

B|<1.(1)

In 1984, “the class §,, was introduced by Clunie and Sheil-Small [4] and their study gave insight of few coefficient

bounds. Since then, many authors ([2], [3], [5], [6], [7], [8], [9], [10] and [11]) have studied the subclasses of harmonic
univalent functions.

According to Makinde [6], £” defined by
&"/(2) =z+2knma,,z”

where A, = and

n—rr#!

g f(z)=2" {z*"“’ +anmanz” } mell =01 U{0}

n=2

andg’f(z)=1(z), £/(2)= Z+z 10,2 —Z+Zmz-

n=2

We consider the differential operator, proposed by Makinde [6], for the functions f* defined in (1) by
E"f(2)=E"y(2)+(-D)"E" f(2), mel , =0 U0}, VzeA (2
where gmw(z)zz+2xmanz ,E z;(z):anmbnz and), ‘ "4'
n=2 n=l n—

Let 4, (mu,B,¢) be the class of functions f of the form (1) satisfying the condition
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g' 12
where&”f defined in (2).
Let 4, (m,u,B,¢)be the subclass of 4, (m,uB,¢) consisting of functions f such that y and¢are of the form”
w(@)=z-Ya,|", {=2)=D1b,|7",

n=2 n=l

Re{(use"‘b)%—ﬁe@}% 0<p<1 =0, pe,(3)

h|<1.(4)

Lemma
According to [1]: Let5>0. ThenRe{w} >& if and only if|w— 1+ 8)| < |w+ (1-9)

,where wis any complex number.

MAIN RESULTS

Theorem 1.“Let f be of the form (1). If f* holds
2 LA+B)n=m|=w+B) |n,, [a,[+ [ A+B)ln—m|+@+B) |&,, b, < A=), 5)
n=2 n=l1

then f* is sense-preserving, harmonic, univalent in Aand f € 4,,(m, 11,B,¢).

Proof. For proving f e 4,,(m,u1,B,¢) we must show that f* holds the condition (3).
By Lemma [1], it is enough to prove
|4(z) = 1+ W)B(2)| - |4(2) + (1~ W) B(2)| < 0, where

A(2)=(1+Be)e™ f(2)-Be*e" f(z)and B(2) = €" [ (2) -
Consider| A(z) —(1+p)B(2) |

Su|z|+2‘(1+u)|n—m|—(u+ﬁ)
n=2

o0
Rumla[lol” +BL == a1
n=2

—|n
4 .

z

}an

b}’l

bl’l

+§:Hn—m|+(l+u) n+[3i”n—m|+l‘ A
n=1 n=l1

(6)
Consider |A(z)+(1—-p)B(2)|

> 2-plel- X -1~}
n=2

o0

n n

Ko || |2l =B [1 =l =] a2
n=1

n

z

z

}an

bn

bl’l

—i”n—m|—(l—p) n—BiHn—mHl‘ Am
n=l1 n=l1

(7)
From (6) and (7), we will get,|4(z) — (1+ n)B(z)|-| 4(z) + (1-n)B(z)| < 0. Hence the result.

Theorem 2. Let f be given by (4). Then f e 4, (mpB,¢) if and only if f holds the condition (5)”.
Proof: Since 4, (m B, ¢)< 4, (m ,B,¢), we shall prove necessary part of the theorem only, for which one can refer Sharma
and Ravindar ([3], proof of Theorem 2.2).
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TWO-LAYER JEFFREY FLUID TRANSPORT IN NARROW CHANNELS WITH
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Abstract

This paper examines the movement properties of a double-layer Jeffrey fluid within a mild stenosed narrow channel. The configuration
comprises a central core containing Jeffrey fluid and an encircling peripheral section of Newtonian fluid. With the flow treated as steady
and the stenosis mild, the governing equations are solved analytically to derive expressions for velocity profiles, effective viscosity, core
haematocrit, average haematocrit. The findings demonstrate that effective viscosity diminishes with a rise in the Jeffrey parameter,
whereas greater stenosis height and channel width result in elevated viscosity values. The calculated viscosity stays within
physiologically acceptable parameters. The research further validates that the ‘Fahraeus—Lindqvist effect’ accounts for the rise in
viscosity with channel radius. The mean haematocrit declines with the Jeffrey parameter and stenosis height, but grows with channel
width, while the core haematocrit declines with all three parameters: Jeffrey parameter, stenosis height, and channel width.

1. INTRODUCTION

Microcirculation is the movement of blood with slight vessels like capillaries, venules, and arterioles. There are blood
vessels in the human circulatory system that range in size from 20 to 500 micrometers. Furthermore, anomalous effects arise
when blood passes vessels with reduced diameters. The 'Fahraeus-Lindqvist impact' [1] exemplifies a phenomenon in which
the effective viscosity of blood decreases as channel width increases (Martini et al. [2]). A number of researchers (Azel-
vandre and Oiknine [3]) have examined blood flow in small channels, presuming it to display Newtonian fluid characteristics
and have validated the Fahraeus-Lindqvist effect due to its increasing relevance. Additionally, Sharan and Popel [4]
employed a dual-component model to analyse blood flow in constricted channels. Haynes [5] investigated a double-layered
fluid model comprising two Newtonian fluids with differing viscosities. Blood, regarded as a suspension of hemoglobin in
plasma, displays non-Newtonian fluid behaviour under less shear rates (Haynes and Burton [6]). Chaturani and Upadhya
[7] investigated double-layered blood flow models utilizing a Newtonian fluid in the peripheral section. Shukla et al. [8]
scrutinized the effect of the periphery on the peristaltic transport of a biofluid. Srivastava and Saxena [9] have proposed the
use of double-layered blood stream models, wherein the central area comprises plasma and Casson fluid, while the
peripheral section is characterized by a Newtonian fluid. Aerosty and Gross [10] examined pulsatile flow in small vessels
under the assumption that blood behaves as a Casson fluid. Stenosis refers to the constriction of an artery resulting from
arteriosclerotic plaques. This occurs due to an excess of fatty deposits and abnormal angiogenesis within the arterial lumen.
Stenosis obstructs blood flow, resulting in irregular hemodynamics. This is a primary factor contributing to blood clots,
strokes, and heart failure. Stenosis can occur in various forms, such as when multiple shapes intersect or when the shapes
lack regularity. Numerous experimental and theoretical investigations (Sankar and Hemalatha [11]) have sought to elucidate
the impact of stenoses in the arterial lumen of a plasma channel on blood flow dynamics. Umadevi et al. [12] demonstrate
that copper nanoparticles are efficacious in reducing the hemodynamics associated with stenoses. This indicates potential
biomedical applications. Dhange et al. [13] Casson concentrated on the continuous, incompressible movement of fluid in a
channel with several stenoses. Ponalagusamy [14] examined the influence of non-zero couple pressure at the interface,
stenosis height, taper angle, axial distance, and several sloshes on flow parameters and flow line patterns. The Jeffrey fluid
illustrates a non-Newtonian liquid characterized by viscoelastic and shear-thinning properties. The Jeffrey fluid model has
been utilized to examine various fluid stream phenomena, including flow in porous media, non-Newtonian flow in conduits,
and the dynamics of polymer solutions. The model is also utilized in biomechanics to examine the dynamics of blood stream
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and other biological fluids within blood vessels. The peristaltic motion of Jeffrey fluid in a circular vessel is observed by
Hayat et al. [15]. Vajravelu et al. [16] investigate the peristaltic movement of Jeffrey fluid with thermal effects on a vertical
porous surface under the assumptions of 'long wavelength approximation and less Reynolds number.' Investigations are
underway regarding the diffusion of solute substances in the movement of Jeffrey fluid with a porous material in a peristaltic
tube, as discussed by Ravi Kiran and Radhakrishnamacharya [17]. Santosh and Rajeshwar Rao [18] examined a double-
fluid problem regarding the motion of Jeffrey fluid influenced by slip through a narrow channel. Santosh et al. [19] explored
the effect of a porous material on a dual-layered mathematical model for the movement of Jeffrey fluid in channels of
varying diameters.

2. MATHEMATICAL MODEL OF THE PROBLEM

This paper presents a two-layered model for the analysis of the two-dimensional movement of a Jeffrey blood in a
narrow channel through stenosis. The variable hy is used to denote the channel width in the non-stenotic zone. It is composed
that the movement area contains of a core with a height h; and a periphery with a thickness € = hg — Bhy. Further, Fig. 1
depicts that the periphery composed that the Newtonian fluid and central core contains Jeffrey fluid. The cartesian
coordinates (x, y) are utilized so that the x-axis is equivalent to the centerline of the vessel and the y-axis is vertical to the
x-axis. For an incompressible Jeffrey fluid, the constitutive equations given by Hayat et al. [21] areT =—PI+S§ and

= 1:‘ ;1 (¥ + 22¥) here, P indicates pressure, The parameter denoted as A1 represents the ratio between relaxation time

and retardation time, S represents identity tensor, A, symbolises the retardation time, the symbol ¥ signifies the shear rate,
and dots are placed above the quantities to denote their changes over time. In this case, the formulae that describe the
movement of an incompressible Jeffrey fluid are:

Y*: b J< L—>|

W Newtonian Fluid

Fig. 1 Geometrical Structure of the Stenosed Channel

Given by the geometry of the wall

8 2 L
b= ho—f<1+cosL—1:(X—b—?°)> ,b<x<b+ L,

(1

h, , otherwise

8 2T Lo
h, = Bh0—5<1+cosL—0(x—b—7)) ,b<x<b+ L, @)

Bhy , otherwise
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where L is the channel's length, Ly is its length, & is the stenosis's highest point, § is the interface's highest bulging point
because of the stenosis, the parameter § represents the ratio among the average half-width of the middle core and the channel
width in the unobstructed area, additionally hy denotes the width of the channel in the clear area.

3. ANALYSIS

In this paper, the two-dimensional movement characteristics of concentrated Jeffrey blood are modelled using the
governing equations described by Santhosh et al. [20].

odu ov

T 3)
9 02y Ay R 05w 0y

p[at+uax+vay]u_ 0x ax+ay )
9 0 0], _ _0p_ 9y 0S5«

p[at+uax+vay]v_ 6y+ 6y+6x ®)

In this context, v and u signify the velocity components along the x, y co-ordinate axes, p denotes pressure, p indicates
density, Syy, Syx, Sxy, and Sxx represent various stress quantities, and p; refers to the viscosity in the core section. The
velocity in the middle portion is denoted as u: (y), whereas that in the peripheral area will be u (y).

Considering the movement to be uniform and considering the stenosis as slight, the equations representing the fluid flow
(Jeffrey fluid) in the core area (0 < y < h;) lessen to

9%u 7]
_(13\0?21 ==, 0<y<h, (6)

In the periphery area ( h; <y < h) the equations representing the fluid flow (Newtonian fluid) for the current problem
lessen to

92 a
H2 g7 =5 hi<y<h )
The boundary conditions for this current paper are
Up = Uy, Ty =Tpat y = +h;(x) (®)
The velocity adheres to without slip boundary conditions as dictated by the governing equations.
u, =0 at y = +h(x) ©
calculating equations (6) and (7) subject to the conditions (8) and (9), we get
110dp, ,
up =5 =S W+ M) — hY) — (0% = h])] (10)
and
19
4y = -2 [y? ~ 7] an
The core flow flux and that of the peripheral area are respectively represented by
h h
Q= 2f01u1 (y)dy and Q; = thluz(Y) dy (12)
Adding for u; (y) and u, (y) from (10) & (11) in (12)
1 dp [2h3 ,
Q = — -2 [ZEA + AW +h?hy — i (13)
__tophi o 20’
Q= uzax[3 h*h, + 3 (14)
Accordingly, the fluid flux in the narrowed stenotic passage is, Q = Q;+Q, (15)
By substituting equations (13) and (14) into equation (15), we obtain
210 ,
Q=—3 -5 M1 +2)u’ +h* —hi] (16)

The effective viscosity is derived through comparison of (16) with the flux relation for movement between double
parallel plates.
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— w'h3
Heff = (3[h§(1+xl)p' +hi—h3]
Mean Haematocrit Values for Cell-Free Layers of Walls
Hematocrit is the volume of RBCs in percentage and human adults contain 40—45% approximately. The blood entering or
leaving the core hematocrit H is in relation with hematocrit Hy, HyQ = H,Q4 (18)

), where, i’ = %(17)
1

After adding Q; and Q from (13) and (16) in (18),

_ 3 I L h3_nh3
The following is the result (after simplification), H, = He | Di+)u +}21 h;h3 (19)
Ho h3(14+ap +350 h2h1_T1

The variable H, represents the normalized core haematocrit. The core haematocrit (Hc) and the mean haematocrit (Hu)
within the channel are connected by H,,, = BH,
After simplification, the result is

H_ = H_m — hi(l"'}\l)lil +h3_h§ (20)
m Hy 3 7.3 hzhl 3 h?
h1(1+}kl)|,1 +T—T

H,, represents the normalized mean haematocrit.

4. NUMERICAL RESULTS AND DISCUSSION

Equations (10), (11), (17), (19), and (20) present the closed-form solutions for the fluid motion velocities in the Periphery,
Core, Effective viscosity (per), Normalized core hematocrit (H:), Normalized mean hematocrit (H,,). The numerical
evaluations of the impact of various physical parameters, consisting of Jeffrey parameter A, Hematocrit Hy and the stenosis
height 6, on the previously mentioned flow characteristics has been performed using MATHEMATICA. As depicted in
Figures 2—13, the results of these computations are presented. Additionally, the noted values are selected for the pertinent
study of the present paper. Channel width, hy = 20 pto 200 u, € = 3.12 u for 40%, 3.60 u for 30 % haematocrit.
Moreover, the value of B is derived from the relation = 1 — € / ho.(Haynes [5], Chaturani and Upadhya [7], Srivastava

[9D).
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Fig 2: Impact of A1 upon pegr (81 = 0.2, Hy = | Fig 3: Impact of As upon pegr (Hy = 40% , hy = 20)
40%)
As the channel width increases, the flow becomes more laminar, and the interactions between blood cells and the channel
walls diminish in significance. As a result, the effective viscosity of blood flow rises (Caro and Pedley [22]). This outcome
is evident from Figures 2 and 4. Additionally, it shows the Fahraeus-Lindqvist effect. An abrupt decrease in the fluid's cross-
sectional area occurs in a stenotic zone, which causes the fluid's velocity to rise. The fluid's shear rate, or velocity gradient,
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rises as it moves faster through the constriction. In Jeffrey Fluid, a more prominent shear-thinning behavior may result from
this increased shear rate, which would raise the effective viscosity. This outcome is seen in figures 3 and 5. Figures 6 to 9
illustrate that the mean haematocrit decreases with the Jeffrey parameter. The interaction between RBCs and the Jeffrey
fluid can disrupt cell dispersion during blood flow. The elastic characteristics of the Jeffrey fluid may affect the deformation
and orientation of blood cells, potentially resulting in alterations to the apparent haematocrit. The reduction in average
haematocrit within a Jeffrey fluid flowing through a narrow conduit is likely due to the intricate interaction between the
fluid's rheological properties and the behaviour of blood molecules in that particular flow context. From the figs 7 and 9 it
is perceived that the mean hematocrit declines with the height of the stenosis. In areas of stenosis, RBCs may aggregate or
clump together. This aggregation can cause a decrease in the effective volume occupied by RBCs, leading to a lower
hematocrit. It is noticed through figures 10-11 that the core hematocrit diminutions with Jeffrey fluid. Figs. 10 and 11
depicted that the core hematocrit declines with the channel width. In a stenotic narrow channel, where the blood experiences
higher shear rates, the viscosity of blood may decrease, potentially affecting the distribution of cellular elements like RBCs.
This is the reason which causes the decrement in the core hematocrit. The ‘Fahraeus-Lindqvist effect’ defines the lessening
in effective viscosity and hematocrit in the core of rapidly flowing blood. In simpler terms, as blood flows more rapidly
through a narrowed vessel, the deposition of RBC in the central flow stream (core) may appear to decrease. This result is
observed in figures 10 and 11.
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5. CONCLUSION

This paper examines two-layer Jeffrey fluid transport in narrow channels with mild stenosis. Both fluid models are classified
as Jeffrey fluids in the core section, whereas a Newtonian fluid is designated for the periphery portion. Upon simplifying
the equations of motion, analytical results were derived for effective viscosity, flow velocities, mean hematocrit, and core
hematocrit. The Mathematica software package was employed to execute a numerical computation on each of these flow-
related variables. The effective viscosity increases with channel radius and stenosis height, while it decreases with the
Jeffrey parameter. A larger channel radius and increased stenosis height correlate with a reduced core hematocrit, which
diminishes as the Jeffrey parameter increases. A rise in the Jeffrey parameter corresponded with a decline in mean
hematocrit. An increase in channel radius correlates with a greater mean hematocrit associated with stenosis height.
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Abstract

Using Biot's theory on propagation of waves in poroelastic media, plane-strain vibrations of an
indefinitely long two layered cylindrical shell is resolved. A two layered poroelastic cylindrical

shell 1s made up of two concentric shells each built of a distinct poroelastic material and each of

vibrations of the poroelastic two-layered cylindrical shell, some specific cases, including the
poroelastic two layered bore and poroelastic bore are also discussed. The non-dimensional
frequency is calculated against the function of the inner layer's thickness to its inner radius. The
outcomes are analyzed after being graphically displayed for two different types of poroelastic
cylindrical shells. It has been found that the dilatational and shear vibrations in a poroelastic two

layered cylindrical shell are not dependent upon one another.

1. Introduction

Gazis (1958) studied vibrations in thickly walled hollow elastic cylinders in plane-strain form.
Whitter & Jones (1982) discussed axisymmetric vibrations in a two layered cylinder. Cui et al.
(1997) presented solutions in an inclined borehole made of poroelastic material. Abousleiman
and Cui (1998) analyzed vibrations in poroelastic transversely isotropic solid in wellbore

cylinders.
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Berryman and Pride (2005) discussed torsional vibrations in poro-elastic cylinder. Radial
vibrations in a poroelastic hollow cylinder were studied by Tajuddin and Ahmed Shah (2006).
Malla Reddy and Tajuddin (2010) examined radially symmetric vibrations in a two-layered

poroelastic cylinder. Radial vibrations in a poroelastic two layered cylinder were established by

Shanker et al. (2012). Sandhya Rani et al. (2022) discussed flexural vibrations in a two layered

finite cylinders.

The present study investigates the vibrations in a indefinitely long poroelastic two layered
cylindrical shell using Biot's (1956). The structure of Biot's model is an elastic matrix that is
permeable system of connecting gaps that are all filled with liquid. Two concentric poroelastic
cylindrical shells, each made of a dissimilar materials with each one is poroelastic, homogeneous
and isotropic, combine to form a poroelastic two layered cylindrical shell. The bounds of the two

layered cylindrical shell are free from stress, and the two shells are perfectly bonded together.

2. Problem formulation and solution

In the absence of dissipation, the equations that govern a homogeneous, isotropic

poroelastic media (Biot, 1956) are:

-

NV2u+(A4+N)Ve+OVe= ST;(Puﬁ"'P;gﬁ)

2

QVe+RV€=%(puﬁ+pzzﬁ) (1)
¥
where V? = 8_‘7+£3+L78_‘7+ 8'3 . ﬁ(ur, u,,u, )1s the displacement in solid and

or- ror r 80 Oz -

'I_J-(Uj,, U,.U,)1is the displacement in fluid. 4, N, O, R are poroelastic parameters, e,&
represent the solid and fluid dilatations and p,,, p,,, 2,, represent the coefficients of mass.

The relation between stress and strain components and liquid pressure s in terms of dilatations in
a poroelastic media can be given by

o,, =2Ne,  +(Ae+Q€)o,

mn mn

s = Qe + Re (2)

- (m,n=r,0,2)

where e, are components of strain in a poroelastic solid.
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Consider a system of cylindrical co-ordinates », 8, z. A two-layered, poroelastic cylinder with
cylindrical outer and inner shells is considered. Assuming that 7 and r, are the inner and outer

radii of the inner and outer shells, respectively, and that 'd' is the radius of the interface. The

cylinder's axis is used as the z-axis. Inner and outer cylindrical shells are indicated by the
superscripts/ =1, 2.
Let us consider the vibrations in poroelastic cylinder with the solid displacements
@ ==
(u”,u’,0) and fluid displacements U (U, UY’,0) given by

" afi() l a2 g(?) 4O :iafi(r’) ag(r’)
] & ]

or r o6 r 068 or 3)
ar® 10 @ 16" ag?

_ > 98 g _19 o, og,

: or r o0’ °° ro@ or’

where / =1, 2 and flm, ;'ﬁgfn,gg) are the functions of the variables », and 1.
From equation (1), (2) and (3) the relevant stresses can be obtained as

(o, + S)(a‘) (A“)T(” + A(”T(” + A(’)T(” + A(”T(” +B(’)T(” + B(’)z;g) )sm n@ exp(iwr),
(o6 )G) = (Al(”Tz(f) + AS)TE(;) + AS)TE(;) + AF)TQ + Bl(”Tz(;) + BE”TE(;) )sin né exp(ior),
s (Af”}g({) + AE”TQ + AB(”T;;) + AE”T;;J ) cosn@ expl(ior), 4)

where

100 =(£0) | 280 710 +[ @0 + R8O - a® +0) | 1,600 |

TIEU(?,):(é:?U))g [2N(0 J (5(”?)+[(Q(” _|_R(f))(5(f)) (A(") +Q(r’))} J”((;:I(f)?,):i

o (’)
TIE”(?‘)E[—lJH(é Dry+ D Ty )}T}l”(r)N 7,207 = 22 > g1 gy
e = o
(0]
T,E”(r)zN—f*J,,@ﬁ”r) N0 SRS
5 =
T(;)(r):—_l[( 0 )2 EDr)— EORT (EDp) + 02T (E0 )]
25 ?‘2

()= (80) (R (87 )2 ~0°) LGP IL @) =(£0) (RO (60) -0°) 1)
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TG =4P0 e ), TP =, 0 ), T () = %J &"r)
) =‘7”J,,<§f”r) T0(r) = - Jj,(é(”r) T =£071Elr)
1) =1 )
() =10 (r)
TO(r) =T (7)
with J =Y ,J' =Y'andJ," =Y fori=1,2,3,4,5.
AIU),AS),ABU), AF),BIG) andBlU) are constants, @ is frequency,(ff’ )2 = a(): =, k=1,2and 3,
(7:")
O p® _ (DY \_ (3 , 0 50
(5,5”)2:(}) il )2) (RO 000 -0%) for k =1,2 and 3 (5)
(Vk(f)) (RUJIOEJ _Q(I’JPSJ)

3. Secular equation:
The boundary conditions for the vibrations in a two layered cylindrical shell are

atr=w, (o,+s)¥ =0, ()" =0

atr=r, (o, +5)? =0, (o;.e)(z) =0

atr=b, (o, +S)() (0, +s )( ) (0, )(i) =(0,s )(2)

ur(l) = u,.(“), us() = ue(“);

atr=r,r,anda; s =P =0, (6)

Egs. (6) results in a homogeneous system with twelve equations.
The secular equation is derived on eliminating the constants as
|Cm =0 for m,n=1,2,....,12 (7)

with
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=

n=12,.6, C

1n

C

“10.n

n=1,8,..12;C,

= Tlf:)(ﬁ )’ C4n = I;fll) (b)’ C2n
=0,¢C,, =0, C, =0,

1ln “12.n

= 0’ C2n = 0’ an = I;(i)—ﬁ (b)’ C4n = I;(Eiﬁ (b)ﬁ CSn = T—l-(i)—ﬁ (b)’ Cl(),n = I;(f) (?‘2 )‘J

n—6

—T0G6, —TOGNG, ~ T2 6.0,

2n 4n

=M)(b),

n

Cs, = Y;E_ilé(b), Ciin = TEE?—G (). Cy, ,, = Tscfa)fé (1),
p=1,2:34 -Gy, = TR Con =TB);

80, U =,

n=1,2,3,4,56,11,12;C, =0,

ARG 100 =T (b)),
(3

We obtain axial symmetric vibrations when 7z = 0 thus the secular equation of two layered

poroelastic cylindrical shell (7) reduces to

() 12(0) 0 0

T,(;) (b) T,(: (b) Tj(;)(b) T,(s)(b)
ey (Y (2) )

Tss ®) Tss ®) Tss ®) Tss ®)

0 0 IPn) IPx)

TR TOm) L9 L9 0 0 0 0

I LY L) LY 0 0 0 0
TO(®B) TP(k) T9MB) LTP0B) IP0B) TP((k) TO(B) L7(0)

TOM®) TO®) TO®) TP O) 0 0 0 0

; =0

0 0 0 0 T®(®) TOM®) I9(B) I9(b)

(€] (O] (eY] &5} (2) (2) (2) (2)
TO®) TO®) TO®) TP®) TP TP TOO®) I90)
TI(IE) (?‘2 ) 1‘1(22) (?‘2 ) 1‘1(32) (?‘2 ) Tlil-z) (?‘2 )

(2) ) (2) @
T31 () T32 () T33 () T34 (1)

©)

where 7 (#) are given in equation. (5) and can be evaluated for n = 0.

In the equation (9), the first and second equations are the secular equations of axially symmetric
shear and dilatational vibrations respectively in a poroelastic two layered cylindrical shell. Also,

it is clear from the equation that these two vibrations are uncoupled.
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Poroelastic composite bore

When the outer radius r, of outer layer approaches to infinity, the secular equation (7)

transforms into

TO(m) I T () T.)'(R) I.(n) TID(n) 0 0 0
V@) IO TO0) I TO0) TD®0) 0 b 5
T3(113 (r) T;EU () TSE;) ) T;i) (%) 0 0 5 o 0

Tfl”(b) Tlg”(b) 2‘3”(6) TIS’(b) TI‘;’(E’) Tl‘;’(b) TS (b) Tfj’(b) Tl‘j’(b)
T;”(b) T;)(b) T_j;)(b) T;f(b) T;;)(b) T;;)(b) Tf(b) T;:)(b) T;)(b):o
T;ll) (b) T;; ) r;;) (b) r;j (b) 0 0 0 0 0

0 0 0 0 0 0 T;f(b) T;:)(b) T;j’(b)
T::)(b) T;;)(b) T;;J(b) Tjj(b) T;;)(a) T;;)(b) T;;)(b) Tjj)(b) Tjj)(b)
T;j)(b) T;”(b) Tjj)(b) T (D) T;;)(a) T;;)(b) T;j)(b) T;j)(b) T;j)(b)

2 54
T~ 1NN S5 ol o1 PO L RO\ IR [ L S SR S, P i s i el s
L. (1VU) 15 UIC Seluldl ©judllull UL POLOUCIASLIC CULIIPOSILIC DULC 111 PIdalle-Sidlll 101111

For n = 0, the secular equation (10) further reduces to
) I 0
TO®) TO®) TO®)
D 0 170

TPm) 00 IO IP0) 0 0
TP TG TP TOm) 0 0
Iy® I)0) T0®) I00) TG I20) 5 an
@ ® ® ® -
TO(®) T I(b) I2(D) 0 0
0 0 0 0 T;f) (b) T;j) (b)
m m m m (2) (2)
Tﬁl (b) TS? (b) T53 (b) T54 (b) Tﬁ? (b) T54 (b)

The first and second equations represent the secular equations of shear and dilatational vibrations

in a composite bore. Also, it is clear that these two vibrations are independent in nature.
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Poroelastic bore
Considering the poroelastic parameters of inner and outer cylinders are same then the
composite bore transforms into a poroelastic bore with radius » and the secular equation (10)
transforms into
TOG) TO¢) TO()
I0m) TO¢) TO()|=0; (12)
T;(ll)(?ﬁ) T;(j)(ﬁ) 0

4. Numerical work, Results and Discussion

In order to evaluate non-dimensional frequency, two different types of combinations of
cylinders - composite cylinder I and composite cylinder IT made of kerosene saturated sandstone
(Yew, 1976) and water saturated sandstone are considered. The physical parameters of Water

saturated sandstone (Fatt, 1959) are given by

A4 =0.306 x 10" dyne/em”,Q =0.013 x 10" dyne / em’ , R = 0.0637 x 10" dyne/ em’,
N =0.922 x10"dyne/cm’, p,, =1.9032 gm/cm’, p, =0 gm/cm’, p,, = 0.268 gm / cm’.

whereas the physical parameters of kerosene saturated sandstone are

A=0.4436 x 10" dyne / em”, O = 0.07635 x 10" dyne / cm”, R = 0.0326 x 10" ' dyne / em”,
N =0.2765 x 10" dyne / em”, p,, =1.926137 gm / cm’ p,, = —0.002137 gm / cm’,
P, = 0.215337gm /[ em’.

Considering the above values of poroelastic constants, the non-dimensionalized secular
equations produces a relation between frequency  and ratio h/r; of thickness to inner radius of
the inner layer. Three values for r»/a, viz., 1.05, 2 & 5 are considered for poroelastic outer shell

which represent respectively, thin outer shell, moderately thick outer shell and thick outer shell.

Figures 1 and 2 presents frequency of shear vibrations in a two layered poroelastic cylindrical
shells I and II respectively, each consisting of thin, moderately thick and thick casings. It is clear

that the frequency is high for smaller values of thickness ratio 7, / @ of outer shell for values

h/r >0.4, also the frequency is steady. Whereas for /1 /7, < 0.4 the frequency is less for lower

51



NTERNATIONAL «JoUrRNAL oF MuLtipisciPLINARY EDucatioNal RESEARCH
WIRIIN ~ 1ssn:2277-7881(Print); tuact Facron:10.16(2026); I Vauwe:s. 165 151 Vauwe:2.286

PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL
(Fulfilled Suggests Parameters of UGC by IJMER)

(<14 ] Volume:15, Issue:1(1), January 2026
Scopus Review ID: A2B96D3ACF3FEA2A
E Article Received: Reviewed: Accepted

Publisher: Sucharitha Publication, India
Online Copy of Article Publication Available: www.ijmer.in
International Conference on “Relevancy of Ancient Mathematics to the Current

Digital Trends”

values of thickness ratio #, / a of outer layer and frequency is not steady.

6 r2/a=1.01 r2/a=2 r2/a=5 8 -
—_—r2/a=1 01 ——r2/a=2 r2fa=5
6_
4_
& .
(2]
g g4
- -
= @
L 2_
O T T T T T T T T i 0
01 02 03 04 05 06 07 08 09 1 0.1 0'2 0'3 0'4 0'5 OI6 0'7 OIS 0'9 1
hir1 W

Fig. 1 Axially symmetric Shear vibrations - poroelastic  Fig. 2 Axially symmetric Shear vibrations - poroelastic
two layered cylindrical shell-I two layered cylindrical shell-IT

The frequency for dilatational vibrations is incorporated in Figures 3 and 4 for cylindrical
shells I and IL respectively. It is interesting to observe that behavior is different for dilatational
vibrations in both cylindrical shells I and II. The frequency is steady in cylindrical shell IT when
compared with composite cylinder I. The frequency is steady only for thin outer shell and
frequency for thick outer shell lies between the frequencies of the other two in the case of
cylindrical shell I. Whereas in the case of cylindrical shell II the frequency is more for thick

outer shell when comparing with other two when % /# > 0.4 also it is observed that the frequency

is steady in the three cases when //7 >0.4.

6 2fa=1.01 2fa=2 2fa=5 8 - —r2fa=1.01 r2fa=2 —r2fa=5
6 4
4 4
= =
g g4
g A
T2 =3
g £2]
e N
01 02 03 04 05 06 07 08B 09 1 01 02 03 04 05 06 07 08 09 1
h/irt h/ir
Fig. 3 Axially symmetric dilatational vibrations — Fig. 4 Axially symmetric dilatational vibrations -
poroelastic two layered cylindrical shell -1 poroelastic two layered cylindrical shell -IT
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Shear vibrations of composite bore I are depicted in Figure 5. The frequency for
composite bore II is stable and less when compared with the frequency of bore I for h/r;>0.4.
Dilatational vibrations as presented in Figure 6 the frequency of composite bore II is steady and

is less than that of composite bore I for h/r;> 0.5.

4 - composite bore | 6 composite bore |
------- composite bore I -=--===- composite bore Il P
=4
2]
| =
[
=]
o
£z
O T T T T T T T T 1 0 T T T T T T T T 1
01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09 1
hir hir1
Fig. 5 Axially symmetric shear vibrations - Fig. 6 Axially symmetric dilatational vibrations -
composite bore composite bore

5. Conclusion:

The investigation of axial symmetric vibrations in two-layered cylindrical shells

and composite bore has produced the findings:

(1) The poroelastic composite hollow cylinder's axially symmetric vibrations produced
uncoupled dilatational and shear vibrations. Similar findings have been made regarding

poroelastic composite bores.
(11) The frequency of shear vibrations is steady for both cylindrical shells I and II.
(ii1) The frequency of shear vibrations is more for both cylindrical shells I and II for higher

values of the ratio 2/ # .

(iv) Only for poroelastic cylindrical shell II the frequency of dilatational vibrations is steady.

(v) In poroelastic composite bore II, frequencies of shear and dilatational vibrations are

steady.
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Abstract

Hemodynamic impacts of stenosis on Jeffrey fluid transport through narrow channel is considered in this paper under the boundary
conditions. The proposed model comprises of a core containing Jeffrey fluid and a periphery portion consisting of Newtonian fluid.
Movement variables such as velocity, flow flux and core hematocrit, effective viscosity, average hematocrit has been given analytical
expressions, and the influence of several pertinent variables on the above-mentioned variables have been studied. The effective viscosity
is noticed to decline with Jeffrey parameter and rise with stenosis height, the channel width. The observed effective viscosity of the
model appears to be within the acceptable range of values. Also, it is seen that the ‘Fahraeus-Lindqvist effect’ is responsible for the rise
in effective viscosity as the channel radius grows. Further, mean hematocrit decreased with Jeffrey parameter and stenotic height,
increased with channel width. Moreover, core hematocrit decreased with Jeffrey parameter, height of the stenosis and channel width.

1. INTRODUCTION

The flow of blood through the narrow vessels, including capillaries, venules, and arterioles, is referred to as
microcirculation. The human circulatory system comprises a network of blood vessels that vary in diameter from 20 to 500
micrometers. Furthermore, anomalous effects arise when blood passes vessels with reduced diameters. The 'Fahraeus-
Lindqvist effect' [1] exemplifies a phenomenon in which the apparent viscosity of blood decreases as channel width
increases (Martini et al. [2]). A number of researchers (Azel-vandre and Oiknine [3]) have examined blood flow in small
channels, presuming it to display Newtonian fluid characteristics and have validated the Fahraeus-Lindqvist effect due to
its increasing relevance. Additionally, Sharan and Popel [4] employed a dual-component model to analyze blood flow in
constricted channels. Haynes [5] investigated a double-layered fluid model comprising two Newtonian fluids with differing
viscosities. Blood, regarded as a suspension of hemoglobin in plasma, exhibits non-Newtonian fluid behavior under low
shear rates (Haynes and Burton [6]). Chaturani and Upadhya [7] investigated double-layered blood flow models utilizing a
Newtonian fluid in the periphery. Shukla et al. [8] examined the influence of the peripheral layer on the peristaltic transport
of a biofluid. Srivastava and Saxena [9] have proposed the use of two-layered blood flow models, wherein the central region
comprises plasma and Casson fluid, while the peripheral region is characterized by a Newtonian fluid. Aerosty and Gross
[10] examined pulsatile flow in small vessels under the assumption that blood behaves as a Casson fluid. Stenosis refers to
the constriction of an artery resulting from arteriosclerotic plaques. This occurs due to an excess of fatty deposits and
abnormal angiogenesis within the arterial lumen. Stenosis obstructs blood flow, resulting in irregular hemodynamics. This
is a primary factor contributing to blood clots, strokes, and heart failure. Stenosis can occur in various forms, such as when
multiple shapes intersect or when the shapes lack regularity. Numerous experimental and theoretical investigations (Sankar
and Hemalatha [11]) have sought to elucidate the impact of stenoses in the arterial lumen of a plasma channel on blood flow
dynamics. Umadevi et al. [12] demonstrate that copper nanoparticles are efficacious in reducing the hemodynamics
associated with stenoses. This indicates potential biomedical applications. Dhange et al. [13] Casson concentrated on the
continuous, incompressible flow of fluid in a non-channel with multiple stenoses. Ponalagusamy [14] examined the
influence of non-zero couple pressure at the interface, taper angle, stenosis height, axial distance, and various sloshes on
flow parameters and flow line patterns.The Jeffrey fluid illustrates a non-Newtonian liquid characterized by viscoelastic
and shear-thinning properties. The Jeffrey fluid model has been utilized to examine various fluid stream phenomena,
including flow in porous media, non-Newtonian flow in conduits, and the dynamics of polymer solutions. The model is also
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utilized in biomechanics to examine the dynamics of blood flow and other biological fluids within blood vessels. The
peristaltic motion of Jeffrey fluid in a circular vessel is examined by Hayat et al. [15]. Vajravelu et al. [16] investigate the
peristaltic motion of Jeffrey fluid with thermal effects on a vertical porous surface under the assumptions of 'long wavelength
approximation and low Reynolds number.' Investigations are underway regarding the diffusion of solute substances in the
flow of Jeffrey fluid through a porous medium in a peristaltic channel, as discussed by Ravi Kiran and
Radhakrishnamacharya [17]. Santosh and Rajeshwar Rao [18] examined a two-fluid problem regarding the motion of
Jeffrey fluid influenced by slip through a narrow channel. Santosh et al. [ 19] investigated the influence of a porous layer on
a dual-layered mathematical model for the flow of Jeffrey fluid in channels of varying diameters.

2. MATHEMATICAL MODEL OF THE PROBLEM

This paper presents a two-layered model for the analysis of the two-dimensional movement of a Jeffrey blood in a
narrow channel through stenosis. The variable hy is used to denote the channel width in the non-stenotic zone. It is composed
that the movement area contains of a core with a height h; and a periphery with a thickness € = hg — Bhy. Further, Fig. 1
depicts that the periphery composed that the Newtonian fluid and central core contains Jeffrey fluid. The cartesian
coordinates (x, y) are utilized so that the x-axis is equivalent to the centerline of the vessel and the y-axis is vertical to the
x-axis. For an incompressible Jeffrey fluid, the constitutive equations given by Hayat et al. [21] areT =—PI+S§ and

= 1:‘ ;»1 (¥ + 22¥) here, P indicates pressure, The parameter denoted as A1 represents the ratio between relaxation time

and retardation time, S represents identity tensor, 4, symbolises the retardation time, the symbol ¥ signifies the shear rate,

and dots are placed above the quantities to denote their changes over time. In this case, the formulae that describe the
movement of an incompressible Jeffrey fluid are:

v’

b >« L—>]

W Newtonian Fluid

Fig. 1 Geometrical Structure of the Stenosed Channel

Given by the geometry of the wall

84 2T Lo
h= h0—7<1+cosL—O(x—b—7)> ,b<x<b+ L, (0
h, , otherwise
_3 2nf _p_ ko
h, = Bhg 2<1+COSLO(X 2)) ,b<x<b+ L @)
Bhg , otherwise

where L is the channel's length, Ly is its length, §; is the stenosis's highest point, & is the interface's highest bulging point
because of the stenosis, the parameter 3 represents the ratio among the average half-width of the central core and the channel
width in the unobstructed region, additionally hy denotes the width of the channel in the clear area.
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3. ANALYSIS

In this paper, the two-dimensional movement characteristics of concentrated Jeffrey blood are modelled using the

governing equations described by Santhosh et al. [20].
du  Ov

A (3)
9 0 0], = _0p 05« S

p[6t+u6x+vay]u_ x T ox T dy )
9 2 y0]y= 9 %y

p[at+uax+vay]v_ 6y+ ay tox ®)

In this context, v and u signify the velocity components along the X, y co-ordinate axes, respectively, p denotes pressure,
p indicates density, Syy, Syx, Sxy, and Sxx represent various stress quantities, and p; refers to the viscosity in the core
section. The velocity in the middle portion is denoted as u; (y), whereas that in the peripheral area will be u; (y).

Considering the movement to be uniform and considering the stenosis as slight, the equations representing the fluid flow
(Jeffrey fluid) in the core area (0 < y < h;) lessen to

9%u 7]

(12_11)?21:0_?1 0<y<h; (6)

In the periphery area ( h; <y < h) the equations representing the fluid flow (Newtonian fluid) for the current problem

lessen to
0%u, ap

M2 52 = oy h; <y<h ™)
The boundary conditions for this current paper are
Up = Uy, Ty =Tpat y = xh;(x) (®)
The velocity adheres to without slip boundary conditions as dictated by the governing equations.
u, =0 at y = +h(x) ©
calculating equations (6) and (7) subject to the conditions (8) and (9), we get
110dp, ,
up ==+ M) — hf) — (0 = h])] (10)
and
19
u; = Ea—z[yz —h?] (11)
The core flow flux and that of the peripheral area are respectively represented by
h h
Q= 2f01u1 (y)dy and Q; = thl u, (y) dy (12)
Adding for u; (y) and u, (y) from (10) & (11) in (12)
1 dp [2h3 ,
Q = — -2 [ZEA + AW +h?hy — i (13)
_ _1opfhi 2y o200
Q'Z_ Uy 6x[3 h h1+ 3 (14)
Accordingly, the fluid flux in the narrowed stenotic passage is, Q = Q;+Q, (15)
By substituting equations (13) and (14) into equation (15), we obtain
210 ,
Q=—3 -5 M1 +2)u +h* —hi] (16)

The effective viscosity is derived through comparison of (16) with the flux relation for movement between two parallel
plates.
— w'h3
Heff = (3[h§(1+xl)p' +hi—h3]
Values for Cell-Free Layers of Walls
Hematocrit is the volume of RBCs in percentage and human adults contain 40—45% approximately. The blood entering or
leaving the core hematocrit H is in relation with hematocrit Hy, H,Q = H,Q4 (18)

), where, |’ = %(17) Mean Haematocrit
1
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After adding Q; and Q from (13) and (16) in (18),

_ 3 I L h3_nh3
The following is the result (after simplification), H, = He | Di+)u +}21 h;h3 (19)
Ho h3(14+a)p/ +3501 h2h1_T1

The variable H, represents the normalized core haematocrit. The core haematocrit (Hc) and the mean haematocrit (Hy)
within the channel are connected by H,, = BH,
After simplification, the result is

H_ = H_m — hi(1+}\1)u’ +h3_hi (20)
m Ho 3 ;.3 hzhl 3 hi
hi A+ +————

H,, represents the normalized mean haematocrit.

4. NUMERICAL RESULTS AND DISCUSSION

Equations (10), (11), (17), (19), and (20) present the closed-form solutions for the fluid motion velocities in the Periphery,
Core, Effective viscosity (perr), Normalized core hematocrit (H:), Normalized mean hematocrit (H,,). The numerical
evaluations of the impact of various physical parameters, consisting of Jeffrey parameter A1, Hematocrit Ho and the stenosis
height 6, on the previously mentioned flow characteristics has been performed using MATHEMATICA. As depicted in
Figures 2—13, the results of these computations are presented. Additionally, the noted values are selected for the pertinent
study of the present paper. Channel width, hg = 20 uto 200 u, € = 3.12 u for 40%, 3.60 u for 30 % haematocrit.
Moreover, the value of B is derived from the relation = 1 — € / ho.(Haynes [5], Chaturani and Upadhya [7], Srivastava

[9D).
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As the channel width increases, the flow becomes more laminar, and the interactions between blood cells and the channel
walls diminish in significance. As a result, the effective viscosity of blood flow rises (Caro and Pedley [22]). This outcome
is evident from Figures 2 and 4. Additionally, it shows the Fahraeus-Lindqvist effect. An abrupt decrease in the fluid's cross-
sectional area occurs in a stenotic zone, which causes the fluid's velocity to rise. The fluid's shear rate, or velocity gradient,
rises as it moves faster through the constriction. In Jeffrey Fluid, a more prominent shear-thinning behaviour may result
from this increased shear rate, which would raise the effective viscosity. This outcome is seen in figures 3 and 5. Figures 6
to 9 illustrate that the mean haematocrit decreases with the Jeffrey parameter. The interaction between blood cells and the
Jeffrey fluid can disrupt cell dispersion during blood flow. The elastic characteristics of the Jeffrey fluid may affect the
deformation and orientation of blood cells, potentially resulting in alterations to the apparent haematocrit. The reduction in
average haematocrit within a Jeffrey fluid flowing through a narrow conduit is likely due to the intricate interaction between
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the fluid's rheological properties and the behaviour of blood molecules in that particular flow context. From the figs 7 and
9 it is perceived that the mean hematocrit declines with the height of the stenosis. In areas of stenosis, RBCs may aggregate
or clump together. This aggregation can cause a decrease in the effective volume occupied by RBCs, leading to a lower
hematocrit. It is noticed through figures 10-13 that the core hematocrit diminutions with Jeffrey fluid. Figs. 10 and 12
depicted that the core hematocrit declines with the channel width. In a stenotic narrow channel, where the blood experiences
higher shear rates, the viscosity of blood may decrease, potentially affecting the distribution of cellular elements like RBCs.
This is the reason which causes the decrement in the core hematocrit. The ‘Fahraeus-Lindqvist effect’ describes the
reduction in apparent viscosity and hematocrit in the core of rapidly flowing blood. In simpler terms, as blood flows more
rapidly through a narrowed vessel, the deposition of RBC in the central flow stream (core) may appear to decrease. This
result is observed in figures 11 and 12.
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5. CONCLUSION

This paper examines the hemodynamic effects of stenosis on Jeffrey fluid transport through a constricted channel. Both
fluid models are classified as Jeffrey fluids in the core region, whereas a Newtonian fluid is designated for the peripheral
region. Upon simplifying the equations of motion, analytical results were derived for effective viscosity, flow velocities,
mean hematocrit, and core hematocrit. The Mathematica software package was employed to execute a numerical
computation on each of these flow-related variables. The effective viscosity increases with channel radius and stenosis
height, while it decreases with the Jeffrey parameter. A larger channel radius and increased stenosis height correlate with
a reduced core hematocrit, which diminishes as the Jeffrey parameter increases. An increase in the Jeffrey parameter
corresponded with a decrease in mean hematocrit. An increase in channel radius correlates with a greater mean hematocrit
associated with stenosis height.
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Abstract

In this paper we construct two fixed point results on fuzzy menger space (FMS) utilising
weakly compatible type (P) mappings and reciprocally continuous, which are generalisations
of Ruchi Sing et al.'s theorem.In addition to above two outcomes are substantiated by
discussing proper example.

Keywords: Fuzzy menger space(FMS), reciprocally continuous mappings, weakly compatible
mappings of type(P), self-mappings.

2010 AMS Subject Classification: 54H25, 47H10.

1. Introduction

The analysis is the core area of mathematics and increases its scope day by day increase by
producing numerous results to all fields. Nowadays the fast growing area in analysis 1s fixed
point theory.The probabilistic notion is well suited for searching physical quantities. In this
era first foundation stone laydown by Menger [8]. He generalize the metric space by using
probabilistic approach for distance function leads to the notion of menger space. Schweizer
and Sklar [1] improved this concept by giving topological elements. The form of compatible
mappings was introduced in menger spaces by Mishra [6] in addition to generate some fixed
pomnt results. The fuzzy version of compatible mappings introduced by Cho et.al and
Sharma[2] and figure out some fixed point results in FMS. Sevet Kutukcu and Sushil
Sharma[4] generated some fixed pointed by using the new concepts compatible type(P-1) as
well as compatible type(P-2) in fuzzy metric space. Rajesh Shrivastav[9] generalize the fuzzy
metric space by introducing the structure of fuzzy probabilistic metric space and generated
some results using semi compatible mappings. Ruchi Singh.and A.D. Singh.et.al [11] using
the form of weakly compatible mappings in FMS and provided some fixed point theorems
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Using expansion mappings in FMS, S. D. Divan et al. [3] were able to produce a number of
fixed point outcomes. Ruchi Singh.et.al.[10] using the compatible type(P-1) mappings in FMS
and obtained some fixed point results. One mores result on compatible type(P-1) mappings i
FMS witnessed by Rashmi pathak.et.al[7].

Some more results on FMP like in[7],[8]. In this paper we define the weakly compatible

type(P) mappings in FMS and provided fixed point theorem which is substantiated by by
discussing proper illustration.

2. Preliminaries

Definition 2.1 [10] The continuous t- norm of a binary relation *: [0,1] — [0,1] is mentioned
if * satisfies

= = 1S assoclative
= u o= 1 = u V u E[O.l]
= * 1s commmutative

= * 1s continuous
= u* 9 < w=*awhenevery < wand 9 < a Vu.,9, w, a € [0,1].

Definition 2.2 [10] A fuzzy probabilistic metric space (FPM space) is an order pair (£2, F_)

mvolving of a non-empty set 2 and a mapping F, from Q X Q into the collection of all fuzzy

distribution functions 7, € R ¥V a € [0, 1],for x,y € O we denote the fuzzy distribution
functions 7, (x, ¥) by F,(., ,(v) is the value of ¥, ., ,) atvinR

The function F_ (. ., foralla € [0, 1] being to hold the following properties.

O Fotxe w(@)=1 Vvr>0=x=y
% Tcx{x. y!(o) =0 Vv x, 3 €. 2

% Tﬂ"'.x. ») = aly, x) Vv x, D 4 € 5

O

IE Fyce _‘_,(v) =1 and F,q(,, asW)=1 =2 F . o{v+w)=1Vax, y, z€ O
and v, w > 0.
Definition 2.3 [10] A triplet (0, F,, *) is called as (FMS) if (@, F_) is a FPM space, * is
continuous t- norm and the generalized triangle inequality
Futs, @+ W) =t (Foce. 0 @) Futy, W)
truevx, v, z€ Q v, w >0anda €0, 1].
Definition 2.4 [10] In FMS (02, F,, *) a sequence (u,,,)
o converges to @ some point 4 € O iflim ., F_ Gt 36
a [0, 1]
o cauchy iflim, ..o Faqu,, w)(ty) =1ty >0anda € [0,1].
o Further FMS (©2, F_, *) is complete if for each cauchy sequence converges m (1.

(ty) =1V t, =0 and

Lemma 2.5 [10] Let {y,,,} be a general sequence in FMS (2, F,, *) with contimuous t- norm
= and t, =t = t.. If there existing a constant k € (0.1) so that

T, #mﬁ,(ktv) == 2 Jum,(t.;) Vit,>0 and Vm > 1.

Resulting that {y,,,} is a Cauchy in Q.

Lemma 2.6 [10] Let {#,,} be a normal sequence in FMP (2, F,, *) with contmuous t- norm

#« and t, * t;, = t,. Ifthereis a constant k € (0.1) in a manner that
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Faie, ykty) = Fo(y, n(ty) VY x, ¥y € Q and t; > 0, thenx = y.
Example 2.7. Let 2 = [0, 1], the metric p is defined by p(x, v) = |x — y| for each t; define

0, t, <0

1, ifx=1y -
Fatx 3 (tg) = { e where H_ (t; ) ={tpa, 0< t,; < 1
A Ho(ty ), if x #> 7 to=> X
Then (2, F,, #) with continuous t- norm * and t, * t, = t, forming a complete FMP, here

a € [0,1].
Definition 2.8 [10] A pair of self-mappings 4, P ofa FMS (02, F,, #) is said to compatible
type(P) [7] if lim Ta(Apr_I_ pp_u",,;(tl:') = landlim Tcr(prﬁn. Mx.,n:(r'?) =2 W 20,
n— oo - =7 = n—*oco = =
wherever the sequence (x,)) in Q2 such way thatlim Ax, = lim Px, = w for some
n—*oo n—*co
w € .

=1V ¢, >0, whenever

e Compatible type(P-1) [10] if lim T“{Apxw ppx”nj(t.;,)
n— oo . = =

sequence (x,) in Q2 such thatlim Ax, = lim Px, = w forsomew € Q.

oo 1—*oo

e Compatible type(P-2) [7] if lim ;FH(PM"T Mxh_!,(tv) =1 V ty >0, whenever
n—+aco - -,

sequence (x,) in 2 such that lim Ax, = lim Px, = w forsome w € .

oo oo

e Weakly compatible type(P) if lim Tamp.t..ﬂ_ ppx-n>(tf’) -1 or
n—oo s * z

im F_pae . aax,)(tz) =1 ¥V t; >0, whenever sequence (x,) in 2 such that
n— oo : = =

lim Ax_= lim Px, = w forsomew € Q.
n—see 7 n—es 7

e Reciprocally continuous [8] if lim Fo(apx,,. aytp) =1 and

7—e :
im F_pae . puy(tp) =1 V ty >0, when the sequence (x,) in 2 such a manner
n—*oo =
thatlim Ax, = lim Px, = w forsomew € .
n—*ce n—*co
Remark:

(a) It can be noted that two mapping are compatible type (P) imply compatible type(P-1)
mmply weakly compatible type(P) however not conversely it can illustrated through the
example (2.9).

(b) It can be noted that two mapping are continuous imply reciprocally continuous but not
conversely. This can be illustrated by counter example (2.10).

Example 2.9 . Let FMS e (02, 7,. *) with continuous t- norm * , @ € [0, 1] define
—la—8

Fata, (o) = {e V. >0 (2.10.1)
0, ty =0

Consider 22 = [0, 2 ], further define the mappings, @ : Q2 — 0 as
gx, x € [0, %]

o(x) = ;—j el (2.10.2)
0, xe€G 2]
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(1 —x)% x €[0, 1]
Y(x) = { § x € (1, 2l (2.10.3)
5 _ % 7£
Consider (,u,,)—; = vn = 1.
Then from (2.10.2), (2.10.3)
: — 1 VI % VIS g 4_avE 4
lim ou, = lim o(3 —7) = m3 (3 —7)= lim (53— =3
(2.10.4)
- — & 1y _ A _ VW = g (Y
um g, = Umy(G-7)= tm a-(5-T)*= m (3+7) =5 @109
From (2.10.4) and (2.10.5) lim @u, = lim Yu, = -.
n—oco n—co 9
v, = tim o((2+2)) = o @106
; S—_ 2,2V - g (242 ) 2= =
tim v, = lim w((3+7)) = tm a—=(3+3))* = 2 @.107)
% " % 47 ; 3 42 > 25
lim you, = lm v(i-3)) = m (1— G390 =5
lim = lim (i-£ = =
lim pou, = lim ¢(5—7) = 0.
From (2.10.6) and (2.10.7)
E?i_{r; :Fa(‘mwn. w\bu,,:(tv) #+1 V t, >0 and (2.10.8)
,I,i_’.?:a F atowiy. '-Jmf-’#r,?(ti’) =1 V t;, >0. (2.10.9)

From (2.10.8) , (2.10.9)

Turns out mappings ¢, Y are weakly compatible type(P) but neither compatible type(P) nor
compatible type(P -1).

Example 2.10. Let (2, F,, *) be the as in example (2.10) where 0 = R.
Define the mappings ¢, ¥ : 0 — 0 as

(g-l—x):, x < %

oy =12" " " @11.1)
. X =z
C—x)? =<3

ZORS R (2.11.2)
» X 2=

Consider a sequence (u,,,) =‘:n—zv m = 1. Then from (2.11.1) and (2.11.2)

Im eu. = hm o(T)-Im G+2D° =T (2.11.3)
Lim u,, = lim p(2= )zlim G-Dy=%2 (2.11.4)
I —oo r— oo m—Soo =

From (2.11.3) and (2.11.4)

lim @u, = lim ypu = ?7

™m—oo m —*oo

lim evu, = lm o (G—3)7 )=lim 6 = 6=0(3). @115
: _ 5 ., V6,2 s o - 2s

im yeu, = lm y(C+2)* )=lms=38 = v (%) (2.11.6)
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From (2.11.5) and (2.11.6)
EEL S @{%s),(t,,) = 1and}113; - —— w(_%s},(t-;J =73 ¥ & >0, (2.11.7)

Thus from (2.11.7) both the mappings ¢, ¥ are reciprocally continuous however these are not

continious at X ==

The next theoremuwas provided by Ruchi Singh et.al. [10]

“Theorem (4) Let A, P, Q and S be self -mappings of a complete FMS
(X, F,, =) with continuous norm = and t = t = t, ¥Vt € [0,1] fulfilling:
@) P(X) < S(X), Q(X) < A(X)
(i1) there exists a constant k € (0,1) such that
:Fcrfo, Q)"!(kt) = Facax, Sy) (t) " :Fa(Px. Ax?(t) ‘:Fd(Q_‘L Sy!(t) "
;Fa:fo. Sy}(t)' *Fa (@y. Ax'l((z == B)t)
Vx,y €X, B €(0,2)andt > 0,
(i) either P or A is continuous
(iv) the pair (P, A) and (Q, S) are compatible type (P- 1)
Then A, P, Q and S have a unique common fixed point in X.’’

Now we generalize the above theorem as follows.
3. Main result

Theorem 3.1 Let A, P, Q and S be self-mappings on a complete FMS (., F_,, *) satisfving
that

(1) P(2) € S(2). () = A(Q);
(11) the pairs (P, A) and (Q, S) are weakly compatible type (P)
(iii)either P or A is continuoiis
(iv)there exists a constant k € (0,1) such that
j:ﬂ(P.:r. Q)‘?(ktv) = j:a(Ax. Sy) (t'?) * Tc['.'P.r, A.r:'(t':-') *TH(Q_\'. S)')(rF) »
Fapx, sy)(Bty) * Fa(oy, ax) ((2—B)ty) 3.1.1)
Vx,yv €X, B €(0,2) andty > 0.
.Then A, P, Q and S having a unique common fixed point in (1.

Proof: The inclusion property (i) we can derive the sequences {x,} as well as {¥,} In Q as
follows

Px,, =5x5,47 = Y2, and Qx5 = AXyp 00 = Vo4, V7 = 0. (3.1.2)

Claim to show {v, } is Cauchy sequence in €.

Replace x = x,,, v = x,,,;, m(3.1.1)forallt, > 0andf =1 — q withqg € (0,1) then

}-a(Px:n. Qx:_.}ﬂ](krr-') = :Fa:[A_r:,.],. Sx:,,+,_jl(tv') *Fa(pxo, Axoy ) (tp) *

:Fcerxmﬂ. s,r:,.,ﬂ)(tv) * Fa(pesy, Sxmﬂ]((l —q)ty) * "Fa(meﬂ. sznl((z — (1 —q))ty).
Then from (3.1.2)

:Fa( Yany “':'T*'l)(ktr) = T“[ Yap—1+ Van :I(t"-) s T“[J':?]’ J':n-;:l(tt’) i

Fa(vanze ¥27) ) * Fal oy, 32q) (1 — D) * Fay, .. (1 + q)ty)

Yzp—21
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T Yz -"':r.r+;)(ktf’)
> Fa(yanz )80 * Falony. 32y 80) * Falsy, ..
¥ Tﬂ[_\-'»_.r“.;- Vay ](tV) * Tﬂi)'zr,- }‘:n_l_)(qtl?)

Foalvoe r:nﬂ)(kt?) > F_¢ ) (te) > i }.:n}(t;.) g i

al ¥Yzp—21r ¥zq
T“(J‘:n » ¥zn —.\.) (qtv)

_'y__.n )(tv) * 1

)(tv) 3

Yany

The t — norm is continuous so letting g — 1, we will get
Fal rag vamer) Kte) = Fa(s o 5V @) * Fatoy oy 50) @) * Faly 5, ) (0)
Fa( Yan» Yazn +A.)(kt") =: I, ) (20 = :F“(T:rr—.\' J':r;.}(t") *Fals Yzp _}(t?)
Tl Yo ).:ﬂ‘_l_}(ktv) = F ](tp) ".'F“[_.‘.:W 5 ](tp).
In the same way we have

a( Yap+re Yagea) (kty) = :Fa(_}‘:r" .V:r“.;_.\(tf’) 'Tﬂ(_}':n-rlr }‘:r’+:i(t?)'
In general we can write forallvn = 0
Fal Ve )',.,+;J(kt9‘) = Fa( Vi P _‘}(tr) * T“()'n_ -"r1+.\)(tf’)' (3.1.3)
Resulting forp = 1, 2, 3 ... we have fiom (3.1.3)

Falog 99:) %) 2 Fulon o 35) 0 * Fals myis) (%)
asp — oo we get

Fal vy .r,-,ul(ktv) Z Fa(rps )(tp) = 1

:Fa( ¥ )_H+L)(kt;-) = :F“[ Yp—1r ¥n ](t?)'

Then {y,} is Cauchy sequence in Q by lemma(2.6).

Due to completeness of 0 the sequence y,, — z € Q.

This implies from (3.1.2)

sz,j. Snc._.,,+1 — z and Qx:,ﬁl. Ax:q+2 — zZz as n — oo,
Thus we have

af Yz —a1+ Yoy EL R

a Yap—a1+ ¥Yzpy T +1

M, Woon ™ Tom | ™% (3-1.4)
}?13}_3 QX241 = !’12100 SX5p4q = Z- (3.1.5)

The pair (P, A) is weakly compatible type (P) implies from (3.1.4)

lim Ta(Apxm. ppx._.,,;(tv) = 101 lil“ :Fn(Psz,,, AAx._.,,;(tv) ===

L i e

Case(1)

Assume i‘ff; Ta(zurx:q. ppx:n)(rw) = 1. (3.1.6)
Case(ia)

If A i1s continuous implies from (3.1.4)

};}Eﬂ :F.:r(AA_r:,T. 4z (tg) = 1 and 1‘1}}; :Fcr(APx:ﬂ‘ an (tp) = 1. (3.1.7)

Substitute x = Px,,, v = x,,,, in(3.1.1)
Fa PPy @xan.s) (Ktv)
= "Ftt(APx:,T. s.rzm,i)(tv) 'Tafppx:,,. Apx:,!](tv) & Tatq,rmﬁ, s::ﬂﬂ)(tv)
* Fa(pPx.,. Sx:,,ﬁ)(ﬁtv) = P AP:Z,T]((Z — Bty)
asnn — oo using (3.1.5), (3.1.6) and (3.1.7) with 8 = 1
Facas, = (kty)
2 Fataz 2(tv) * Fataz. a0 (te) * Fae. o (te) * Fa(az, (L)
* Fu (=, A=) (tc-')
j::x(.az. zn(ktv) = Faias, z:(tv) il 1% Tcr(Az. z!(ti}') *Falz, az (t?)
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T«(Az. zl(ktF) = a (A=, zl(tr)-

By lemma(2.7) Az = =.

Substitute x = z, y = x,,,, n(3.1.1)

Tﬂ“’:- Q X:nﬂ’(ktp)
= Fa(as. Sx:,T“)(tv) * Fapz, as) (tp)* F (@ xanss. 5x=,,“}(tv)
*Falp=. s:z,,“')(»etv') *Fa(Qxayes an)((2—B)ty)

asnn — oo, using (3.1.5), Az ==z withff =1

Fa(pz =) (kty)
= Fa(ar, 0(te) * Faies, a0) (o) * Fure, o (te) * Faes, »(ty)
* Pz az) (tV)

Fapz, n)(ktg) = 12 F (p,, an)(te) *1* Fop., »H(ty) =1

Faipz, =) (kty) = Fo(pe, o (te)-

By lemma(2.7) we get Pz = =z this gives

Pz = Az = =. (3.1.8)
Since z = Az € P(N1) & S(0) resulting that there exists w € Q0 such that

z= Pz = Sw. (3.1.9)
Substitute x = x,,, ¥ =w in(3.1.1)

Fa(pxyy, ow) (Ktg)
= Tn[.qxz,,, sw) (tp) * :Fa(pxm. szﬂ.](tt’) * Faiow. sw) (Er)
*Fa(Pxay. sw) (Bty) * Fa(ow, sz,,)((z_ Blty)
asnn — oo, usmng (3.1.4), (3.1.9)with g =1
Fata: owyllite) Z Fua o(Be) *Faw o6) * Fuww. ) *Tam 2B * Taigw. o)
Faz. ouwlkty) = 1 %1 *F (ou, »(ty) *1* Fo(ouw, - (tr)
Tn(z‘ Qv\')(ktv) = :Fn:rl:Qu'. zl(tv)-
Hence by lemma(2.7) z = Qw resulting
z=Sw = Qw. (3.1.10)
Since the pair (@, S) is weakly compatible type (P) by (3.1.5)
lim LF“(QSX:““_ ss;::n“:(tr) = 1..0T, li_x:n T«{,Saxm“. qu:n“,(tp) =,

7—oo 77— oo

If lim F (ty) = 1 then QSw = SSw implies from (3.1.8) Qz = Sz.
p—*oo

a(Q5xyp, 1 S5x2p4,)

Also if}}iﬂ Fa(5Qxapas Qszq“;(fv) = 1 then SQw = Q@Qw implies from (3.18) @z = S=z.
In both the cases we have Qz = Sz.
Usmg x = x,,,, ¥y =zm(3.1.1)
Fapxay, o= (Kty)
= th[Ax:n, sz) (tp) 'Tcz[pxm, Axm](tr) * Fa(es so(tv) * Tﬂ[Px:n. sz) (Bty)
*Falq=. Ax;n]((z — B)ty)

asn7 — oo, using (3.1.4),Qz = Szwithf = 1.

jTr.:!lfz, Qzl(kr'?)
= :Fcr(z. Qz')(tr’) * Foate. n(ty)* :Fa(Qz. Qzl(tv) * :Fnrf_z, Qz)(tl.'a')
* al@=z, zl(t?)
:Fct(z, Qz)(ktt’) = ;Fa(z‘ Qz)(tV) ¥ LT :Frt(z. Qz'?(tl."’) > "Fa(Qz. z')(tF’)
:Faf,z. in(ktv) = TaEQz. :)(tv)-
By lemuna(2.7) we get @z = z. This consequences
Sz=Qz =z (3.1.11)
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Thus we have from (3.1.8) and (3.1.11)

z=Pz=S8Sz=Qz= 5=z (3.1.12)
Case(ib)

Assume E:T; Fa(apxs,. JD,L,xm,(t;.) = 1.

If P is continuous implies from (3.1.4)

3;}_"_‘:0 Fa(pary,. po)(ty) =1 and }:_r.r:g Fa(ppx,,. po)(te) = 1. (3.1.13)

Substitute x = Px,,, ¥ = x5, in(3.1.1)
-Ta(ppx:n. Qx:n_”)(ktr)
= Falabxyy Sxapes)(E0) * Fa(ppry,, apxy)(E0) * Fa(Qany,,. Sxap..) )
* :Fal_'_PPx:,,‘ sz,.,ﬁl(ﬁtv) * :Fn[Qx,_,,ﬂ, Apxm]((z —Bty)
asn — oo, using (3.1.5), (3.1.6)and (3.1.13) with § = 1
Fo(ps =) (kty)
2 Fapz, 2(te) * Fa(pz, p2)(te) * Fatz. o (te) * Fapz, o (ty)
*Fa(z p2) (t';')
Fawz, ny(kty) = Fope, (te) * 121 * Fop,, 5 (ty) * Fo(e, po) (o)
‘.Fl:z(Pa z:(ktv) = Fa(rs = (tp).
By lemma(2.7) Pz = =z.
Since z = Pz € P(N1) © 5S(Q)resulting that there exists w € 2 such that
z = Pz =Sw. (3.1.14)
Substitute x = x,,, ¥ =w in(3.1.1)
Fa(pry ow)(Kty)
= Falaxay,. sw)(te) * Fa(px,,. ary,)(te) * Faiow. sw) (tv)
x :Frx[Pxn,r. sw) (Bte) * Fa(ow, Ax:n]((z — Bty)
asnn — oo, using (3.1.4), (3. 1.14) with f = 1
Fatz, ow)(ktg) = Fae 0(te) * Faz, 0 (te) * Fatow, 0 (tv) * Fa(e, »(Te) * Faiow, = (tv)
:Fa(z. Qw)(ktl") 2 1%] = T«(Qw. z?(ti’) k] = Ta(@w. z‘(tv)
fo(z. Qw)(ktr") = :Fcr(Qw. z)(t'?)-
Hence by lemma(2.7) z = Qw resulting
z=Sw=Qw. (3.1.15)
Since the pair (@, S) is weakly compatible type (P) by (3.1.35)
i?iir; Fa(@Sxapes SSxzmey) (tr) =1 0T }:if-l; F (5@ ames. Q@xanas) (tw) = 1.
SSme;(tv) = 1 then Q5w = SSw mnplies ffom (3.1.9) Qz = 5z.

If lim F
n—*oo
n”,(tp) = 1 then SQw = QQw implies from (3.1.9) Qz = S=z=.

a (QSx:,j_H,

Also iflim F

noa, T @(SQxan.,. QQxs
In both the cases we have Qz = 5z.
Usingx = X, ¥ =zin (3.1.1)
Faprsy oo (Kty)
s Tn[Ax:,,‘ Sz_)(tl.") * :Falfo:,I. Ax._.,_,](tl.") e a i@z, Sz}(tl.") *Tn[szﬂ., Sz)(ﬁti?)
*Falo=. Ax:,,]((z — B)ty)
asn — oo using (3.1.4),Qz = Szwithf = 1.

b A sz(:n‘ctv)
= Td(z, Qzl(r':’) ¥ Ta(z. z:(tv) tTcr{Qz. Qz!(tt') ” Ta(z. Qz)(tv)
. Trz (@=. z)(tl?)

:Fct(z. Qzl(kt'&‘) = :Fa(z. Qz)(tv) b S S Tcz(z. Qz?(tl.r') * al(Q=, z_](tv)
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:Fa(::, Qz)(ktb') = - al(Q=, z}(tv)-

By lemma(2.7) we get @z = z. This consequences

Sr=0z==z (3.1.16)
Thus we have from (3.1.8) and (3.1.16)

z=Pz=Qz=5z.

And z = Qz € @Q(N1) € A(N) mmplies there exist some ue 2 such thatz = @z = Au
Putx = u,y =z

Fapu, 00 (ktg) = Foau so) (to) * Fa(pu, aw) (te) * Fa(oz, 5o (tp) *

}‘tx(Pu. s;;(ﬁtv) * :F-:r(Qs. Aul((2 7B)tt’)

Tﬂ(Pu. z?(ktlﬁ') = Ta(z. zi(tl?') * . a (Pu, :](t';") = :Fr.rlfz. zl(tl?) gt a (Pu, z)(ﬁt'?) ¥
j:n:?:(.?.. z}((z_ B)t'?)

Tﬂ(Pu, z?(ktlﬁ') = L :Fa(Pu. z)(t':") =1 * ‘.Fa(Pu, z?(BtV) g | aSB =4
j:n:*::lil'-‘u, z}(ktl?) 2 1> Ta(Pu, z)(tF) lmplles z= Pu

Hence z = Pu = Au and iaf; Fa(apsx,,. PP-‘:n’(t") = 1 implies Pz = Az

Thus we have Pz = Az = Qz — Sz — =.

Case(il)

Assuime Li_:::; Fa(par,,. aax(te) =1 (3.1.17)
Case(1ia)

If A is continuous implies from (3.1.4)

}?ifclln : SHPPE a4y (ty) = 1 and }?i-I-IL Fa(aprx,,, an) (tg) = 1. (3.1.18)

Substitute x = Ax,,, ¥ = x5,,, in(3.1.1)
Fapax,, me“;(kt;-)
= Fa(adcsy. Sxames)(80) * Fa(pax,,, 4axy)(Te) * Fa(Qxap,,. sxp,,) (te)
*Fa(p Ax,, sz,.,‘d}(ﬁtr) *Falo i s A_rm_)((z — Bty)
asn — oo, using (3.1.5), (3.1.13)and (3.1.14) with g = 1
Fatas, =) (ktg)
= Fotas o(e) * Facar, aad(te) * Fae, o (Ev) * Facas, »(tv)
*Falz, an (te)
:Fcz(_Az. z_l(ktﬁ') = Faas z?(t?) g e B Ta(Az. zl(t?) * Laiz, A=) (tt’)
Focas, 2)(kty) = Foqae »(ty).
By lemma Az = z. Here on words leads to the case(ia)
Case(iib)

Assume im F_pae . aax,)(ty) =1 and

oo
if P is continuous implies from (3.1.4)
im Foipae,. p=y(ty) = 1 and },lflg Fa (PP, pey(te) = 1. (3.1.19)

réubstitutex = Px,,, v = X3,4,;, n(3.1.1)

Fa(ppxy,. Qx:,,”>(ktv)
= Fa(arx,, Sx__.,_,_”)(t?) * Fa(ppxo, APx._.,]](tl"’) * Fa(Q *apas s:mH](tF)
s Tn[pp_rz,,. sxmﬂl(ﬁtv) " 'fa[qx._.,,”. Apx._.,,]((z —B)ty)

as7n7 — oo, using (3.1.5), (3.1.6)and (3.1.19) with g = 1

:Fﬂfpz, zl(ktl?)
2 Faips, 2 (te) * Faips, po)(te) * Faie, o) (te) * Fa(ps, = (tv)

*Jalz, p2) (tV)
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Fa(p= = y(kty) = :Fafpz D(tp)*1*1*F (5, 5(tg) *Fo(e po) (tp)

Tﬂipc, (ktV) = al(Pz, a_!(tV)

By lermna(2.7) Pz = z. From here this leads to case(ib)

In all cases turn out

z=Pz=Sz=Qz= A=z. (3.1.20)
Uniqueness

Let z, be some other common fixed point such that

z, =Pz, =5z, =Qz, = Az,. (3.1.21)
Using x = z,, v Zzin(3 1.1)

Faipz, o kty) = Foaz,, so(tv) * Fa(pz, az,)(te) * Facoz s (ty) *
Tt‘rfpzl. Sz)(ﬁtf) * 3 alQz, Azil((z - B)tt")

From (3.1.19)and (3.1.21) with § = 1

:F“':ZA. zl(ktﬁ') = :Fn(zr zl(tv) > T«(zl, zll(tf-') * :}:ﬂ(z. zl(tr') s :}:a(z;, z)(tli') * "}:a(z‘ ZAJ(tV)
Tal’z:. zj(kt'-'-') = :Faﬂzl, zi(t?)'

Hence by lemma z;, = =.

Hence uniqueness fulfilled.

3.2 Example

Let (02, 7., *) be the FMS with the continuous t-norm and ¥, as in (2.10.1) where

a= fo, 2]
Define the mappings ., ¥ : Q2 — O as
P r t—2: % e 2]
P(x) =Q(x) = {Isi n(mzx)|, x € (1, 2] G-2.1)
3x, xefo,
A(x) =S(x) = ‘1—? |cos($)|, x € [% _‘:i‘) (32.2)
ﬁ|si n(mxx)|, x € [z, 2]

From (3.2.1) and (3.2.2)

P(0) =Q(Q) = [0,1]. A(Q) = 5(2) =[0,3)

This gives P(2) © S(0), Q(0) © A(Q).

11 5 = 1. Then from (3.2.1), (3.2.2)

Consider (u,,) :i —

lim Pu, = lim P( —%): f}lf;l— (;—ﬂ)AgﬂnL( -i—"“') = %, (3.2.3)

77— oo n— oo 7

b5 G —— 1 JIT, 3 311, _ 3
iz_ir:g Ap, = EFI_I.?;A(; — ) = f':_r.r:n 3% = )= E:I—F'T:o(* ) (3.2.4)
From (3.2.3) and (3.2.4)
lim Pu, = Hrn Ap, = 2
77— oo 4

311 VIT 1_
lim PAu, = lim P(- — = lim1— (- — = = 3.2:5
lim PAp, = lim P(3—=F) = im1— (3 -37) = (3.2.5)

= 3 _3v11) _ 2 g ﬁ = &

n Adu, = tm alg ~*0) = S ieese =2 (enie)
lim APu, = lim A 3+‘“ = I L |si 7+»u - Ry
lim APu, = lim A( 3+5F) = lim lsin(m( ))' - (.27
lim PPu, = lim P +‘“ = lim1— +‘“ = 3.2.8
lim PPu, = lim P(3 ) m1— (3+57) = (32.8)
From (3.2.5). (3.2.6), (3.2. 7) and (3.2.8)
lim Fatpan, Adw, (tg) =1 V ty > 0 and (3.2.9)

n— oo
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lim Foapy,, pp#ﬂ,(tv) =1 ¥ >0 (3.2.10)

r;r—-w

From (3.2.9) and (3.2.10)

The mappings P, A are weakly compatible type(P) but none of them is compatible type(P) or
compatible type(P -1).

1

Further mapping P is continuous. And also atx = -, A(é) =P (é) = 5(%) =Q (%) =

-

L
Hence the mappings P, A,Q and S have the unique fixed pomt x = é which is common and
satisfy every condition of the Thoeorem (3.1).

The other generalization of the Theorem(A) as following.

Theorem 3.3 Let A, P, Q and S be self-mappings on a complete FMS (0, F,, *) satisfving
that
1) P(2) € 5(2). Q() & A(Q);
(i1) the pairs (P, A) and (Q, S) are weakly compatible type (P)
(iil)the pair (P, A) is reciprocally continuous
(iv)there exists a constant k € (0,1) such that

Fa(px, Q)r>(ktc’) = Falax, Sy) (tr-‘) * F (P, A.r'l(t';’) » Ta'iQ_\'. S;-]l(tr-')

*3 a(Px, Sy) (»Gt';') % Tcn'Q)-. A_z!((z o B)t';') (3-3-1)

Vx,v €X, B €(0,2) andty > 0.

Then A, P, Q and Sshare a unique common fixed point.

Proof: From inclusion condition (i) we can derive the sequences {x,} as well as {y,_} in Q as
follows

Pxy, =S5X3p41 = Y2, a0d QX4 = AXppyz = Y2 V7 2 0. (3.3.2)

And {y,} is Cauchy sequence in 2 from Theorem(3.1)

Due to completeness of Q2 the sequence y,, = =z € Q.

This implies from (3.3.2)

Px,,, 5x5,;, 2>z and Qx,,,y, AX,,,>, > 2Z as n — o,

Thus we have

lim Px,, = lim Ax,, =z, (3.3.4)
e n— oo =

EB; Qxzp41 = LII}L Sxzp41 = Z- (33.5)

The pair (P, A) is weakly compatible type (P) implies from (3.3.4)

lim Facapx.,, pp:__.nn(tv) = 1lor }?1_1}; Fa(pax,,. Afl.:r:_.rl(t[’) = 1.

7=

Case(i)

Assume lim F_iape . ppx,,) (te) = 1. (3.3.6)
il = =

And also the pair (P, A) is reciprocally continuous implies from (3.2.4)

im Foipae,,, po)(te) =1 and lim Fa(apxs, am(te) = 1. (3.3.7)

=00 = g =

Substitute x = Px,,, v = x,,., in (3.3.1)

Fa(ppx,, Qx:n_,;}(ktf’)
= Fa(apx,,. s_v:nﬂ)(tr) *Fa(ppx.,. aPx,, ) (te) * Faqe S Sx:n+;)(tf")
* Fa(ppryy Sxanes) Bte) * Fa(@xuy,, apx,,)((2—B)t;)

asn — oo, using (3.3.5), (3.3.6)and (3.3.7) with g = 1
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Focas, =) kty)
= Fotas. o tv) *Fatas, an(tv) *Foe, o Fp) * Faas, o ()
*Fa(z, a2 (t';')

Facaz, Hkty) = Foaz, (@) =1 =12 Foqe, o (tp) * Fatz, an (tv)

}‘aiAz. z)(krl?) = }‘a(Az. z}(tv‘)-

By lemma(2.7) Az = =.

Substitute x = z, ¥y = x,,,; n(3.3.1)

Fa(pz. @xam,) (Kte)

= Fa(as. st,“_l)(t?) *Fa(pz. an (te) * Fa(e B s.xmﬂl(tv)

i Tﬂsz. .S'x:_.”:)(ﬁtl?) * :F“(szﬂ+1_ Az]((z = B)tr)
asn7 — oo, using (3.3.5),Az =z withf =1
Faips, =) (kty)
2 Fatasz, 2(tp) * Faipz, 420 (te) * Fa(z, 2)(tv) * Fa(pz, = (ty)
* Fa(z, az) (tp)
Fap= nlkty) = 1*F (py, an)(tp) * 1 * Fpupr, n(tp)*1
Fapz, =) (Kty) = Foips, - (tp).
By lemma(2.7) we get Pz = =z this gives

Pz = Az = =z. (3.3.8)

Since z = Az € P(N1) © 5(0) resulting that there exists w € Q such that

z= Pz = Sw. (3.3.9)
Substitute x = x,,, ¥ =w mn(3.3.1)

an,_px:,,. Qu'}(ktl?)
= Ta[A.'r:n, sw) (tp) * Ta{Px:,,. Ax:n)(tlv’) * Fatow. sw) (tv)
* Fa(prsy. sw)(Bte) * Fa(ow. ax,,)((2— Blty)
as7n7 — oo, using (3.3.4), 339 withpg =1
Tﬂ(z. Qw;(ktv) = :Fa(z, z)(t!.'-') - j:z-:(z. z)(r!;') - :Fa(Qu'. zl(t':') e :Fzz(z. z)(tF') - j:trl:Qu-'. .-.J(t!?)
Fo(= Qw;(ktv) = 1*1*F_(qw, H(tg) *1 = Fatow, =) (te)
:Fat'z. Qwh(ktv) = Ta(Qw. :-:?l(tv)-
Hence by lemma(2.7) z = Qw resulting
z= Sw = Qw. (3.3.10)
Since the pair (@, S) i1s weakly compatible type (P) by (3.3.5)
Hm ¥ o gsasyss SSxanar (Ep) =1 0T g QQxzpay) (Tw) = 1.
If lim F, ,(tz) = 1 then @Sw = SSw implies from (3.3.10) @z = S=.
n—seon

rz(QS:r__,nd_i‘ SSxapey

Also iflim s QQ:-q*;}(t'?) = 1 then SQw = QQw i1mplies from (3.3.10) @z = S=.

In both’;:he cases we have Qz = S=z.
Using x = x,,, ¥ =zin(3.3.1)
j:cr[P.r:,.,, Qs;(krv)
= :Fa[Ax:,,. sz) (te) 'Talpx:,,. Ax:_.],](tF) * Fa(gz s=(te) * -'Fcz(sz,,. sz) (Bty)
* Falos. axay)((2— Bty)

as?n7 — oo, using (3.1.4),Qz = Szwithf = 1.

:anz, Q=) (th)
= Trx[:. Q:)(tP) = :Fﬂ(z. z](ti?) * Tcr(Qz. Qz!(tl‘) i :‘Fa{z, Qs)(tt’)
e al(@=, z)(tF’)
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T{r(z, sz(ktﬁ') = :Fcr(z, Qz)(tl?) > 1 %1 :Fa(z. Qz?(tl?) . al(Q=z, z)(tv)
jT-t'zl'z, Qz)(krﬁ') = TR(QZ. zl(rv)-
By lemuna(2.7) we get @z = z. This consequences

Sz=Qz=z (3.3.11)
Thus we have from (3.1.8) and (3.3.11)

z=Pz=Sz=Qz= Sz (3.3.12)
Case(i1)

Assume Lig; Fa(pacyy,. Mx:,,;(tv) =1 (3.3.13)
And also the pair (P, A) is reciprocally continuous implies from (3.3.4)

L‘Blﬂ Fa(pax,,. p=)(ty) = 1 and };E;‘m Fa(apx,,. a(ty) = 1. (3.3.14)

Substitute x = Ax,,, v = x,,., in(3.3.1)

T«t'nmzn. Qx:n“,(ktp.)
= Fa(adve,. Sxae) E0) * Fa(pax,,. aax,)(te) * Fa(Qxap,, Sxap..) (Ev)
*Fa(p axy,, sx:,,“)(ﬁtv) *Fa(Qxapaes 4 Azm]((z — B)ty)

asn — oo, using (3.3.5), (3.3.13)and (3.1.14) withg =1

Faps, =) (kty)
= Fapz 2(ty) * Fapz, po)(tr) * Fa(z, o (ty) * Fa(pz, = (tr)
*Falz p2) (t'?)

Fapz, 2)(Ktg) = Fopz, n)(te)* 1 * 1 *F o (p, ) (tp) * Fa(z, po) (to)

:Fa(Pz, zj(ktI?) = :Fa(Pz. z?(tF')-

By lemma Pz = =.

Since z = Pz € P(N1) € 5(Q)resulting that there exists w € 2 such that

z= Pz = Sw. (3.3.15)
Substitute x = x,,, ¥ =w m(3.3.1)

‘-Fai'Px:,T, Qu'h(kt?)

= Fa(axay,. sw) (o) * Fa(px,,. ax.,)(tv) * Fatow. sw) (tv)
" :Fa[chn. sw) (Bty) * Fo(ow, Ax:ﬂ]((z — Bty)
asn — oo, using (3.3.4), (3.3. 15 withf =1
Fais, er;u(ktl?) Z Fute. o E) * T o @) *Faww. 5le) = Fam o 8)* Fapw, E)
j:a(z, Qw;(ktv) = 11> j—‘“(Q“_’ z_l(tf’) =1 = Tcr(@\-\'. z_l(tv)
Fa(z. ow)(Kty) = Faiow, o (tv).
Hence by lemma z = Qw resulting
z= Pz = 5w = Qw. (3.3.16)
Since the pair (@, S) is weakly compatible type (P) by (3.3.5)
lim Fa(QSxamssr ss;;z,,ﬂ:(fr) = orli_n:n Fa(5Qxamss. QQx:nu’(t") =,

v

n—eo N n—eo
If lim F oSy Thirng . (tz) = 1 then QSw = SSw mmplies from (3.1.16) @z = S=z.
n—ee 2+ 1 n+
Also iflim Fa(5Qxzpes QQxzp ,(ty) = 1 then SQw = QQw implies from (3.1.16) @z = Sz.
7—oo 2 B Xapg+1

Using x = x,,, vy =zm(3.3.1)

Fapxoy o= (Kty)
= :'ch(A.r:n. s=) (tp) * Taipz:n. Ax._.,.,](tcr) * Feo=, s=)(tv) * fn(p:m, s=) (Bty)
= ?a[Qz‘ Ax:,,]((z _ B)tv)

asn — oo using (3.1.4),Qz = Szwithff = 1.
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Tal'z, Q:—:J(kt‘?)
= Ta[z, Qz)(tV) = :Fcr(z. z'!(tt’) . :‘Fa{Qz. Qz!(t'i") " :Fn(z, Qz)(tl'-')
*Fa(es= z_)(tl:-')

:Fa(z, Q:'l(kt':') = - alz, Q:—:?(tv) 1% 1 ':Fa(z. Qz?(tl.") . al(Q=. :—:)(t';")

Tn’iz. Qz](kt';') = al@s=, z}(tv)'

By lemma we get Qz = z.

Thus we have

z=5z=Qz=z. (3.3.17)
z=5z=Qz€ Q) & A(N)

This implies there exist v €  such that

z=5z=Qz = Av. (3.3.18)

Claim Pv = Av. Putx = v, y = z in(3.3.1)

Ta[Pg'. Qz;.(ktv) = ?G(Av. Sz)(tv) o a (Pv, Az-'l(tv) - Tcz(Qz, Szl(t'?) * 2 a (Prp, Sz)(ﬁtl;’) "
;Trz(Qz, Av) ((2 =5 ﬁ)t?

using (3.3.18) with g = 1

:FR(PI.'. Al‘)(ktl.") = "Fn(Ar. Av) (t';') * Faipv Ar?(ti'-') = a(Av, Al'?(t?) g a(Prv, Av?(tlﬁ’) .
Facarv, av) (ty

Fawpe, any(ktg) = 1* Fopy any(te) * 1 * Fo(py, avy(ty) * 1

‘.Fct(Pv. m.-}(ktv) = :Frr(Pv‘ At'i(tF’)-

By lemma we get Pv = Av.

And from (3.3.13)lim F
77—*oo

@(PAx.,, AAx:,J:(
Therefore from (3.3.18)
= Pz=Sz=0z=.4Az (3.3.19)
Uniqueness proved in Theorem(3.1).

t.) = 1 implies PAv = AAv resulting Pz = Az.

3.4 Example

Let (2, F,, *) be the FMS with the continuous t-norm, 7, as in (2.10.1) where 2 = [0, 2].
Define the mappings, ¢ : Q2 — Q as
9

- X x € [0, é]
P(x) =Q(x) = { o=, x€G =) (34.1)
2, x€[=, 2]
(1 —2x)% x €[]0, 1]

)= Si(x) = - 342
Alx) 5(x) 2sin (:x), x €1, 2] ( )
From (3.4.1) and (3.4.2)

P(0) = Q) = [0.2] v {2} a() =s(2)=[0.1]VU (V2. 2].

This gives P(Q) € S(Q), Q(Q) S A(Q).

Consider (u,) == — ?v n = 1. Then from (3.4.1), (3.4.2)

" IR 1 VvBY _ N 9 .1 vE o . 9 Vs,

ln By = Um PG —~5)= BmZLr—T0= Wn (H—T0= g

(3.4.3)

A s 1 VEY _ 4. ot _ BN i 3 2v5\2_ 9
5;_{?; Ap, = f,z_.n:.,A(s - ){’:_r‘r; Q@ 2( s - )) f,l_]?;,( 5+ n ) 2s”
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(3.4.4)
From (3.4.3) and (3.3.4)
E,I—,.Y:.;P“ = I!‘_}"l;!.o Ap, = ="
; _ 25 V) _ n(=((2+22))) =
f?{_r};PAyn f}:_r‘?; P(( ot ) ) ) frz_r.r; 25::’1(4 ((5+ = ) )) 2 (3.3.5)
; = N =i (24 B) 2o 2
II_',EQAA‘UYI = E,I_'.i A(( —+ = ) ) - Inn (1 2( — 4 = ) )T = — (3.3.6)

o 2 95 — o 95 2 _ 49
i APuy = tim A(%—%5) = (12~ 27 = 2 EE7)
lim PPu, = lim P ——9‘5) = = (3.3.8)
= =
From (3.3.5), (3.3.6), (3.3.7) and (3.3.8)
Zirn :FQ(PA_u:ﬂ PP (typ) =1 ¥V t; >0 and (3.3.9
hm ‘Fa(APm, pp#,,)(tr) =1 V t;>=0. (3.3.10)

gl S
From (3.3.9) and (3.3.10)

The mappings P, A are weakly compatible type(P) but neither compatible type(P) nor
compatible type(P -1).

Further from (3.3.5) and (3.3.6)

E}Ij‘?; ;Fcu'PAu,],. P'j:_s”(ty) =1 V ty >0 and (3.3.11)

lim :Frrl.'APp,T A(%”(tr) =1 Wi.tz>D (3.3.12).

s
Thus from (3.3.11) and (3.3.12) the mappings P, A are reciprocally continuous but not
continuous. Atx = 2, A(2) = P(2) =5(2) =Q(2) = 2.

Hence the mappings P, A,@ and S having a unique fixed pomnt x = 2 which i1s common and
satisfy necessary conditions of the Theorem(3.3).

4. Conclusion
Theorem (A) is generalized within this paper through two different approaches, which are
outlined in the subsequent sections with the following ways.
e By utilising condition such as weakly compatible type(P) instead of compatible
type(P-1) in Theorem (3.1).
e By using another weaker condition such as weakly compatible type(P), reciprocally
continuous instead of compatible type(P-1) and continuity in Theorem (3.3).
In addition to these two results are supported by relevant illustrations.
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Abstract: “A mapping G, D : R — R (not necessarily additive) is called multiplicative (generalized) - (9,
@) - reverse derivation if there exists a map (neither necessarily additive or derivation) g : R— R such
that(s.t) G(xy) = G(y)3(x)+ ¢o(y)g(x) Vx,y ERandd : R— R s.t D(xy) = D(y)9(x)+ ¢(y)d(x) V x,y ER
, where 3 and ¢ are automorphisms on R.” The main purpose of this paper is to study some algebraic identities
with multiplicative (generalized) - (3, @) - reverse derivations. Also, study some algebraic identities with
multiplicative (generalized) (9, @) — reverse derivations on the left ideal of a prime ring R. (i) G(xy) = D(xy)
(11) G(x) =D (y) = 9(xy) (i11) G(xy) = G(x)D(y) (iv) G(xy) = D(x)G(y) V X, y in an appropriate subset of R.

Keywords: Prime ring, multiplicative (generalized) derivation, multiplicative (generalized) reverse
derivation, Multiplicative (generalized) - (9, ¢) - derivation, Multiplicative (generalized) - (9, @) - reverse
derivation.

1. “Introduction and preliminaries

Throughout at R will represent an associative ring. A ring R is n-torsion free, if nx = 0 implies x =0 V x € R,
where n >1 is an integer. A ring R is called prime ring if aRb = (0) implies either a = 0 or b = 0. An additive
mapping §: R— R is called a derivation if §(xy) = §(x)y + x6(y) holds V pairs x, y € R and is said to be a Jordan
derivation if §(x%) = §(x)x + x8(x) is fulfilled V x € R.” Following [1], an additive mapping F: R— R is said to
be a generalized derivation if there exits an associated derivation F : R— R s.t F (xy) = F(x)y + x §(y) holds V x,
y € R. “Inspired by Martindale [8], in 1991, Daif [2] has given a generalization of derivation as multiplicative
derivation which is defined as: a mapping d: R— R (not necessarily additive) is said to be multiplicative derivation
if d(xy) = dx)y + xd(y) V x, y € R. Similar type of notation is defined in [7]. Later, in [3] Daif and Tammam
have extended this notation to multiplicative generalized derivation as follows: a mapping G: R—> R is a
multiplicative generalized derivation if there exists a derivation g such that G(xy) = G(x)y + xg(y) Vx,y ER. G
is known as multiplicative (generalised) derivation, which was first shown by Dhara and Ali in [4], if we define
g to be any map that is neither necessarily derivative nor additive. Multiplicative generalised derivation and
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multiplicative centraliser (if g = 0) are both included in the notion of multiplicative (generalised) derivation. A
mapping f from R to R is centralizing if [f(x), x] € Z(R) and particularly commuting if [f(x), x] =0 V x € R. The
study of the commutativity of rings with derivations has been started by Posner [9]. In specifics, he demonstrated
that if a non-zero derivation  centralises on a prime ring R, then R is commutative. This conclusion was expanded
in various ways by a number of authors (see [5, 6, 11]). Further, Dhara and Ali considered the following identities
with multiplicative (generalized) — derivation in semiprime ring: (i) F(xy) + xy =0, (ii) F(xy) + yx =0, (111)
F(x)F(y) £ xy € Z(R) , (iv) F(xy) + yx € Z(R) V x and y in suitable subset of R. Rehman et al. [10] then
generalise this kind of work by presenting a novel idea of multiplicative (generalised) (9, ¢)-reverse derivation in
prime rings. In this study, we expand several results inspired by the work in [10].

Main Results:

Let's start with the subsequent theorem:

Theorem 1:- Let R be a prime ring, [ be a non zero left ideal of R. Suppose that G, D: R— R are multiplicative
generalized (9, ¢) - reverse derivations associated with the maps g, d respectively. If G and D satisfy G(xy) = D(xy) V
X,y € I, then G and D are identical on I, where 3 and ¢ are automorphisms on R.”

Proof: We have

G(xy) =D(xy) VX,y €1 1
Replacing x by yx

G(yxy) =D(yxy) Vx,y €l

G(xy)3(y) + o(xy)g(y) =D(xy)3(y) + o(xy)d(y) Vx,y €l

p(xy)g(y) = o(xy)d(y) Vx,y€l 2
e(xy)g(y) —okxy)d(y)=0 VX, y€l

oxy)lgly) —d(y)]=0 Vxy€l

“Replacing x by xr

pxry)lgy) —d(y)]=0 Vx,y€landreR

ex)eMe(y[ely) —d(y)]=0 Vx,y€landreR

Replacing r by ¢!(1)

0()0(@" ()e(y)lely) —dy)]=0 Vx,y€landr€eR

Px)To(y[egly) —d()]=0 Vx,y€landr€e€R

Primeness of R implies that either ¢(x) =0 or ¢(y)[g(y) —d(y)]=0 Vx,y€landr €R.
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If p(x) =0 V x € 1, then o(I) = (0).
Since I is nonzero left ideal of R, then we get a contradiction.
So, o(y)lgly) —d(y)]=0 Vyel,

then o(y)g(y) = o(y)d(y) Vx,y€l

Again from 1

G(xy) =D(xy) Vx,y €1

G(y)9()+ o(y)gx) = DS+ o(y)d(x)) VX, y€l 3
Using 2, we get”

G(y)¥(x)= D(y)¥(x) VX, y€l

G(y)9(x) — D(y)¥(x)=0 Vx,y€l

[G(y) — D(y)19(x)=0 V x,y €I Replacing x by rx

[G(y) — D(y)]8(rx)=0 V x,y €IReplacingxbyrxandr €R

[G(y) — D(y)]19(r)%(x)=0 V x,y €1l Replacing rby §!(r)andr € R

[G(y) — D)9 '(1)8x)=0 Vx,y€l andr €R

[G(y)— D(y)]r9(x)=0 VXx,y€Il andr €R.

“Using Primeness of R, we get either 3(x)=0 or [G(y) — D(y)] =0 Vx,y€Il .
Again 9(x) =0 gives a contradiction, hence G=D on I.

Theorem 2:- Let R be a Prime ring, [ be a non zero left ideal of R. Suppose that G, D : R— R are multiplicative
generalized (9, @) - reverse derivations associated with the maps g, d respectively. If G and D satisfy G(x)D(y) = 3(xy) V
X,y € I, then o(I) g(I) = (0), where 9 and ¢ are automorphisms on R.

Proof: We have

G(x)D(y) =9(xy) VXx,y €I 4
Replacing y by xy

G(x) D(xy) =9(xxy) VX,y €1

GDE)IE) + o(y)dx)] =9(xxy) VX, y€l
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GOD(Y)¥(x) + GX)p(y)d(x) =9(xxy) VX, y€l

Gx)e(y)d(x) =0V x,y €1 5
Replacing y by ry”

Gx)o(ry)d(x) =0V x,y €Elandr € R

Gx)o(r)e(y)d(x) =0V x,y€Elandr €R 6
Replacing r by ¢7'(r)

GX)ro(y)d(x) =0V x,y €Elandr € R 7
Primeness of R implies that either G(x) =0 or ¢(y)d(x)=0 Vx,y€landr €R.
IfGx)=0Vx€lthen3(xy)=0Vx,y€l

Replacing y by ry

Yxry)=0Vx,y€landr € R

(X)) HNy)=0Vx,yElandr €R

“Replacing r by 3 ()

IX)r¥(y)=0Vx,y€landr €R

Using Primeness of R, we get either 3(x)=0or3(y)=0 Vx,y €1 .

In other words $(I) = (0), gives a contradiction, hence ¢(y)d(x)=0 Vx,y€I.

In other words ¢(Dd()=0 Vx,y €L

Theorem 3:- Let R be a Prime ring, I be a non zero left ideal of R. Suppose that G,D : R— R are multiplicative
generalized (9, ¢) - reverse derivations associated with the maps g, d respectively. If G and D satisfy G(xy) = G(x)D(y)
V X, y € I, then either D(xy) = ¢(x)D(y) or G(xy) = G(x) (y) V X, y € I, where 3 and ¢ are automorphisms on
R",

Proof: We have

G(xy) = G(x)D(y) V X,y € I . Replacing x by wx 8
G(wxy) = G(wx)D(y) VX,y €1

G(xy)3(w) + p(xy)g(w) =[G(x)¥(W) + e(x)g(w)] D(y) V x,y €I (since G(xy) = G(x)D(y))

P(xy)g(w) =o(x)g(w) D(y) Vx,y €l(since p(Hd)=0 Vx,y€L) 9
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Replacing y by wy and x by xw and then subtract

o(xwy)g(w) =o((x)g(w) D(wy) VX, y,wE€l 10
pxwy)g(w) =o(xw)g(w) D(y) V x,y, w € I (since (Hd()=0 Vx,y€L) 11
D(wy) o(x)g(W) - D(y)p(xw)g(w) =0 VX, y,wel

“[D(wy) - o(w) D(y)] p(x)g(w) =0V X,y,wEI

Replacing x by rx

[D(wy) - ¢(w) Dy)] p(rx)g(w) =0V x,y,w€I

[D(wy) - o(w) D(y)] 0(r) p(x)g(w) =0V x,y,w€l

Replacing r by ¢™'(r)

[D(wy) - o(w) DY)] o(¢7'(1)) p(x)g(w) =0V X,y,wE€EI

[D(wy) - ¢(w) Dy)]ro(x)g(w) =0VX,y,weEl

Primeness of R implies that either [D(wy) - @(w) D(y)] or p(x)g(w)=0 V X,y,w €l andr € R. If p(x)g(w)=0 ,
then D(wy) = o@(w) D(y) Vw,y € L.

Theorem 4:- Let R be a Prime ring, [ be a non zero left ideal of R. Suppose that G, D : R— R are multiplicative
generalized (9, @) - reverse derivations associated with the maps g, d respectively. If G and D satisfy G(xy) = D(x) G(y)
V X,y € I, then D(xy) = ¢(x)D(y) V X, y € I, where 9 and ¢ are automorphisms on R.”

Proof: We have

G(xy) =D(x) G(y) VX,y €1 12
Replacing x by wx

G(wxy) = D(wx)G(y) Y X,y €I

G(xy)9(w) + @(xy)g(w) = [DX)¥(W) + o(x)d(W)] G(y) Vx,y€l

Pxy)g(w) =o(x)d(w)G(y) VX, y€l

“Replacing y by wy and x by xw and then subtract

pxwy)g(w) =o(x)d(w) G(wy) VX, y,wE€l

Ppxwy)g(w) =o(xw)d(w) G(y) VX, y, w €I (since p(Dd()=0 Vx,y€L)

G(wy) 0(x)g(w) - G(y)p(xw)d(w) =0 Vx,y,we€l
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[G(wy) -o(w) G(y)] o(x)d(w) =0V X,y,wEl
Replacing x by rx
[G(wy) - o(W) G(y)] o(xr)d(w) =0V X,y, w €I

[G(wy) - o(wW) G(Y)] ¢(r) o(x)d(W) =0 V X, y, w €I
Replacing r by ¢'(r)

[G(Wy) - o(W) G()] 9(”'(r) (x)d(w) =0V x,y,wEI
[G(wy) - (W) GW]re(x)d(w) =0V X, y,w€L”

Primeness of R implies that either [G(wy) - ¢(w) G(y)] or (x)d(w)=0 V X,y, w € [ and r € R. If ¢(x)d(w) =0,
then G(wy) = @(w) G(y) VW, y € L
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INFLUENCE OF MAGNETIC FIELD ON FREE AND FORCED CONVECTION FLOW IN A VERTICAL
CHANNEL BOUNDED BY POROUS MEDIA

G.Aruna "

& Department of Mathematics, GITAM University, Hyderabad Campus, Rudraram, Medak (Dt), 502329,
Telangana State, India.
E-mail:ganjikuntaarun@gmail.com

Abstract: A vertical channel limited by porous media with varied permeabilities is used to study the effect of a
magnetic field on forced and free convection flow. The existence of a magnetic field is used to derive the equations
for bulk temperature and velocity. The numerical study examines the impact on velocity and bulk temperature of
several factors, such as the ratio of wall temperature differences (rT), the magnetic field parameter (M), the Reynolds
number (Gr/Re), the Grashoff number, the pressure gradient o=-dp/dx, and the porosity parameters 61 and c2.

KeyWords:MHD,Porous parameter, Combined Convection, bulk temperature,FDF.

1. INTRODUCTION

Heat transfer problems have several utilizations and applications in engineering sciences in various areas, eg., designing
cooling systems for motors, generators and transformers. Also, in this study, the chemical industries are interested in the
evaporation, condensation, heating and cooling of fluids. Knowledge of loss of heat flow is important to the civil engineers
in the designing and building of dams and structures. Cost estimation for the viability and the tools required to transfer
desired heat in the required time requires a thorough study of heat transfer should be carrie out. The proportions of boilers,
heaters, refrigerators and exchange of heat rely on the amount of heat to be transmitted and also on the rate at which heat
should be transmitted within the parameters. In all branches of engineering, the problems of heat transfer exist that can be
solved by thermodynamic reasoning and an analysis based on the science of heat transfer. Either Darcy's or non-Darcy's
law govern the flow in a porous medium. Muskat [9], Yah[16], Sheidegger[13], Bear[6] and several more analyzed various
flows into porous media using Darcy's law. For flows through high porosity porous bodies such as fibreglass, Darcy's law
is not valid. Moreover, Darcy's law cannot explain the phenomena of flow near a solid boundary or near an interface. Both
free and forced convection heat transfer in channels was explored by Tao[15]. The buoyancy influence on hydrodynamic
and thermal characteristics in the upward laminar flow of a viscous fluid in a parallel plate channel was numerically solved
by Aung and Worku [1]. Another study by Aung and Worku [2] looked at how mixed convection changed the flow in a
vertical channel with parallel plates and different wall temperatures. If you look at what a magnetic field does to fully
developed mixed convection flows in a vertical channel, Reddy [10] also found closed-form solutions. In a vertical channel
with non-uniform wall temperatures, Reddy investigated the effect of a magnetic field on the onset and reversal of flow
[11]. Reddy [11] figured out how a magnetic field affects combined convection in ducts with uneven wall heat fluxes.

2. Problem
Consider a mixed convection flow that is constant and laminar, operating in a vertical channel with porous beds as
its boundaries. Assume that y=0 and y=b are the locations of the walls, and let 'b' represent the distance between them.
Figure 1.1 depicts the geometry. The fluid used here has a consistent x-direction vertical stream velocity at the channel
entry. Porous material encased the channel walls. Applied in the y-direction is a constant transverse magnetic field of
intensity Bo.
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The flow is divided into three zones.

The governing equations in these zones are:

Zone 1: Darcy's’s law

_ (Vp—jxﬁ)
u =—k——=
u

Vi, =0

V.B=0

Zone 2:

V.q =0

p%:—Vp1 +uVig—p g+JxB

pC,(qV)T=xV'T+¢

where

J=a(f+,u€5 xﬁ)

and ¢ = Dissipation function

Fig.1.1Geometric Model

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)
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2 2 2

ou ov ou ov
=y —+—| + 2 H|— | | —
oy Ox ox oy

g=(u,v,0)and H = (0, Hy, 0)

Zone 3: Darcy's’s law

— (Vp—jxg)

u, =—k,——-—=
u

Vi, =0

Where B = ,ueﬁ

The following assumptions are made:

(1.8)

(1.9)

(i) A consistent, viscous, incompressible and completely developed flow was observed.
(i1) The height of the channel is more than the channel spacing. Hence, the velocity component v in y- direction is
considered as zero in the total cross section of flow.

(ii1) The induced magnetic field and electric field ( E) are omitted. [12, 14].
(iv) Dissipation of energy is ignored.
(v) Temperature in Zone 1 and Zone 3 are ignored.

Based on the above, the governing equations become

Zone 1:

X

Zone 2

ou _

ox
2 1

ozva_g_idi_
oy- p dx

1
aL:O

(1.10)

(1.11)

(1.12)

(1.13)
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®

oT
Hence the completely developed temperature profile for uniform wall temperature is 8_ =0.
X

The equation of energy becomes

2
d fzo (1.14)
dy
Zone 3:
—k 1
u, =—2(di+a,uezh§ub2 (1.15)
i\ dx

Boundary conditions are

u=up;, T=T -
1
a —
du_ o'l ~u)) _ aty =0 (1.16)
T
u=uw;, T=T
du_-a'(u, ~u) aty=b (1.17)

dy \/E

The non-dimensional quantities are defined as follows:

U = v/ug; V =vb/y; X=x/(bRe); Y=y

[T C
p:—(p P ),Pr:ﬂ L. Re=buy/;

2
pu, K

_ 3
Grzg,B(T2 ?)b , 0=
14

(1.18)

U= ul/uo; U, = LI2/LIO; 6‘(1 =
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The non-dimensional version of the governing equations is

Zone 1:
al
U = (1.19)
(2 +O'12
Zone 2:

Continuity equation

v _

0 1.20
X (1.20)

X-momentum equation

2
0=a+ﬂ9+d (ZJ—MZU (1.21)
Re dY
Y-momentum equation
dP
—=0 (1.22)
dYy
Energy equation
d*e
= 1.23
177 (1.23)
Zone 3:
a

U, = 1.24

P MPro 2 (129
Where

277222
H:b dP
M? = Glue—() , and o =——, the pressure gradient (1.25)
y7, ax
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In equation (2.12), Boussinesq equation of state, p-po = -pp(T-To), and by the definition p = p1- pl1, (p11 is the

pressure at any stream wise position). If the temperature were Ty is applied, the definition gives d_ =—p,& . Hence
x

1l :
(P—l;); for a horizontal channel, P = P 2

p g p g

The dimensionless pressure becomes P = (standard definition in pure

forced flow).

Conditions at boundary are:
U=Up;0=1r

dUu
E:alaf(Ubl—Ul) atY =0 (1.26)
U=Uw; 0=1

dU
W:_algj(ubz_uz) atY =1 (1.27)

Using the equations (1.26) and (1.27) for 0, integrating equation (1.23) we get the fully developed temperature profile.

0=(1-rp)Y +rr (1.28)

Solving equation (1.21), using equations (1.26), (1.27) and (1.28) we get
AY +B

U =C,CoshMY + C,Sinh MY —(—2) 1.29)

Gr Gr
Where A= —(1-r,)—, B=—a—r, —
(1= ) " Ko

N N
C,=—andC,=—=
D D
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Where D = M(M Sinh M + 16,2 Cosh M) +alc12 (M Cosh M+alc,2 Sinh M)

(M CoshM+a10'22SinhM){(rT —1)g+0:10'12 ergr+ofU1j}—
e

Re
Gr | L(Gr

M ~1)—+a —+o,U.

{(rT )Re P (Re ;U

N, = e

. Gr Gr Gr Gr
. —{(M Sinh M + OIIO'ZZCOShM){(I”T —l)g+alo]2 (VT %4— olU, ]}4—0{10'12 {(VT _1)E+ a'c? (Re+022U2)H
L=

MZ

To evaluate a at any cross section in the channel, we need an expression of global conservation of mass. Let this
equation be [1].

1
jUdY:l (1.30)
0

1s dimensionless.

Substituting (2.29) in (2.30), we get

Gr

M? — N, M Sinh M + N, M (1— Cosh M)—;(rT +1)

a=-2_ Re (131)
dXx 1+ N,M SinhM — N,,M (1 Cosh M)
Re

M?D

N, = [(M Cosh M +a1022SinhM rT(1+a1c712 )— 1}—M(rT —1+a1c722 )]

(M Cosh M + &' 52 Sinh M o' &'U,, — Ma' 53U, |
Mz = M*D

(<
Re

M*D

N—

Ny ==| (M Sinh M + a2 Cosh M )|, (1+ &'} ) -1} + ' o} (1, -1+ a'a3 ) |
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—[(M Sinh M +051022CoshM)051014U11 +alza§U12}
M’D

N, =

1

1
U, = and U, =
! iM2+(712i . iM2+0'22i
using (2.31) in (2.29), we get the velocity distribution for all Gr/Re, rr and M (#0).
U = C, Cosh MY + C; Sinh MY + [{(1-r1)Y+rr} Gr/Re]/M? +

M? — N, ,\M Sinh M + N,,M(1— Cosh M)~ (r, + 1)2GRre

M?*[1+ N,,M SinhM — N ,M(1— Cosh M)
(1.32)

The velocity distribution and a for a natural forced flow and asymmetrically heated uniform wall temperature, become
_ N,,CoshMY + N,,Sinh MY +1
"~ N,,M SinhM — N, M(1—CoshM)+1
(1.33)
dP M?
" dX  N,,M Sinh M —N,,M (1-Cosh M )+1
(1.34)

Bulk Temperature:
The bulk temperature is defined as [1]

iU@dY
0, ="
jUdY
0

(1.35)
Substituting (1.28) and (1.32) in (1.35), the expression for bulk temperature 0, becomes
6= TN/TD

(1.36)
Where
TN=[Ci{M Sinh M + (rr-1) (-1+Cosh M)}+ C,{M(Cosh M-rr)
+(rr-1) Sinh M + (r? +rr +1) Gr/(3Re) + (rr+1) 6/2]
TD = [M{C, Sinh M +C; (Cosh M-1)}+ (rr+1) Gr/(2Re) + o]
The bulk temperature 0y" for natural forced flow is obtained by letting Gr/Re = 0 in (2.36).

92



IntERNATIONAL JOoURNAL oF MuLtiDiscipLiNnarY EpucaTtionar ReEsearcH
WIRIIN ~ 1ssn:2277-7881(Print); tuact Facron:10.16(2026); I Vauwe:s. 165 151 Vauwe:2.286

PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL
(Fulfilled Suggests Parameters of UGC by IJMER)

Cover Page % 040 Volume:15, Issue:1(1), January 2026
\ Scopus Review ID: A2B96D3ACF3FEA2A
\\bﬂa/ E Article Received: Reviewed: Accepted

Publisher: Sucharitha Publication, India
Online Copy of Article Publication Available: www.ijmer.in

International Conference on “Relevancy of Ancient Mathematics to the Current
Digital Trends”

0p'= TN1/TD;

(1.37)

where

TN, = [Ci1 {M Sinh M+ (rr-1) (-1+Cosh M) }+ Cz1 {M(Cosh M-rr)
+ (rr-1) Sinh M} + (rr+1) o/2]

TD: = [M{C1: Sinh M +Cy; (Cosh M-1)}+a*]

Where
c o= [(MCoshM+O(IO'ZZSinhM)ozlJfU11 —MaIO';UZI]
11 MZD
—[(M SinhM+0{10'22CoshM)+051 oU, +a16120§U2]
€= M’D
. M’

a =
N,M SinhM — N,,M (1-CoshM )+1

Velocity Distribution in the lack of Pressure Forces:

The first two terms on the right side of equation (1.21) represent the buoyancy and pressure forces in that order. Both the
forces have same significance. The velocity distribution for combined convection in the absence of pressure force is
acquired by putting oo = 0 in (1.29) and is given by

U= C31 Cosh MY + Cs, Sinh MY + [(1-r1)Y + 1] (Gr/Re)/M? (1.38)
Where
o s Cosh vt +a'oSinh M Y, (L4 a0 ) -1y - Mla'c? + 1, ~1){Gr /Re)
3‘ M?*D
. | (M Sinh M +d o CoshM ), 1+ o7 ) -1+ (el o +1,~1) |(Gr/ Re)
2T

M’D
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3. RESULTS AND DISCUSSIONS :
A graphical representation of stream-wise velocity profile, from (1.32) is given in the model 1.1 for different values of wall
temperature rrratios, magnetic field parameter (M), porosity parameters ; and o, and Gr/Re. Figures 1.2(a) to 1.7(c), show
that for fixed rr, M, o1 and &, values and increase in Gr/Re, the profiles of velocity turn increasingly skewed. The increased
positive velocity near the hot wall (i.e. Y=1) and reduced velocity near the cold wall (i.e., Y=0) characterize the skew-ness.

g g
3 2
Figure1.2(aJ: Velocity profiles for Figure 1.2¢b): Velocity profiles for fixed
fixed M=1, r;=0 and 6,= 5,=5 M=1, r;=0.3 and c,= 6,=5
2
8 3
> 2
Y
Figure 1.2(c): Velocity profiles for Figure 1.32@): Velocity profiles for
fixed M=1, r;=0.5 and 6,= 6,=5 fixed M=5, r;=0 and c,= 6,=5
2
o
<]
o
>
Y
Figure 1.3(b): Velocity profiles for Figure 1.3(c)x/elocity profiles for fixed M=5,
fixed M=5, r;=0.3 and 6,= 6,=5 r=0.5 and 0,= 0,=5
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O

o

°

>

Y
Figure 1.4(a): Velocity profiles for
fixed M=1, r;=0 and ¢,= 5,=25

2
]
o
(]
>

Y

Figure 1.4(c): Velocity profiles for fixed
M=1, r;=0.5 and ¢,= 0,=25

Figure 1.3(b): Velocity profiles for
fixed M=5, r;=0.3 and ¢,= 5,=25

Figure 4/6(a): Velocity profiles for
fixed Gr/Re=500, r;=0 and c,= 6,=5

Velocity

Y
Figure 1.4(b): Velocity profiles for fixed M=1,
r;=0.3 and 0,= 5,=25
2
o
o
°
>

Y
Figure 1.5(a): Velocity profiles for fixed M=5, r;=0
and 6,= 6,=25

2
>

Figure 1.g(c): Velocity profiles for
fixed M=5, rT=0.5 and s1=s2=25

o

Figure 1.¥(b): Velocity profiles for
fixed Gr/Re=500, r;=0.3 and ¢,= 6,=5
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2
‘0
o >
g g
o
o
>
Figure 1.6(g): Velocity profiles for fixed Figure 1.7(a); Velocity profiles for fixed
Gr/Re=500, r;=0.5 and c,= 0,=5 Gr/Re=500, r;=0 and c,= 6,=25
2 2
H g
3 3
Y
Figure 1.7(b): Velocity profiles for fixed Figure 1.7(c¥: Velocity profiles for fixed
Gr/Re=500, r;=0.3 and = 6,=25 Gr/Re=500, r;=0 and c,= 5,=25

The figures 1.2(a) to 1.3(c) show that the velocity profiles for Gr/Re=0 and for small values of & and o are nearly straight
lines at constant velocity. When o, and o, are sufficiently large and Gr/Re=0 the velocity profiles develop into parabolic
(figures 1.4(a) to 1.5(c)) and attain the maximum velocity near y=0.5. In light of this, the velocity profiles in a natural forced
flow or asymmetric heated wall temperature channel are always positive, regardless of the magnitude of the magnetic field
parameter (M), the porosity parameters (o) and o), and any other relevant factors. There is no flow reversal in fully

developed flow (FDF) in both magnetic and non-magnetic case.

Figures 1.6(a) to 1.7(c) show that increasing the magnetic field and porosity parameters o, and o>can lessen the negativeness
of the velocity profile (flow reversal) close to the wall. The negativity of the velocity profile close to the cold wall gradually

diminishes as rT rises.

When the magnetic field parameter (M) is increased, the pressure gradient values go up, as shown in figures 1.8 and 1.9.
This is because rT = 1 and o and &, are always the same.
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Gr/Re
Gr/Re

(-dp/dx) values
(-dp/dx) values

Figure 1.8: Pressure Gradient for

fixed 6,= 0,=5 and r{=1, a; = 0.01 6,= 06,=25 and r;=1, oy = 0.01

Graphs 1.10 and 1.11 are drawn for bulk temperature 6y at fixed porosity parameters 6, and o, and for various values of rr
and M. It is seen that introduction of magnetic field enhances the bulk temperature 0, but it starts declining as the magnetic
parameter (M) increases for constant porosity parameters. 0, enhances with increasing rr (< 1). 0y is gradually increasing
with Gr/Re for rr < 0.8 for 0.8 <rr < 1, the bulk temperature 0y profile almost becomes a straight line.

Figure 1.10: Bulk ®&Rperature (6,) for
fixed 0,= 0,=5

Bulk Temperature
Bulk Temperature

4. CONCLUSIONS
Mixed convection flow in a vertical channel bordered by porous media with variable permeabilities is investigated in this
work as a function of magnetic field strength. In a magnetic example, the equations for bulk temperature and velocity may
be expressed. It also looks at how the pressure gradient o=-dp/dx, the porosity parameters nl and n2, the ratio of wall
temperature differences (rT), the Grashoff number and Reynolds number (Gr/Re), and the magnetic field parameter (M)

affect the speed and temperature of the bulk.
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HANKEL AND TOEPLITZ DETERMINANTS FOR STARLIKE
AND CONVEX FUNCTIONS WITH RESPECT TO SYMMETRIC
POINTS RELATED TO THREE LEAF DOMAIN

S. SAMBASIVA RAO!*, R. BHARAVI SHARMA?, R. RUDRANI?, K. GANESH*

ABSTRACT. The aim of this paper is to estimate upper bounds for Hankel and
Toeplitz determinants of starlike functions with respect to symmetric points
associated with three leaf function that maps the open unit disk in the complex
plane onto a three leaf domain with suitable illustrative examples in support
of sharpness of certain proven inequalities.

1. INTRODUCTION

1.1. Preliminaries. Let A be the family of analytic functions f defined on the
open unit disk A in the complex plane C with the normalization f(0) = 0 and
f/(0) = 1. The collection of univalent functions f € A is denoted by §. The well
known classes of starlike, convex and bounded turning functions are respectively
denoted by &*, C and R, are subclasses of §. The Maclaurin series expansion of f
be of the form

(1.1) flz) =2+ Zanzn for all z € A.

n==2

The ¢*"* Hankel determinant of index n > 1 for f € A, is denoted byHg.n(f) or
Hy(n)(f), and is defined as

(2% Ap41 i Optg—1
Qn41 an42 .- Gntq
(12) Hy(n) =
ntg-1 Gniq --- Oni2g-2
th

where ¢ > 2 and a; = 1 (see [2]), whereas ¢
Ty(n) for f € A defined as (see [13])

symmetric Toeplitz determinant

an Gn41 s OGpyg—1
41 (2% cee Opdg-2
(L3) Ty(n) =
Opn4g—1 Opdg—2 --- [22%

Let B, be the collection of analytic functions w : A — C with w(0) = 0 and
[w(z)| < 1 for = € A. The members of B, are called Schwarz functions. f € A
subordinate to g € A if there exists a w € By such that f(2) = g(w(z)) for all

2020 Mathematics Subject Classification. 30C80,30C45.
Key words and phrases. Normalized univalent functions; Hankel determinants; starlike func-
tions,Coefficient inequalities; Nephroid domain, Topelitz determinants.
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z € A. In this case, we write f < g. If g is univalent, then f < g if and only if
9(0) = f(0)and f(A) C g(A).

1.2. Literature Review and Motivation. The study of Hankel and Toeplitz
determinants associated with f € § play a vital role in the field of Geometric Func-
tion theory (see [18]). The pioneering works of Pommerenke, Hayman, Babalola,
Zaprawa, Kowalezyk and Oh Sang Kown concerning Hankel determinants for f € S
motivated numerous other researchers to investigate Hz(2) and Hjz(1l) for various
other subclasses of S (see [21] and references therein). Similar type of studies con-
cerning Toeplitz determinant can be seen in ([3], [13], [23]).

The concept of starlike and convex functions with respect to symmetric points were
introduced by Sakaguchi ([9]) and Das et al.([20]). In continuation to these notions,
utilizing the concept of subordination, Ravichandran ([24]) introduced classes

. . 22f'(2)
Silp)={fes: 7o) —F(=2)
ARG
where ¢ € A such that R{e(2))} > 0, ¢'(0) > 0, p(A) is symmetric with respect
to real axis and starlike with respect to (0) =1 .

Bharavi Sharma et al. estimated an upper bound of Hankel determinants for f
in 8¥(¢) and in Cs(y) for various choices of o (see [19],[4] and [17]).

Recently, Gandhi ([22]) introduced and studied radius estimates for f € S sub-
ordinate to p3r(z) = 1+ 22 + £2* which maps A onto the interior of three leaf
domain as shown in the Figure 1 (generated by using online software provided by
www.singsurf.org). Further, Lei Shi et al. and Murugusundaramoorthy et al. stud-
ied upper bound of H3(1) for f in 8*(par), C(war) and R(war) (see ([11]) and
[5]).

Motivated by earlier mentioned research work, upper bounds of initial coeffi-
cients, H3(1) and T3(1) for f in SX(war), Ci(par) are obtained in this paper.
These classes are defined as

< w(2)},

* _ . sz((’z) ” o
S3(w3r) = {f €A: 7_;?(,:/) ~f(—2) = QSL(»«)}:

Q(zf’(,:/))’ _ N
7o) + f(—a) < Poela)k

2. A SET oF UsEFuL LEMMAS

Cs(par) ={fe A:

The collection P consists of analytic functions p : A — C with p(0) = 1 and
R{p(z)} > 0. The following lemmas concerning p € P of the form

(2.1) p(z)=1+ Z cnz™ for allz € A,
n=1

are useful in the sequel.

Lemma 2.1. ([16]) |ey| < 2 for any positive integer n. The inequality is sharp for
_ 142
p(z) — 1—z-

Lemma 2.2. ([12]) for any p € C, |c2 — pc?| < 2max{l, |2 — 1|}. The inequality
is sharp for p(z) = 12 and p(z) = %—'J_'—;j—
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F1GURE 1. The Image of A under p3r(2)

Lemma 2.3. ([14]) |Je} — Kejes + Lea| < 2|J| +2|K —2J| +2|J — K + L| for real

numbers J, K and L.
Lemma 2.4. ([10])

2c0 = c% + z(4 — c%)

dez=ci+24—cer—cy(4—c2)a? + 24— D) (1— | z |?)=2

for some x,z with |z |[<1 and | 2 |< 1.

Lemma 2.5. ([25]) If m, n, l and the inequalities 0 < m < 1,0<r < 1 and

(2.2)

8r(1—r)((mn—20)%+(m(r+m) —n)?) +m(1—m)(n—2rm)* < 4m*(1—m)?*r(1—r).
hold. If p(z) € P is of the form (2.1). then

3n
(2.3) e} + rc2 + 2meycs — ?nc%c'g — eyl <2

Lemma 2.6. (Ravichandran et al.,2015) For all positive integers n, m

|ttcnem — enim| = {

This inequality is sharp.

2 if0<p<l
2|12 — 1| otherwise.
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3. MaIN RESULTS
If f e S¥(psL), then there exists w € By such that

L) wie)

for all z € A. If we take p(z) = 1= (2) for all € A, then p € P and w(z) = i)t

1—w(z) plz)+1
so that
22f'(2) . 4p(z) -1\ 1lrp(z)—1 .
(3.1) e feg 5(p(z) +1) +( T 1) for all z € A.
But, 2:1'(2) =1+ a2z + 3as2® + (day — 2a2a3)z3 + (das — 2(1%)34
f(2) — f(—2)
(3.2) + (6ag — dagaz — 2asas + 2a2a2)2° + (6ay — 6azas + 2a2)2% +
4 rp(z) —1 1 p(z)—1)4_ 2 2( cl) 1 2oy 3
1+5(p(z)+1)+5(p(z)+1 _1+561~+5 2 2 +10( 1 46162+463)~
2 1 3 5 3
(3.3) + = 5 (04 —cic3 — ECQ -+ clcg 320%) 224
From (3.1), (3.2) and (3.3), we obtain
(3.4) ar =3,
1 c?
(35) az = g (CQ — El)
1
(3.6) ay = 300 (30? — 16¢100 + 2003),
-1, 7 3 11 5
(3.7) as = (%cl + CQ + 13 — 200102 4).
47 - 23 41 1
(38) ag = ﬁ (]_60 1 + Dclcg 10C1C2 C1C4) FCQCS
ar = —(93001 18504¢%c3 — 8000¢3 — 1245¢ ¢ + 18000¢ e3¢z — 523067 ¢3

24000
(3.9 + 192002 — 11200¢5¢y4 + 120000103 + 100001 ey — 16000¢; e5 + 16000¢)

Example 8.1. For each positive integer n, w(z) = 2" are in By and hence the

functions fn(2) satisfying (m%—{:f%)_—z) = 3(2") for all z € A are in S¥(ear).

In particular,

(1) fi(x) =2+ 222 +32° — 352" +
(2) fa(z) =2+ 322+ Z2° +

B) falt)=2+%5+...,

(4) fa(2) = 2+ 32° + 552° +

are few members of SE(paL).
The proofs of the following results can be seen in [6].

Theorem 3.1. Let f € Si(psr) be of the form (1.1). Then |ag| < 2, |ag| < 2,
[ay| < % and |az| < % These inequalities are sharp.
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Theorem 3.2. Let f € S¥(ps.). Then for any p € C,

2 2
laz — pal3| < — max{1, ﬁ}

5 5
this inequality is sharp.

Theorem 3.3. Let f € S¥(psr). Then |Ho(2)| < % and fi(z) as in Ezample
(3.1) is an extremal function for this inequality.

Theorem 3.4. Let f € S*(psr). Then |Ha(3)| < 0.044.
Theorem 3.5. Let [ € S¥(par). Then |Hz(1)| < 0.047.

The authors proved the following results in [7]
Theorem 3.6. Let f € S¥(psr) be of the form (1.1). Then |ag| < 338 = 0.368.

Theorem 3.7. Let f € Si(par) be of the form (1.1). Then |a;| < 350258 = 22.004.

Theorem 3.8. Let f € S¥(p3L) be of the form (1.1). Then |as — azas| < L. The
result is sharp.

Theorem 3.9. If f € SZ(¢sL), then |as — a3| < } and |ar; — af| < BB
Theorem 3.10. If f € S:(waL). then |as — azas| < § and |as — asaa| < 1555
Theorem 3.11. If f € Si(war), then |Hya(f)| < 0.2305096.

Theorem 3.12. If f € Si(psr), then |Tu(1)| < 1312 ~ 2.1088.

Unless otherwise stated in what follows, series expansions of f € S¥(psr) is of
the form (1.1), p € P of the form (2.1) and the initial coefficients as, az, a4, as,a6
and ar of f € S¥(psp) are as in the Equations (3.4), (3.5), (3.6), (3.7), (3.6) and
(3.7) respectively. Thus, we obtain

Theorem 3.13. If f € S¥(par), then |Ha4(f)| < 2238 ~ 0.911041973.
Proof. Let f € 5%(p31). A simple computation by using (3.6), (3.7),and (3.6) we

obtain
|Ha 4 (f)| = |asas — a3
1 1863 o T3 4, 5 503 4 679 5 4
~ 15001256001 T 8012 T 32012 T 10012
27 4 F22 =2, 163 5 2
+ 202 + 15cye3 + 15c; + 160°1%8 ~ 3leiczeq — 9esey
39 110
2 2 2 3 4
— 3616264 —+ 5610203 — 26263 — 2—5016263 — %clq‘
1 /503 1863 3 73
H < ( 6 = Dl B T U0 D
1H2a (N < 7556 (320111 |2 ~ Zopa01| T 0l | ~ 32
i (i 1635 27 679 ,
+ 35 lealleal o2 = Zgper) + 5gleal” |e2 = g3z er
+3Ller|fes [ea — 2oerca| + Olcal?
C1(|C3] [Cq 310103 o Cyq 900103

4
+ 15|cq|* + ;]lr:l|2||02||04| +2|02||03|2)
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By grouping the terms as above and utilizing Lemma 2.1, Lemma 2.2 and Lemma
2.6 we obtain
92243

[H2,4(f)] < 101250

= 0.911041973.

O

Theorem 3.14. If f € Si(par), then |To(1)| < 22 and |T2(2)| < &. First in-
equality is sharp.

Proof. As f € 8X(wsr), we have

5

12

laz] < — and |as] <

as| € — and |ag| <
12

Applying the Triangle inequality and using Lemma 2.1, we obtain

IT2(1)] = |1 — af] < 1+ |as|?

2
2 29
<1 —
N (0) 25

The inequality is sharp for f5(2) = 2+ %22 + 52° + -+ € S¥(psr). (Which is

1 a
207
obtained by taking w(z) =iz in the Equatlou (3.2))
On substituting ap and az in |T2(2)| = |a2 — a2 foll

and ¢ as in Lemma 2.4, we get

owed by expressing values of eo

Ta(2)] = 100‘4‘"‘1 —a2(4— cl)‘

= 100 (4C gt ))

where t = |z| € [0,1] and ¢ = |e1| € [0, 2]. It is clear that F(e,t) = 4c? —|— t2(4— 02)

(
attains its maximum at the point (2,1) and hence |T2(2)| < F(1,2) = OD O

3.1. Upper Bound of Third-Order Hankel and Toeplitz determinants for
f € Si(¢aL).

Theorem 3.15. If f € Si(p3r), then |Hz2(f)| < 0.10368.

Proof. Let f € S8*(par). By using (3.4) - (3.7), we obtain

1 5 5
lazas — azay| = o500 ‘—100103 — g +10c3 3 + 20c3¢3 — 20c1c4
1 (5 o 1 1
ot o B = s
= 1000 (8|Cl| s 20|Cg| c3 26162 + 20|Cl| Cq 26163 )

2 1 3 2 i 2 9

=50 25 25 50
followed by Lemmas 2.1 and 2.5. A simple computation by using the fact that
lazas — azays| < 5—% and using the bounds obtained in Theorem 3.1, Theorem 3.3,
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4
H

%

Theorem 3.4 and Theorem 3.6 , we get
|H3_.2(f)| = |a6 (azay — a%) — as(azas — azaq) + as(azas — a3)|

< |ag||azas — a3| + |as||azas — azaq| + |as||azas — ai|

138 /4\ 1/9 1
< =)ok S S P00
=375 (25) *3 (50) )

~ 0.0.10368. 0

Theorem 3.16. If f € S*(p3L). then |Hzz(f)| < 0.1570656.
Proof. Let f € 8! (par). By using Theorems 3.1, 3.6 , we obtain
lazag — asas| = |as||ag| + |aal|as|
< 0.1872.

By utilizing Theorem 3.1, Theorem 3.4 and Theorem 3.13 and followed by the result
|azag — agas| < 0.1872 , we obtain

|H3,3(f)| = |ar(asas — a3) — ag(asas — asas) + as(asas — a3)|
< |az||asas — o3| + |ag||asac — asas| + |as||asas — a3
< 0.1570656. O
Theorem 3.17. Let f € S¥(p3r). Then |T5(1)| < 3£.
Proof. From Theorem (3.2),we have a3z —2a3| < 2.
Thus, [T3(1)] < 1+ 2|az|? + |as||as —2a3]| < 1+ & + 5t = L. O

Theorem 3.18. Let f € S¥(p3r). Then |T3(2)| < 5.

Proof. Using the bounds |as| < % laq]| < % [T5(2)] < % and |Hy(2)| < Q—J‘d we get
IT(2)] = laz — aal|T2(2) + Ha@)] < (lazl + laa) (T2 + |F(@)]) < &, D

Theorem 3.19. If f € S¥(par) , then |Tu(2)| < 0.162736.
Proof. By definition of Ty(2) for f € A of the form (1.1), we have

as daz dy ds

(3.10) Ty(2)=| %8 92 93 G4

a4y az az a3
a5 a4 a3z d9

Upon simplification, we get

2 2
Ty(2) = (ag — a%) —(agaq — a2a5)2+ (az — a3a5) —(agaz — a3a4)2+2 (a% — a2a4) (agas —azas)
Since f € 87 (¢3r), in view of Theorems 3.4, 3.3 , 3.15 and 3.14 we have
[T%(2)] < %: [Has(f)| < 0.044, |Ha2(f)] < % and |azay — azas| < % respectively.

Further,
6
lazas —asaal < |as|(laz| +|ad]) < £,
4
lazay — azas| < |az||as| + |as||as| < 25"
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Therefore, we obtain
|T4(2)] < |T(2)|? + |azas — azas|® + |Haz(f)|* + |azaz — azay|?
+ 2[H2,2(f)||azas — azas|

ol NP FONE . AL NS BNE i AN
— A\ 50 50 1000 25 25 25/
< 0.162736. [l

This completes the proof.

4. INtTIAL COEFFICIENT AND DETERMINANT INEQUALITIES FOR f € Cs(ypsr)

Remark 4.1. It is clear that g € Cs(par) if and only if f(2) = zg'(2) € S¥(waL)-
Let g € Cs(psr) be of the form

(4.1) gz)=2+ Z bpz" for all z € A.

o0 o0
f) =2+ Z anz™ = 2¢'(2) = » + Z nby 2"
n=2 n==2

for all z € A. Hence, by, = &= for all n.

Example 4.1. For each positive integer n, w(z) = 2" are in Bg and hence the

Junctions gn(z) satisfying ﬂg;:_mzle = 3r(2") for all z € A are in Cs(psr). In

particular,

(1) 01(2) = 2+ 45 + §2° = glos®+
(2) g2(2) = 2+ 52" + 552" +
(3) g3(2) = +§ % o
(4) ga(z) =2+ 552° + g5z +

are in Cs(@ar)-
Throughout this section g € Cs(p3), we mean g(z) is of the form (4.1).
‘We now prove the following
Theorem 4.1. If g € Cs(psr), then
(1) |b2| < 3, |bs| < %, |ba| < 55 and |bs| < 55
(2) |bs — ub3] < % max{1, |3—; — 1|} for any complez parameter p and the

inequality is sharp.

(3) [Ha(1)| < &-
Proof. Proof of (1) and (2) follows by applying Theorems (3.1) and (3.2) respec-

tively, in view of Remark (4.1). If 4 =1 in (2), then |H3(1)| < % (]
Remark 4.2. The functions gl( ) to 94( ) as in Ezample (4.1) are extremal func-
tions for the inequalities |bs| < 2, |b3| < 5%, |ba] < % and |bs| < % respectively.

Theorem 4.2. If g € C; (»ng) then |H2( )| < 2—;‘0 and the function go(z) as in

Ezample (4.1) is an extremal function for this inequalities.
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Proof. In view of Remark (4.1) and expressing a;s in terms of ¢}s as in Lemma(2.4),

we get
|Haa(9)] = glazas — 5ad]
B 72300'703‘31 +176¢fcz + 180cyc5 — 32063
< ig_ooo (182 + 456242 4 80(4 — c2)¢2 + 90c(1 — 7))

=; F(C, f)((say))=

where ¢ = || € [0,2],¢ = || € [0,1]. By applying the technique of finding
maxima-minima, one can show thdt F(e,t) attains its maximum at ¢ = 0 and

t = 1. Hence, |H2(2)| < F(0,1) = 220 0

Theorem 4.3. If g € Cs(par), then |Hs(1)| < Qggo

Proof. In view of Remark (4.1), substituting b;’s in terms of als followed by ex-
pressing them in terms ¢;’s as computed earlier in

H3(1) = |bs(b3 — b2) + 2bobsbs — b2 — byb?|

and grouping the terms, we get

1 13 a7
|H3(1)| = ‘%(CQ - %CQ) ((1440(143 ¢} = 1112¢102 + 1440c3) — (4 — 55 g))

— (1701 G64cien + 6003) ‘

0760000
13 |Cl| 47
< 7 o c | (T3151143¢} — 1112¢102 + 1440ca| + |es — 5563
2
+ '"760000|1701 G6dciea —|—6003| .
In view of Lemmas 2.1, 2.2 and 2.3, |cz — 33¢%| < 2, |e1| < 2, [143¢} — 1112¢102 +
144003| < 2880, |cq — égca < 2 and |17c$ — 64cica + 60c3| < 120 follows. Hence,
|H3(1)| < 5355 2 0.0185. O

Theorem 4.4. Let g € Cy(wzr). Then [T5(1)] < % and |T5(2)] < 22 and the first
result is sharp.

Proof.
IT2(1)| =1 — aj| < 1+ |az|?

2
1 26
ﬁ”(ﬁ) =3

The inequality is sharp for g5(z) = = —|— 2%+ m‘f” + - € S*p3r).
On substituting by = % and b3 = —-i in |T5(2)| = 35|9a2 — 4aj| followed by
expressing values of g dlld c1 as in Le 111111:1 2.4, we get

IT2(2)| =

000 9¢] — m2(4—cl) ‘

505 (9" + (1= ) = Fle, ) (sa),
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where ¢t = |z| € [0,1] and ¢ = |e1] € [0,2]. It is clear that F(e,t) attains its

maximum at (0,1) and hence [T5(2)| < F(0,1) = i O
Theorem 4.5. Let f € Cg(war). Then |T3(1)| < g“z‘i

Proof. If we choose pt = 2 in (2) of Theorem (4. ) thtn |b3 — 2b3| < %

Thus, [T3(1)] < 1+ 2b2f* + [bsllbs — 203] < 1+ & + 535 = 355 O
Theorem 4.6. Let f € Cs(par). Then |T3(2)| < 53z

Proof. Using the bounds |bz| < %, |bs| < =5, |T2(2)| < 535 and [Ha(2)| < 535, we
get

|T5(2)] = [b2 — ba||T2(2) + Ha2(2)| < (b2] + [ba]) (IT2(2)] + [H2(2)]) < 555 .

Theorem 4.7. If f € Si(wsr), then |Hy1(f)| < 0.00633595371.
Proof. we have
|Ha1(f)] < [brl|Hs,p | + 2(ba[bo|[b2bs — b3] + 2[bs||bs| [babs — ba| + |bs|* [bs — 3|
+ |bs|?|babs — b3| + |bs|?|bobs + 2b3| + |bs|® + |ba|* + 3|bs]|ba?|bs5)|.

As f € S¥(psr), |babs + 2b3| < [ba]|ba| + 2 bs|* < 25 (In view of Theorem 3.1).
Thus,

o 9 (35) () () () =(3) () (3)
(' (3)- () () () (8)+ ()
(3) () (3) ()

< 0.00633595371.
follows by using the bounds obtained in Theorems 3.1, 3.3, 3.8 and 3.9. [l

Theorem 4.8. If f € S¥(psr), then [T4(1)] < 1.174016
Proof. By definition of Ty(1) for f € A of the form (1.1), we have

1 by by by
by 1 by bs

(4.2) =2 . T o
by by by 1

Upon simplification, we get
Ty(1) = (1 —b3)? — (bobz — by)? + (b3 — bzb4)2 — (by —bab3)? 4+ 2(b3 — b3)(bs — baby).
Let f € S¥(¢ar). Then [b2 —byby| < 5= = from Theorem 3.3.

Also, |17b2|<(1+ 1) §:

25 25

2 17

x < =2

[b2 — babs| (1+ 15) 75

and 5 ¥ i
|b3 —baby| < — + = (—) = 300"

15 &5 300
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Using these bounds along with bounds obtained in the Theorem 3.2 and Theorem
3.51n
k.

[ Tu(1)] <[(1 = b3)%| + [b2bs — ba|? + [b5 — baba|? + b2 — babs| +2[b5 — bs||bs — baba
% ’ + i ’ -+ i ’ + E ’ + . 1 43
25 20 225 75 15 300

1.174016.

This completes the proof. Il
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HANKEL AND TOEPLITZ DETERMINANTS FOR STARLIKE
AND CONVEX FUNCTIONS WITH RESPECT TO SYMMETRIC
POINTS RELATED TO THREE LEAF DOMAIN

S. SAMBASIVA RAO!*, R. BHARAVI SHARMA?, R. RUDRANI?, K. GANESH*

ABSTRACT. The aim of this paper is to estimate upper bounds for Hankel and
Toeplitz determinants of starlike functions with respect to symmetric points
associated with three leaf function that maps the open unit disk in the complex
plane onto a three leaf domain with suitable illustrative examples in support
of sharpness of certain proven inequalities.

1. INTRODUCTION

1.1. Preliminaries. Let A be the family of analytic functions f defined on the
open unit disk A in the complex plane C with the normalization f(0) = 0 and
f/(0) = 1. The collection of univalent functions f € A is denoted by §. The well
known classes of starlike, convex and bounded turning functions are respectively
denoted by &*, C and R, are subclasses of §. The Maclaurin series expansion of f
be of the form

(1.1) flz) =2+ Zanzn for all z € A.

n==2

The ¢*"* Hankel determinant of index n > 1 for f € A, is denoted byHg.n(f) or
Hy(n)(f), and is defined as

(2% Ap41 i Optg—1
Qn41 an42 .- Gntq
(12) Hy(n) =
ntg-1 Gniq --- Oni2g-2
th

where ¢ > 2 and a; = 1 (see [2]), whereas ¢
Ty(n) for f € A defined as (see [13])

symmetric Toeplitz determinant

an Gn41 s OGpyg—1
41 (2% cee Opdg-2
(L3) Ty(n) =
Opn4g—1 Opdg—2 --- [22%

Let B, be the collection of analytic functions w : A — C with w(0) = 0 and
[w(z)| < 1 for = € A. The members of B, are called Schwarz functions. f € A
subordinate to g € A if there exists a w € By such that f(2) = g(w(z)) for all

2020 Mathematics Subject Classification. 30C80,30C45.
Key words and phrases. Normalized univalent functions; Hankel determinants; starlike func-
tions,Coefficient inequalities; Nephroid domain, Topelitz determinants.
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z € A. In this case, we write f < g. If g is univalent, then f < g if and only if
9(0) = f(0)and f(A) C g(A).

1.2. Literature Review and Motivation. The study of Hankel and Toeplitz
determinants associated with f € § play a vital role in the field of Geometric Func-
tion theory (see [18]). The pioneering works of Pommerenke, Hayman, Babalola,
Zaprawa, Kowalezyk and Oh Sang Kown concerning Hankel determinants for f € S
motivated numerous other researchers to investigate Hz(2) and Hjz(1l) for various
other subclasses of S (see [21] and references therein). Similar type of studies con-
cerning Toeplitz determinant can be seen in ([3], [13], [23]).

The concept of starlike and convex functions with respect to symmetric points were
introduced by Sakaguchi ([9]) and Das et al.([20]). In continuation to these notions,
utilizing the concept of subordination, Ravichandran ([24]) introduced classes

. . 22f'(2)
Silp)={fes: 7o) —F(=2)
ARG
where ¢ € A such that R{e(2))} > 0, ¢'(0) > 0, p(A) is symmetric with respect
to real axis and starlike with respect to (0) =1 .

Bharavi Sharma et al. estimated an upper bound of Hankel determinants for f
in 8¥(¢) and in Cs(y) for various choices of o (see [19],[4] and [17]).

Recently, Gandhi ([22]) introduced and studied radius estimates for f € S sub-
ordinate to p3r(z) = 1+ 22 + £2* which maps A onto the interior of three leaf
domain as shown in the Figure 1 (generated by using online software provided by
www.singsurf.org). Further, Lei Shi et al. and Murugusundaramoorthy et al. stud-
ied upper bound of H3(1) for f in 8*(par), C(war) and R(war) (see ([11]) and
[5]).

Motivated by earlier mentioned research work, upper bounds of initial coeffi-
cients, H3(1) and T3(1) for f in SX(war), Ci(par) are obtained in this paper.
These classes are defined as

< w(2)},

* _ . sz((’z) ” o
S3(w3r) = {f €A: 7_;?(,:/) ~f(—2) = QSL(»«)}:

Q(zf’(,:/))’ _ N
7o) + f(—a) < Poela)k

2. A SET oF UsEFuL LEMMAS

Cs(par) ={fe A:

The collection P consists of analytic functions p : A — C with p(0) = 1 and
R{p(z)} > 0. The following lemmas concerning p € P of the form

(2.1) p(z)=1+ Z cnz™ for allz € A,
n=1

are useful in the sequel.

Lemma 2.1. ([16]) |ey| < 2 for any positive integer n. The inequality is sharp for
_ 142
p(z) — 1—z-

Lemma 2.2. ([12]) for any p € C, |c2 — pc?| < 2max{l, |2 — 1|}. The inequality
is sharp for p(z) = 12 and p(z) = %—'J_'—;j—
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F1GURE 1. The Image of A under p3r(2)

Lemma 2.3. ([14]) |Je} — Kejes + Lea| < 2|J| +2|K —2J| +2|J — K + L| for real

numbers J, K and L.
Lemma 2.4. ([10])

2c0 = c% + z(4 — c%)

dez=ci+24—cer—cy(4—c2)a? + 24— D) (1— | z |?)=2

for some x,z with |z |[<1 and | 2 |< 1.

Lemma 2.5. ([25]) If m, n, l and the inequalities 0 < m < 1,0<r < 1 and

(2.2)

8r(1—r)((mn—20)%+(m(r+m) —n)?) +m(1—m)(n—2rm)* < 4m*(1—m)?*r(1—r).
hold. If p(z) € P is of the form (2.1). then

3n
(2.3) e} + rc2 + 2meycs — ?nc%c'g — eyl <2

Lemma 2.6. (Ravichandran et al.,2015) For all positive integers n, m

|ttcnem — enim| = {

This inequality is sharp.

2 if0<p<l
2|12 — 1| otherwise.
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3. MaIN RESULTS
If f e S¥(psL), then there exists w € By such that

L) wie)

for all z € A. If we take p(z) = 1= (2) for all € A, then p € P and w(z) = i)t

1—w(z) plz)+1
so that
22f'(2) . 4p(z) -1\ 1lrp(z)—1 .
(3.1) e feg 5(p(z) +1) +( T 1) for all z € A.
But, 2:1'(2) =1+ a2z + 3as2® + (day — 2a2a3)z3 + (das — 2(1%)34
f(2) — f(—2)
(3.2) + (6ag — dagaz — 2asas + 2a2a2)2° + (6ay — 6azas + 2a2)2% +
4 rp(z) —1 1 p(z)—1)4_ 2 2( cl) 1 2oy 3
1+5(p(z)+1)+5(p(z)+1 _1+561~+5 2 2 +10( 1 46162+463)~
2 1 3 5 3
(3.3) + = 5 (04 —cic3 — ECQ -+ clcg 320%) 224
From (3.1), (3.2) and (3.3), we obtain
(3.4) ar =3,
1 c?
(35) az = g (CQ — El)
1
(3.6) ay = 300 (30? — 16¢100 + 2003),
-1, 7 3 11 5
(3.7) as = (%cl + CQ + 13 — 200102 4).
47 - 23 41 1
(38) ag = ﬁ (]_60 1 + Dclcg 10C1C2 C1C4) FCQCS
ar = —(93001 18504¢%c3 — 8000¢3 — 1245¢ ¢ + 18000¢ e3¢z — 523067 ¢3

24000
(3.9 + 192002 — 11200¢5¢y4 + 120000103 + 100001 ey — 16000¢; e5 + 16000¢)

Example 8.1. For each positive integer n, w(z) = 2" are in By and hence the

functions fn(2) satisfying (m%—{:f%)_—z) = 3(2") for all z € A are in S¥(ear).

In particular,

(1) fi(x) =2+ 222 +32° — 352" +
(2) fa(z) =2+ 322+ Z2° +

B) falt)=2+%5+...,

(4) fa(2) = 2+ 32° + 552° +

are few members of SE(paL).
The proofs of the following results can be seen in [6].

Theorem 3.1. Let f € Si(psr) be of the form (1.1). Then |ag| < 2, |ag| < 2,
[ay| < % and |az| < % These inequalities are sharp.
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Theorem 3.2. Let f € S¥(ps.). Then for any p € C,

2 2
laz — pal3| < — max{1, ﬁ}

5 5
this inequality is sharp.

Theorem 3.3. Let f € S¥(psr). Then |Ho(2)| < % and fi(z) as in Ezample
(3.1) is an extremal function for this inequality.

Theorem 3.4. Let f € S*(psr). Then |Ha(3)| < 0.044.
Theorem 3.5. Let [ € S¥(par). Then |Hz(1)| < 0.047.

The authors proved the following results in [7]
Theorem 3.6. Let f € S¥(psr) be of the form (1.1). Then |ag| < 338 = 0.368.

Theorem 3.7. Let f € Si(par) be of the form (1.1). Then |a;| < 350258 = 22.004.

Theorem 3.8. Let f € S¥(p3L) be of the form (1.1). Then |as — azas| < L. The
result is sharp.

Theorem 3.9. If f € SZ(¢sL), then |as — a3| < } and |ar; — af| < BB
Theorem 3.10. If f € S:(waL). then |as — azas| < § and |as — asaa| < 1555
Theorem 3.11. If f € Si(war), then |Hya(f)| < 0.2305096.

Theorem 3.12. If f € Si(psr), then |Tu(1)| < 1312 ~ 2.1088.

Unless otherwise stated in what follows, series expansions of f € S¥(psr) is of
the form (1.1), p € P of the form (2.1) and the initial coefficients as, az, a4, as,a6
and ar of f € S¥(psp) are as in the Equations (3.4), (3.5), (3.6), (3.7), (3.6) and
(3.7) respectively. Thus, we obtain

Theorem 3.13. If f € S¥(par), then |Ha4(f)| < 2238 ~ 0.911041973.
Proof. Let f € 5%(p31). A simple computation by using (3.6), (3.7),and (3.6) we

obtain
|Ha 4 (f)| = |asas — a3
1 1863 o T3 4, 5 503 4 679 5 4
~ 15001256001 T 8012 T 32012 T 10012
27 4 F22 =2, 163 5 2
+ 202 + 15cye3 + 15c; + 160°1%8 ~ 3leiczeq — 9esey
39 110
2 2 2 3 4
— 3616264 —+ 5610203 — 26263 — 2—5016263 — %clq‘
1 /503 1863 3 73
H < ( 6 = Dl B T U0 D
1H2a (N < 7556 (320111 |2 ~ Zopa01| T 0l | ~ 32
i (i 1635 27 679 ,
+ 35 lealleal o2 = Zgper) + 5gleal” |e2 = g3z er
+3Ller|fes [ea — 2oerca| + Olcal?
C1(|C3] [Cq 310103 o Cyq 900103

4
+ 15|cq|* + ;]lr:l|2||02||04| +2|02||03|2)
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By grouping the terms as above and utilizing Lemma 2.1, Lemma 2.2 and Lemma
2.6 we obtain
92243

[H2,4(f)] < 101250

= 0.911041973.

O

Theorem 3.14. If f € Si(par), then |To(1)| < 22 and |T2(2)| < &. First in-
equality is sharp.

Proof. As f € 8X(wsr), we have

5

12

laz] < — and |as] <

as| € — and |ag| <
12

Applying the Triangle inequality and using Lemma 2.1, we obtain

IT2(1)] = |1 — af] < 1+ |as|?

2
2 29
<1 —
N (0) 25

The inequality is sharp for f5(2) = 2+ %22 + 52° + -+ € S¥(psr). (Which is

1 a
207
obtained by taking w(z) =iz in the Equatlou (3.2))
On substituting ap and az in |T2(2)| = |a2 — a2 foll

and ¢ as in Lemma 2.4, we get

owed by expressing values of eo

Ta(2)] = 100‘4‘"‘1 —a2(4— cl)‘

= 100 (4C gt ))

where t = |z| € [0,1] and ¢ = |e1| € [0, 2]. It is clear that F(e,t) = 4c? —|— t2(4— 02)

(
attains its maximum at the point (2,1) and hence |T2(2)| < F(1,2) = OD O

3.1. Upper Bound of Third-Order Hankel and Toeplitz determinants for
f € Si(¢aL).

Theorem 3.15. If f € Si(p3r), then |Hz2(f)| < 0.10368.

Proof. Let f € S8*(par). By using (3.4) - (3.7), we obtain

1 5 5
lazas — azay| = o500 ‘—100103 — g +10c3 3 + 20c3¢3 — 20c1c4
1 (5 o 1 1
ot o B = s
= 1000 (8|Cl| s 20|Cg| c3 26162 + 20|Cl| Cq 26163 )

2 1 3 2 i 2 9

=50 25 25 50
followed by Lemmas 2.1 and 2.5. A simple computation by using the fact that
lazas — azays| < 5—% and using the bounds obtained in Theorem 3.1, Theorem 3.3,
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Theorem 3.4 and Theorem 3.6 , we get
|H3_.2(f)| = |a6 (azay — a%) — as(azas — azaq) + as(azas — a3)|

< |ag||azas — a3| + |as||azas — azaq| + |as||azas — ai|

138 /4\ 1/9 1
< =)ok S S P00
=375 (25) *3 (50) )

~ 0.0.10368. 0

Theorem 3.16. If f € S*(p3L). then |Hzz(f)| < 0.1570656.
Proof. Let f € 8! (par). By using Theorems 3.1, 3.6 , we obtain
lazag — asas| = |as||ag| + |aal|as|
< 0.1872.

By utilizing Theorem 3.1, Theorem 3.4 and Theorem 3.13 and followed by the result
|azag — agas| < 0.1872 , we obtain

|H3,3(f)| = |ar(asas — a3) — ag(asas — asas) + as(asas — a3)|
< |az||asas — o3| + |ag||asac — asas| + |as||asas — a3
< 0.1570656. O
Theorem 3.17. Let f € S¥(p3r). Then |T5(1)| < 3£.
Proof. From Theorem (3.2),we have a3z —2a3| < 2.
Thus, [T3(1)] < 1+ 2|az|? + |as||as —2a3]| < 1+ & + 5t = L. O

Theorem 3.18. Let f € S¥(p3r). Then |T3(2)| < 5.

Proof. Using the bounds |as| < % laq]| < % [T5(2)] < % and |Hy(2)| < Q—J‘d we get
IT(2)] = laz — aal|T2(2) + Ha@)] < (lazl + laa) (T2 + |F(@)]) < &, D

Theorem 3.19. If f € S¥(par) , then |Tu(2)| < 0.162736.
Proof. By definition of Ty(2) for f € A of the form (1.1), we have

as daz dy ds

(3.10) Ty(2)=| %8 92 93 G4

a4y az az a3
a5 a4 a3z d9

Upon simplification, we get

2 2
Ty(2) = (ag — a%) —(agaq — a2a5)2+ (az — a3a5) —(agaz — a3a4)2+2 (a% — a2a4) (agas —azas)
Since f € 87 (¢3r), in view of Theorems 3.4, 3.3 , 3.15 and 3.14 we have
[T%(2)] < %: [Has(f)| < 0.044, |Ha2(f)] < % and |azay — azas| < % respectively.

Further,
6
lazas —asaal < |as|(laz| +|ad]) < £,
4
lazay — azas| < |az||as| + |as||as| < 25"
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Therefore, we obtain
|T4(2)] < |T(2)|? + |azas — azas|® + |Haz(f)|* + |azaz — azay|?
+ 2[H2,2(f)||azas — azas|

ol NP FONE . AL NS BNE i AN
— A\ 50 50 1000 25 25 25/
< 0.162736. [l

This completes the proof.

4. INtTIAL COEFFICIENT AND DETERMINANT INEQUALITIES FOR f € Cs(ypsr)

Remark 4.1. It is clear that g € Cs(par) if and only if f(2) = zg'(2) € S¥(waL)-
Let g € Cs(psr) be of the form

(4.1) gz)=2+ Z bpz" for all z € A.

o0 o0
f) =2+ Z anz™ = 2¢'(2) = » + Z nby 2"
n=2 n==2

for all z € A. Hence, by, = &= for all n.

Example 4.1. For each positive integer n, w(z) = 2" are in Bg and hence the

Junctions gn(z) satisfying ﬂg;:_mzle = 3r(2") for all z € A are in Cs(psr). In

particular,

(1) 01(2) = 2+ 45 + §2° = glos®+
(2) g2(2) = 2+ 52" + 552" +
(3) g3(2) = +§ % o
(4) ga(z) =2+ 552° + g5z +

are in Cs(@ar)-
Throughout this section g € Cs(p3), we mean g(z) is of the form (4.1).
‘We now prove the following
Theorem 4.1. If g € Cs(psr), then
(1) |b2| < 3, |bs| < %, |ba| < 55 and |bs| < 55
(2) |bs — ub3] < % max{1, |3—; — 1|} for any complez parameter p and the

inequality is sharp.

(3) [Ha(1)| < &-
Proof. Proof of (1) and (2) follows by applying Theorems (3.1) and (3.2) respec-

tively, in view of Remark (4.1). If 4 =1 in (2), then |H3(1)| < % (]
Remark 4.2. The functions gl( ) to 94( ) as in Ezample (4.1) are extremal func-
tions for the inequalities |bs| < 2, |b3| < 5%, |ba] < % and |bs| < % respectively.

Theorem 4.2. If g € C; (»ng) then |H2( )| < 2—;‘0 and the function go(z) as in

Ezample (4.1) is an extremal function for this inequalities.
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Proof. In view of Remark (4.1) and expressing a;s in terms of ¢}s as in Lemma(2.4),

we get
|Haa(9)] = glazas — 5ad]
B 72300'703‘31 +176¢fcz + 180cyc5 — 32063
< ig_ooo (182 + 456242 4 80(4 — c2)¢2 + 90c(1 — 7))

=; F(C, f)((say))=

where ¢ = || € [0,2],¢ = || € [0,1]. By applying the technique of finding
maxima-minima, one can show thdt F(e,t) attains its maximum at ¢ = 0 and

t = 1. Hence, |H2(2)| < F(0,1) = 220 0

Theorem 4.3. If g € Cs(par), then |Hs(1)| < Qggo

Proof. In view of Remark (4.1), substituting b;’s in terms of als followed by ex-
pressing them in terms ¢;’s as computed earlier in

H3(1) = |bs(b3 — b2) + 2bobsbs — b2 — byb?|

and grouping the terms, we get

1 13 a7
|H3(1)| = ‘%(CQ - %CQ) ((1440(143 ¢} = 1112¢102 + 1440c3) — (4 — 55 g))

— (1701 G64cien + 6003) ‘

0760000
13 |Cl| 47
< 7 o c | (T3151143¢} — 1112¢102 + 1440ca| + |es — 5563
2
+ '"760000|1701 G6dciea —|—6003| .
In view of Lemmas 2.1, 2.2 and 2.3, |cz — 33¢%| < 2, |e1| < 2, [143¢} — 1112¢102 +
144003| < 2880, |cq — égca < 2 and |17c$ — 64cica + 60c3| < 120 follows. Hence,
|H3(1)| < 5355 2 0.0185. O

Theorem 4.4. Let g € Cy(wzr). Then [T5(1)] < % and |T5(2)] < 22 and the first
result is sharp.

Proof.
IT2(1)| =1 — aj| < 1+ |az|?

2
1 26
ﬁ”(ﬁ) =3

The inequality is sharp for g5(z) = = —|— 2%+ m‘f” + - € S*p3r).
On substituting by = % and b3 = —-i in |T5(2)| = 35|9a2 — 4aj| followed by
expressing values of g dlld c1 as in Le 111111:1 2.4, we get

IT2(2)| =

000 9¢] — m2(4—cl) ‘

505 (9" + (1= ) = Fle, ) (sa),
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where ¢t = |z| € [0,1] and ¢ = |e1] € [0,2]. It is clear that F(e,t) attains its

maximum at (0,1) and hence [T5(2)| < F(0,1) = i O
Theorem 4.5. Let f € Cg(war). Then |T3(1)| < g“z‘i

Proof. If we choose pt = 2 in (2) of Theorem (4. ) thtn |b3 — 2b3| < %

Thus, [T3(1)] < 1+ 2b2f* + [bsllbs — 203] < 1+ & + 535 = 355 O
Theorem 4.6. Let f € Cs(par). Then |T3(2)| < 53z

Proof. Using the bounds |bz| < %, |bs| < =5, |T2(2)| < 535 and [Ha(2)| < 535, we
get

|T5(2)] = [b2 — ba||T2(2) + Ha2(2)| < (b2] + [ba]) (IT2(2)] + [H2(2)]) < 555 .

Theorem 4.7. If f € Si(wsr), then |Hy1(f)| < 0.00633595371.
Proof. we have
|Ha1(f)] < [brl|Hs,p | + 2(ba[bo|[b2bs — b3] + 2[bs||bs| [babs — ba| + |bs|* [bs — 3|
+ |bs|?|babs — b3| + |bs|?|bobs + 2b3| + |bs|® + |ba|* + 3|bs]|ba?|bs5)|.

As f € S¥(psr), |babs + 2b3| < [ba]|ba| + 2 bs|* < 25 (In view of Theorem 3.1).
Thus,

o 9 (35) () () () =(3) () (3)
(' (3)- () () () (8)+ ()
(3) () (3) ()

< 0.00633595371.
follows by using the bounds obtained in Theorems 3.1, 3.3, 3.8 and 3.9. [l

Theorem 4.8. If f € S¥(psr), then [T4(1)] < 1.174016
Proof. By definition of Ty(1) for f € A of the form (1.1), we have

1 by by by
by 1 by bs

(4.2) =2 . T o
by by by 1

Upon simplification, we get
Ty(1) = (1 —b3)? — (bobz — by)? + (b3 — bzb4)2 — (by —bab3)? 4+ 2(b3 — b3)(bs — baby).
Let f € S¥(¢ar). Then [b2 —byby| < 5= = from Theorem 3.3.

Also, |17b2|<(1+ 1) §:

25 25

2 17

x < =2

[b2 — babs| (1+ 15) 75

and 5 ¥ i
|b3 —baby| < — + = (—) = 300"

15 &5 300
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Using these bounds along with bounds obtained in the Theorem 3.2 and Theorem
3.51n
k.

[ Tu(1)] <[(1 = b3)%| + [b2bs — ba|? + [b5 — baba|? + b2 — babs| +2[b5 — bs||bs — baba
% ’ + i ’ -+ i ’ + E ’ + . 1 43
25 20 225 75 15 300

1.174016.

This completes the proof. Il

I
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Abstract

This paper presents a complex system for optimizing the performance of mobile ad hoc networks (MANETS)
that we have based on graph theory. We put forth in this a set of very advanced algorithms that include shortest path and
partitioning approaches which we use to in real time determine and which also at the same time update the best paths for
data transfer in the network. By constantly changing to fit in with changes in network structure we do away with latency
and at the same time we see an increase in over all network performance.

In this framework we see the use of adaptive graph algorithms which at the present time’s network state to
determine the best path forward which in turn enables fast re calculation of optimal paths. Also we have put in place
what we may term as network division into smaller graphs which in turn decreases computational load and at the same
time improves on the framework’s scale ability in large or very dynamic environments.

Keywords: Connected Dominating Sets, Mobile Networks, Network Route, Ad Hoc Networks
1.Introduction

Mobile Adhoc Networks, or MANETS, refer to self-arranging networks which allow nodes to join, relocate, or exit freely.
Unlike classical networks which depend on fixed infrastructure like routers and base stations, MANETSs operate without
any centralized control. This makes them ideal for situations like rescue missions, military communication, or vehicular
networks. The distinct and defining features of MANETSs which include their changing topology, restricted bandwidth, and
energy limitations are wireless communication technology are arduous challenges for guaranteeing effective
communication.

One of the biggest difficulties in MANETS is building routing protocols that remain reliable and flexible when the network
changes frequently. Node mobility, fluctuating link quality, and unpredictable node density all contribute to this challenge.
Existing protocols, such as Ad hoc On-Demand Distance Vector (AODV) and Dynamic Source Routing (DSR), generally
fall into two categories: reactive or proactive. Reactive protocols like AODV create routes only when needed, which keeps
the initial overhead low but slows things down during route discovery. Proactive methods, such as Optimized Link State
Routing (OLSR), keep routing tables updated for all nodes, reducing delays but causing heavy control overhead in fast-
changing networks. In practice, both strategies face limitations when topology shifts rapidly, often leading to higher latency,
packet drops, and greater energy use.

Graph theory provides a useful way to overcome these challenges by representing the network as a graph, with nodes
acting as vertices and communication links as edges. This structure makes it possible to apply well-known graph
algorithms to improve routing decisions. For instance, shortest path methods such as Dijkstra’s algorithm and A* can
identify efficient routes between nodes while taking into account factors like signal strength, bandwidth, and distance.
The drawback is that running these algorithms directly on large or highly dynamic networks often becomes costly and
inefficient. To address this, researchers use ideas from graph domination. A Connected Dominating Set (CDS)—a
carefully chosen subset of nodes that functions as a virtual backbone—helps cut down routing overhead. Only CDS
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nodes manage route discovery and maintenance, while the other nodes forward data through their nearest CDS node.
This setup avoids unnecessary transmissions, saves energy, and makes the network easier to manage.

Another key factor in improving routing in MANETS is scalability. As networks grow larger, it becomes unrealistic to
maintain a complete view of the entire topology. To manage this, graph partitioning is used to break the network into
smaller, localized subgraphs, each supported by its own CDS. This setup allows routing decisions to be made locally,
which lowers computational demands and lets the network respond more quickly to changes without disrupting the whole
system. Partitioning also helps balance resources in dense networks and keeps communication reliable in sparse or
fragmented ones.

The framework brings together these graph-theoretical ideas to create a routing solution that is adaptive, scalable, and
energy-efficient. By combining real-time graph updates with shortest path algorithms and domination-based methods, it
tackles major issues like high latency, excessive overhead, and poor performance in rapidly changing conditions. This
makes it especially useful in settings where dependable and efficient communication is essential, such as emergency
response operations, vehicular networks, and sensor-driven monitoring systems.

This study describes the design and implementation of the framework, highlighting its ability to adapt to changing
network conditions, scale effectively in large systems, and conserve energy. The simulation results show that the
framework outperforms traditional protocols by reducing latency, improving packet delivery, and lowering energy use,
making it a strong candidate for the growing demands of MANETs.

2.Literature Review

Mobile Ad Hoc Networks (MANETS) have attracted considerable research attention because of their decentralized design
and the difficulties that come with constantly changing topologies, limited bandwidth, and energy restrictions. Over time,
many routing protocols and optimization methods have been developed, aiming to improve scalability, cut down
overhead, and provide dependable communication.

Early research on MANET routing introduced two main strategies: reactive and proactive approaches. Reactive
protocols, such as Ad hoc On-Demand Distance Vector (AODV) [10] and Dynamic Source Routing (DSR) [8], build
routes only when they are required. AODV does this through route request and reply messages, while DSR places the
full route inside the packet header. Although effective, both methods create heavy overhead during route discovery in
dynamic environments. On the other hand, proactive protocols like Optimized Link State Routing (OLSR) [4] keep
routing tables updated at all times, which reduces delays but produces substantial control overhead. In practice, both
reactive and proactive methods struggle in large or highly dynamic networks, often resulting in higher latency and
increased energy use.

Graph theory has become an important tool for improving routing in MANETSs. When the network is modeled as a graph,
the nodes act as vertices and the communication links serve as edges. Using this representation, shortest-path algorithms
like Dijkstra’s can be applied to identify efficient routes while taking into account real-time factors such as signal strength
and bandwidth. The A* algorithm [6], which uses heuristics, further enhances pathfinding efficiency in applications
where speed is crucial. However, despite their usefulness, these algorithms often struggle to scale in large or dense
networks because they depend on complete knowledge of the overall topology.

Domination-based methods have been widely explored as a way to simplify routing in MANETs. A Connected
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Dominating Set (CDS) is a subset of nodes that acts as a virtual backbone, making sure every node is either part of the
CDS or directly linked to one. Guha and Khuller [5] developed one of the first approximation algorithms for building a
CDS, aiming to keep the set as small as possible while preserving connectivity. Later, Wu and Li [11] proposed localized
algorithms that lowered computational demands, making them more practical for dynamic networks. Using a CDS helps
cut down redundant transmissions, saves energy, and improves scalability. Alzoubi et al. [2] further contributed with
distributed heuristics that focused on energy efficiency and local decision-making. Together, these works laid the
groundwork for modern domination-based routing strategies in MANETS.

Graph partitioning is a common approach for improving scalability in large networks. By breaking the network into
smaller subgraphs, routing can be handled locally within each partition, which reduces computational overhead.
Partitioning also helps balance resources in dense networks and maintains reliable communication in sparse ones.
Heinzelman et al. [ 7] introduced partitioning methods in sensor networks, showing how they conserve energy and support
load balancing. Later, adaptive partitioning techniques [3] were developed to allow partitions to reconfigure dynamically
as the topology or node density changes, further boosting efficiency.

Domination-based techniques have been applied in many areas, including vehicular ad hoc networks (VANETS), sensor
networks, and disaster recovery systems. In VANETS, they improve road safety and traffic flow by adapting quickly to the
high mobility of vehicles [9]. In sensor networks, CDS-based methods help conserve energy and extend network lifetime
by restricting active communication to a smaller group of nodes [1]. These examples highlight the flexibility and
effectiveness of CDS and graph-theoretical concepts in solving real-world problems. Still, challenges remain. Balancing
scalability, adaptability, and energy efficiency is difficult. Reactive and proactive protocols often fall short in large, high-
mobility networks. Traditional CDS algorithms reduce overhead but may not capture real-time changes in the network.
Partitioning methods also require frequent updates to perform well in both dense and sparse settings. The framework
proposed here addresses these limitations by combining real-time graph updates, adaptive CDS construction, and
partitioning methods into a unified solution for efficient MANET routing.

3.Methods and Materials

3.1 Graph Construction:

In this study, a mobile ad hoc network (MANET) is modeled as a graph, where the nodes represent devices such as
smartphones, laptops, or sensors, and the edges represent the communication links between them. Each edge is assigned
a weight that reflects current network conditions. Stronger signals are given lower weights to indicate better quality, links
with higher bandwidth are also assigned lower weights, and longer distances increase the edge weight, signaling higher
latency or reduced reliability.

The edge weights adjust in real time to reflect changes in the network caused by node movement, link failures, or
environmental interference. This continuous updating keeps the graph aligned with the current state of the network,
providing the most accurate snapshot of its topology.

For instance, if a node changes position, the signal strength with its neighboring nodes may weaken, which triggers an
update of the edge weights. This dynamic graph ensures that routing algorithms always work with the latest network
information.
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3.2 Domination-Based Techniques (Connected Dominating Set - CDS)

Traditional Protocols (AODV/DSR) Proposed Framework (CDS)

To make routing simpler and reduce overhead, a Connected Dominating Set (CDS) is used as a virtual backbone for the

network. The CDS is a selected group of nodes with two key properties: every node in the network is either part of the CDS
or directly connected to one, and the CDS nodes themselves remain connected to ensure continuous communication.

Advantages of Using CDS:
[ ]

Reduction in Routing Overhead: Only the nodes in the CDS participate in routing and forwarding
decisions, minimizing unnecessary transmissions.

Energy Efficiency: Non-CDS nodes conserve energy by communicating only with their nearest CDS node.

Localized Decision-Making: The CDS allows routing to be managed locally, reducing the need for global
network updates.

Algorithm for Constructing a CDS:

1. Begin with a graph consisting of nodes and edges.

2. Select a minimal dominating set (MDS) so that every node in the network is included or directly connected to one
in the set.

3.

Link the nodes in the MDS to create a Connected Dominating Set (CDS), adding only the edges necessary to
maintain connectivity.

More advanced methods, such as the Guha-Khuller approximation algorithm, can be applied to build the CDS more
efficiently.

3.2.1 Routing Algorithm with Dynamic Shortest Paths

The study applies a modified version of Dijkstra’s algorithm or the A* algorithm to compute the shortest paths
between nodes. These algorithms are adapted to work with a dynamic graph that changes as the network evolves. Edge
weights are updated in real time to reflect conditions such as node movement or bandwidth variation. Routing decisions
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are mainly handled within the CDS nodes, which keeps the process efficient and reduces complexity. When a link fails
or a node moves out of range, the algorithm recalculates only the affected routes. This localized recalculation helps
minimize delays and ensures smooth communication.
Steps in Routing with CDS:

e Step 1: A source node identifies its nearest CDS node.

e Step 2: The shortest path is calculated between the CDS nodes.

o Step 3: The destination node receives the data via its nearest CDS node.

3.2.2 Adaptive Graph Partitioning

To address scalability challenges in large networks, the graph is partitioned into smaller, localized subgraphs. Each
subgraph has its own CDS, which lets routing decisions be handled locally within that subgraph.

Benefits of Partitioning:
e Reduced Complexity: Smaller subgraphs require less computation and communication
overhead.
e Faster Adaptation: Localized updates ensure that topology changes in one subgraph do not disrupt the
entire network.

e Scalability: Partitioning enables the framework to handle networks with thousands of nodes efficiently.
Dynamic Partitioning:

o Initial Partitioning: Nodes are grouped into subgraphs based on proximity or connectivity.
e Adaptive Repartitioning: As nodes move or the network density changes, subgraphs are merged or
divided dynamically to maintain optimal performance.
For instance, in a dense network, nodes in crowded areas can be divided into smaller subgraphs to distribute the load
more evenly, while in sparse areas, nodes may be grouped into a single subgraph to maintain connectivity.

3.2.3 Metrics for Performance Evaluation
To measure the effectiveness of the framework, the following metrics are used:

1. Latency — This measure how much time it takes for a packet of data to travel from the sender to the receiver. Lower
latency means faster communication, which is especially important for real-time applications like video calls or live
monitoring.
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2. Packet Delivery Ratio (PDR) — This indicates the percentage of data packets that successfully reach their intended
destination. A higher PDR reflects more reliable communication, as fewer packets are lost along the way.

3. Energy Consumption — This refers to the total amount of energy used by all nodes while sending, receiving, or
forwarding data. Since many devices in MANETSs run on batteries, lower energy consumption helps extend the
overall lifetime of the network.

4. Scalability — This shows how well the framework can adapt when the size of the network changes. A scalable
system performs efficiently not only in small networks but also when the number of nodes grows into the hundreds
or thousands.

5. Adaptability — This measure how quickly and effectively the framework can respond when the network changes.
For example, when nodes move, links fail, or signal strength varies, the system should adjust routes without major
delays or disruptions.

4.Results and Discussions

The proposed graph-theoretical framework for optimized routing in mobile ad hoc networks (MANETSs) was tested
using several key performance metrics, including latency, packet delivery ratio (PDR), energy consumption, scalability, and
adaptability. By combining connected dominating sets (CDS), adaptive graph partitioning, and dynamic shortest-path
algorithms, the framework showed clear improvements over traditional routing protocols such as AODV and DSR.

a) Improved Routing Efficiency

Using CDS as a virtual backbone helped reduce routing overhead by restricting route discovery and maintenance tasks to a
smaller set of nodes. This cut down the number of redundant control messages and lowered routing overhead by about 30
percent compared to standard protocols. For non-CDS nodes, communication was limited to their nearest CDS node, which
made the process simpler and also reduced the chances of routing loops.

The dynamic shortest-path algorithm added another layer of efficiency by recalculating routes only when local topology
changes occurred. This avoided unnecessary computations and allowed routes to be set up more quickly, even when the
network was highly dynamic.

Simulation results confirmed these improvements. On average, the framework reduced latency by 25 percent compared to
AODV. Because optimal paths within the CDS were already precomputed, data packets were able to move with fewer
delays, even when nodes were moving at high speeds. For real-time applications such as video streaming and voice calls,
this drop in latency is especially important for maintaining good quality of service (QoS).

b) Enhanced Scalability with Graph Partitioning

Scalability in the proposed framework was achieved through graph partitioning, which divided the network into smaller,
localized subgraphs. Each subgraph had its own CDS, allowing routing decisions to be made locally and reducing the
complexity of maintaining a complete global topology. In simulations involving networks with more than 1,000 nodes, this
partitioning method reduced route recalculation time by about 40 percent compared to networks without partitioning.

Partitioning also made resource use more efficient. In dense networks, the number of control messages dropped significantly
because nodes only needed to communicate within their own partitions. In sparse networks, partitions could be dynamically
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merged to keep vital communication paths active. This flexibility allowed the framework to perform well in a wide range
of settings, from crowded urban vehicular networks to remote and sparsely populated sensor networks.

c) Adaptability to Topology Changes

A major strength of the framework is its ability to adapt to frequent changes in network topology, which is one of the biggest
challenges in MANETS. In traditional protocols, node mobility, link failures, or fluctuating signal strength often break
routing paths, causing packet loss and delays. The proposed framework overcomes this by continuously updating edge
weights and recalculating routes locally within the affected subgraph or CDS. For instance, if a node moves out of range,
the CDS quickly finds alternative paths within the subgraph, allowing communication to continue with minimal interruption.

This localized recalibration reduced packet loss by about 20 percent compared to reactive protocols like AODV, which rely
on rediscovering routes across the entire network. The framework also proved effective in highly mobile environments,
such as vehicular ad hoc networks (VANETSs), where node speeds and densities change rapidly. Even under these conditions,
it maintained a packet delivery ratio above 95 percent, providing reliable data transmission in demanding scenarios.

Unoptimized Network Topology Optimized Network with CDS
A 4
, ~ ;’I‘ ~
2 / T2
R
/ \\_\ ™
6 ; = \
§ N oy
N '/f y 1

d) Energy Efficiency and Resource Optimization

Energy efficiency is a vital concern in MANETS, especially since many devices, such as sensors and handheld units, depend
on limited battery power. The CDS-based approach reduced energy use for non-CDS nodes, as they only needed to
communicate with their nearest CDS node. By cutting down redundant transmissions and lowering control overhead, the
framework was able to conserve energy across the entire network.

Simulation results showed that the framework lowered overall energy consumption by about 18 percent compared to
traditional protocols. This saving was most noticeable in dense networks, where broadcasting control messages typically
consumes large amounts of power. The adaptive partitioning strategy also helped balance energy usage by reassigning nodes
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to different partitions or CDS groups as needed. This prevented certain nodes from being overworked and extended the
overall lifetime of the network.

120 Energy Consumption Comparison
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e) Applications and Real-World Relevance

The proposed framework can be applied in a variety of real-world scenarios, including disaster recovery, military operations,
vehicular networks, and IoT-based sensor systems. In disaster recovery situations, its ability to quickly adjust to sudden
topology changes ensures stable communication even when infrastructure is damaged or unavailable. For military use, the
framework’s energy efficiency and resilience make it well-suited for long-term missions in remote or harsh environments.

In vehicular networks, it proved effective in handling high mobility and fluctuating node densities, supporting safer road
systems and better traffic management. Its scalability and adaptability also make it a strong fit for IoT settings, where
thousands of devices often need to exchange information in real time while operating under strict resource limits.

Conclusion: The summary of the key findings is

e Routing Efficiency: The CDS-based approach reduced routing overhead and latency, ensuring faster and
more reliable communication.

e Scalability: Graph partitioning allowed the framework to handle large networks efficiently by localizing
routing decisions.

e Adaptability: Dynamic updates to the graph and localized recalculations ensured resilience to topology
changes.

e Energy Efficiency: The framework conserved energy by minimizing control overhead and balancing
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resource usage across the network.

e Application Relevance: The framework’s adaptability and efficiency make it suitable for diverse use cases,
from disaster recovery to vehicular networks.

The findings highlight the value of graph-theoretical methods, especially domination-based techniques and adaptive
partitioning, in solving the challenges of routing within dynamic and resource-limited networks.

The proposed framework, built on these principles, provides a strong and reliable solution for routing in mobile ad hoc
networks. By using connected dominating sets and adaptive graph partitioning, it delivers notable improvements in routing
efficiency, scalability, and the ability to handle frequent topology changes. Its flexibility also makes it well-suited for a
range of applications, from disaster recovery and military operations to vehicular networks.
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ABSTRACT

An undirected simple graph G,, = (V, E) whose vertex set V isdefinedas V = {x € N/(x,n) # 1,x <n}
and two vertices x,y € V are adjacent if and only if gcd (x,y ) > 1. The Graph energy is the summation of the
absolute values of all eigen values of the adjacency matrix of a graph G.Matrix energy is the summation of all
absolute singular values of graph G.Maximum degree energy is the summation of all eigen values of maximum
degree matrix of G. In this paper, the computation of energy, matrix energy and maximum degree energy of G,
graph are discussed and the results are obtained.

Key words: Spectrum of a graph, Energy of a graph, matrix energy of a graph,Maximum degree energy of a
graph.

1. INTRODUCTION

Gutman [1] Introduced the concept of graph energy and developed more results on energies. Energies of
Graphs and its applications presented by Gutman [2] .Energies of graphs have applications in the fields like
network analysis, biology and unsaturated conjugated molecules in chemistry [3].The m-electron energy of a
conjugated carbon molecule computed using Huckel theory coincides with the energy. The applications of graph
spectra was presented by D. Cvetkovi'c et al. [4].

The Adjacency Matrix of a graph G is denoted by A(G) and is defined as  A(G) =

1, if v, v; are adjacent in G
{ 0, otherwise

-+ = wy, .The spectral radius of w; of G is the highest eigen value of G. The spectrum of the graph G is the

}. The eigen values of A(G) of G are denoted by w,, w, w, where w; = w, =

W] .. Wy
my .. my

of a graph G is the sum of absolute eigen values of A(G) of G.i.e.E(G) = Y[=, |w;|. If the energy is greater than

collection of eigen values with their multiplicities of an adjacency matrix A(G) is ( ) . The energy

2n — 2 then the graph is said to be Hyperenergetic and this concept was introduced by Gutman [5]. The undirected graph
G, 1s introduced by Ivy Chakrabarthy et al. [6] and proved some basic properties of Gn. Nikiforov[7]presented the
concept of matrix energy and the relation between the eigen values and singular values of a graph. Chandrasekhar
Adiga [8] introduced the concept of maximum degree energy of a simple graph and found maximum degree
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energy of certain classes of graphs. Maximum degree energy of graph G is the sum of the eigen values of
maximum degree matrix of graph G .The results related to Minimum mean hub energy of certain graphs are
studied by M.V.Chakradhar Rao et al. [9]. The results related to energy and matrix energy of some graphs are
studied by Venkata Anusha et al. [10,11].

Motivated by the above work and applications, the authors studied the concepts of energy, matrix energy and
maximum degree energy of G, graph at various values of n.

2. G,- GRAPH AND ITS PROPERTIES

Definition: An undirected simple graph G,, = (V, E) whose vertex set V is a subset of Natural numbers defined
asV={xeN/(x,n) #1,x <n}, where n € N and n is not a prime number and two vertices x,y € V are
adjacent if and only if gcd (x,y) > 1.The following properties of G,studied by Ivy Chakrabarthy et al. [6] .

Lemma 2.1: The Graph G,, is complete if and only if n = p™ where p is prime .
Lemma 2.2: The Graph G, is disconnected if and only n = 2p where p is an odd prime .
3. ENERGY AND MATRIX ENERGY OF G,, GRAPH

Let G,be a simple graph with n vertices.Let A(G,,)be the adjacency matrix of graph G, is defined as

1, if v;,v; dj tinG )
A(G,) = { i)]f vpvj ared {)Ctl}cz(z:wlirsle " }and wq,w, w, are the eigenvalues of A(G,) where w; = w, =
-+ > wy.The spectra of graph G, is the eigen values with their corresponding multiplicities of A(G,,)of graph G,
W] .. @
is (mll mn) .The energy of the graph G, is the sum of absolute eigen values of an adjacency matrix A(G,)
e n

of a graph G,,. That is E(G,,) = Y/, |w;|. Let A(G,)A(G,)'is a positive semi definite matrix where A(G,,)'is the
transpose of A(G,). Let uy, py . py, are the singular values of A(G,) and these are the square root values of eigen
values of A(G,)A(G,) 'where u; = p, = -+ = u,. Now the summation of absolute singular values of A(Gy)is
defined as the matrix energy of G,.That isE,,(G,) = Y.j=;|¢;|. In this section, some results related to energy and
matrix energy of G, graph at various values of n are presented.

Theorem 3.1: The energy of G,, graph where n = 2p, p is odd prime is 2(p — 2).

Proof: Let n = 2p, p is an odd prime then the vertex set of G,, graph is V={2, 2.2, 3.2,.....(p — 1).2, p}. By
the definition of the G,, graph if x, ye V are adjacent then gcd(x,y) > 1.

R 0 S
The Adjacency matrix of G, is A(Gzp) = <0 0 0)

S 0 R/pup
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0 1 1 I 1 1 1

0 o1 1 1 1 ... 1

where R=|1 1 0 ... 1 and S=|1 1 1 .. 1

I 1 1 0 p=1 p-1 I 1 1 1 p-1 p-1
2 2 2 2

The Characteristic Equation of A(G5,) graph is w(w + 1)P™*(w — (p — 2) = 0.

Then 0,-1 and (p — 2) are the eigen values of A(Gzp) and their corresponding multiplicities are 1, (p — 2) and
1.

. 0o -1 -2
Hence the spectrum of G, graph is spec(Gzp)=<1 b2 p ) )

Therefore the energy of Gy, graph is E(G,) = Xiqlw;| =[01(1) +|-1l(p —2) + |p — 2|(1) = 2(p — 2).
Theorem 3.2: The matrix energy of the G,, graph where n = 2p, p is odd prime is2(p — 2). Proof: Let n = 2p,
p is an odd prime then the vertex set of G,, graph is V={2, 2.2, 3.2,.....(p — 1).2, p}.

R 0 S
The From theorem 3.1 adjacency matrix of G, graph is A(Gzp) = (0 0 0>
S 0 R

pXp
0 1 1 11 1 1
10 o1 11 1 .1
where R=|1 1 0 ... 1 and S=|1 1 1 .. 1
111 0)ps ps 11 1 1) ps pr
2 2 2 2
T 0 U
Then A(G,p)(A(G2,)' =(0 0 0
U 0T

pXp
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p—2 p-3 p-3 p-3 I 1 1 ... 1
p—-3 p-2 p-3 p-3 I 1 1 ... 1
WhereT = | p-3 p-3 p-2 p-3 and U=p—-3)|1 1 1 .. 1
p—-3 p-3 p-3 p—2 p-1_p—1 1 1 1 1 p—1_p—1
=2 7 2 7

The Characteristic Equation of the above matrix A(Gzp)A(Gzp)’ is

u(u — DP2(u— (p — 2)?) = 0, where u denotes the eigen value ofA(Gzp)A(Gzp)’and singular value
ofA(G,p).

Then 0,1 and (p — 2)are the singular values of A(Gzp)) with the corresponding multiplicities are 1, (p — 2)and
1.

0o 1 p—2)

Hence the spectrum of the G, graph is spec (GZP) = <1 p—2 1

Therefore the matrix energy of the G,y graph is Ep, (Gop) = X7y |l
=1+[1l(p—-2)+|p-2[1=2(p -2).
Theorem 3.3: The energy of the G,,graph, where n = 2%, a > 11is 2(2471 — 2).

Proof: Let n = 2% a > 1 then the vertex set of G,graph is V={2, 2.2, 3.2,....(2%71 — 1).2} . By the
definition of the G,, graph if x, ye V are adjacent then gcd(x,y) > 1.

0 1 1 1

0 |

The Adjacency matrix of Gya graphis A(G,e) = |1 1 0 ... 1
I 1 1

207 1_1x2¢"1

2(1—1

The Characteristic Equation of A(G,a) graph is(w + 1)* (0w — (2971 - 2)) = 0.
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Then -1 and (2971 — 2) are the eigen values of A(G,«)and their corresponding multiplicities are(2%~1 — 2)and
1.

_ a-1 _
Hence the spectrum of the G« graph is(za—11_ , (2 1 2)>.

Therefore the energy of the Gagraph is E(G,e) = Yim;|w;l

=|—-1]Q*1=2)+ 2971 - 2|(1) =2(2*7 1 - 2)..

Theorem 3.4: The matrix energy of the G,graph where n = 2%, a > 1is 2(2471 - 2).

Proof: Let n = 2%, & > 1 then the vertex set of G,graph is V={2, 2.2, 3.2,.....(2%71 - 1).2} . By the
definition of the G,, graph if x, ye V are adjacent then gcd(x, y) > 1.

From theorem 3.3,we have

20t _p pet_3 pel_3 . 2%1_3
20t _3 pel_p p¥l_3 . 2¢1_3
A(Gya)(A(Gpa))' = | 2% =3 213 2%'_p . 2%1_3
201 _3 pet_3 pel_3 | 2%l_)

20-1_1x20-19

The Characteristic Equation of the above matrix A(G,a)A(Gya)' is

(n—1)27""2(u — (2%71 — 2)2) = 0,where u denotes the eigen value of A(G,«)(A(G,e)) and the singular
value of A(G,a).

Then 1 and (297! — 2)are the singular values of A(G,«)and their corresponding multiplicities are 2971 — 2
and 1.

1 2071 — 2)

Hence the spectrum of the G, graph is (2 a-1_ o 1

Therefore the matrix energy of the G,agraph is E,, (G2) = 27y | pil

=[1](2971 = 2) + 2971 = 2|1 = 2(2%71 - 2).
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4. MAXIMUM DEGREE AND MAXIMUM DEGREE MATRIX ENERGY OF G,,GRAPH

Let G,,be the simple graph with n vertices .Then M(G,,) be the maximum degree matrix of G,, is defined
max(di, dj) Jf v,

as M(Gy,) = (d;;) where d;; = are adjacent

0, otherwise
Let w,wy,.....w,, be the eigen values of the matrix M(G,) of G, with w; = w, =+ > w, and
w1+, .....+w , = 0. Then the characteristic equation is |wl — M(G,,)| = 0 The maximum degree energy of the

graph G, is defined as the sum of the absolute eigen values of M(G,,) of G,,.

That means, E,4(G,) = X |w;|. Let M(G,)M(G,)'is a positive semi definite matrix where M(G,,)'is the
transpose of M (G,,).Let uq, i unare the singular values of M (G,,)and these are the square root values of eigen
values of M(G,)M(G,)'where yy = p, = -+ = u,, Now the summation of absolute singular values of M(G,)is
defined as the matrix energy of G,.That isE,;,qm (G,) = Xi=q |l

Theorem 4.1: The maximum degree energy of the G,, graph where n = 2p, p is odd prime is 2(p — 2)2.
Proof: Let n = 2p, p is an odd prime then the vertex set of G, graph is V={2, 2.2, 3.2,.....(p — 1).2, p}.

R 0 S
The maximum degree matrix of G,p,graph is M (Gzp) = (0 0 O)
S 0 R

pXp
0 1 1 1 1 1 1
0 U | 1 1 1 ... 1
WhereR=(p—-2)|1 1 0 ... 1 andS= (p—-2)|1 1 1 .. 1
1 1 1 0 p1 p-1 1 1 1 1 p1 p-1
2 2 2 2

The Characteristic Equation of M (G,p) graph is w(w + (p — 2))P*(w — (p —2)*) =0

Then 0, —(p — 2)and (p — 2)? are the eigen values of M (Gzp)and their corresponding multiplicities are
1,(p—2)and 1.

0 —-(p-2) (p- 2)2>

Hence the spectrum of the G, graph is spec(Gzp) = (1 p—2 1

Therefore the maximum degree energy of the G, graph is Epq(Gap) = X4 |w;l
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=[0[1+ - -l -2)+ (p—2)*(1) =2(p — 2)%.
Theorem 4.2: The maximum degree matrix energy of the G,, graph where n = 2p, p is odd prime is 2(p — 2)2.

Proof: Let n = 2p, p is an odd prime then the vertex set of G,, graph is V={2, 2.2, 3.2,.....(p — 1).2, p}.

R 0 S
From Theorem 4.1, M(Gzp) =10 0 O
S 0 R

PXp
0 1 1 1 I 1 1 1
1 01 1 1 1 1 ... 1
Where R=(p—2)|1 1 0 1 andS=(p-2)|1 1 1 .. 1
I 11 OPT_lxpT_l I 1 1 lpT_lxpT_l
, T 0 U
Then M(G,,)M(Gy,) =(®—2)*(0 0 0
U 0 T/pxp
p—2 p-3 p-3 p-3
p—-3 p-2 p-3 p-3
WhereT = | p-3 p-3 p-2 p-3 and
p-3 p-3 p-3 ... p=-2 p-1 p-1
2 2
I 1 1 1
I 1 1 1
U=@®m-3)|1 1 1 1
I 1 1 lp—‘lx;l
2 2

The Characteristic Equation of the above matrix M (Gzp)M (Gzp)' is

u((n—(p—2)>)P2(u— (p — 2)*) = 0, where u denotes the eigen value of M(G,,)M(G,,)'.
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Then 0,(p — 2)and (p — 2)?are the singular values of M (Gzp) with the corresponding multiplicities are 1,

(p —2)and 1.

Hence the spectrum of the G, graph is spec(Gzp) = (

0 p—2 (p—2)°
1 p—-2

)

Therefore the maximum degree matrix energy of the G, graph is Epgm (G2p) = Xicq|u;l

=011+ Ip—2|(p—2) +|(p — 2)%|11 = 2(p — 2)*.

Theorem 4.3: The maximum degree energy of the graph G,,, wheren = 2% a > 1 is

2(2971 — 2)2,

Proof: Let n = 2%, a > 1 then the vertex set of G,graph is V={2, 2.2, 3.2,.....(2%71 — 1).2} . By the

definition of the G,, graph if x, ye V are adjacent then gcd(x,y) > 1.

The maximum degree matrix of G,« graph is

M(Gya) = (2% =2)

0
1
1

1

1
0
1

1

e O =

1

1
1
1

20-1_1x20-11

The characteristic equation of M (G,a)graph is(w + (2471 — 2))2“'~2(w — (2971 = 2)2) = 0.

Then —(2%71 — 2) and (2%~ — 2)? are the eigen values and their corresponding multiplicities are (2471 — 2)

and 1.

Hence the spectrum of the graph G,a is (

2971 -2

_(20(—1 _ 2) (Za—l _ 2)2

Therefore the maximum degree energy of the graph G,agraph is E,,q(Goe) = Yie;|w;]

=[-@*T =)@ =2 + 17 = 2)%|(D) = 2(2*7 - 2)%

Theorem 4.4: The maximum degree matrix energy of the G, graph where n = 2%, a > 1is 2(2%71 — 2)2.
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Proof: Let n = 2%, a > 1 then the vertex set of G,graph is V={2, 2.2, 3.2,.....(2%71 — 1).2} . By the
definition of the G,, graph if x, ye V are adjacent then gcd(x,y) > 1.

From Theorem 4.3,

0 1 1
0 o1
M(Gye) = (2°7=2)|1 1 0 ... 1
1 11
2071_1x2%711
20t 2 23 23 .. 2%_3
2003 2%t ¢t _3 .. 2%_3
Then M(G,a)M(Gye)' = (2 =2)2| 241 -3 221 _3 pel_p . 2¢1_3
2003 2413 2¢'_3 . 2¢7_2

20-1_1x20"19

The character equation of the above matrix is (u — (2%~1 — 2)2)2" " ~2(u — (2%71 = 2)*) = 0.

Then (2971 — 2) and (2%~ ! — 2)? are the singular values and their corresponding multiplicities are (2471 — 2)

and 1.

Hence the spectrum of the graph G,a is (

2a—1 -2 (za—l _ 2)2)
2671 -2 1

Therefore the maximum degree matrix energy of the graph G,agraph is Epgm (Goa) = Xit | ul

“l@E - D)@ - 2) + 127 - 2)21(1) = 2271 — 2)

Conclusion

In this paper, authors discussed energy, maximum degree energy and matrix energy of an undirected graph

G,.
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CHANGE POINT DETECTION ANALYSIS FOR CYBER CRIME DATA
T.Sukeerthil and Dr.A.Jyothi Babu?

1Departrl:lerr[ of Statistics, Mohan Babu University, Tirupati, Andhra Pradesh, India.
tptsukeerthi2309(@gmail.com

’Department of MCA, Sree Vidyanikethan Engineering College, Tirupati, Andhra Pradesh,
India. jyothibabu.a@vidyanikethan.edu

Abstract:

This paper aims to review timeseries forecasting techniques. This position involves
project analysis with the goal of forecasting patterns and trends in cybercrimes in India. The
purpose of this study is to forecast future compliance occurrences, make corrections and
update the data. In timeseries modeling and prediction, change point detection is helpful. The
time series data's rapid variations are called change points.The project includes context and a
range of contents related to cybercrimes in India. The project's introduction, the historical
context of national and international crime analysis techniques, the project's goals and
objectiveswhich include findings, trends and patternsas well as suggestions, safety measures,
advice, conclusions, and references related to the project's topics are all included in this
dissertation. the growing desire of society and the government to enhance the upkeep and
reinforcement of law and order as well as to take part in crime reduction strategies including
creating policies, enforcing agencies, and improving public safety. This prompted us to look
for information on every facet of cybercrimes. We will be able to determine through this
project whether cybercrime rates in India are expected to rise or fall in the future.

Keywords: Timeseries, Forecasting, Power BI, Cybercrimes, Change Point Detection

1. Introduction:

Crime continues to be a persistent issue that impacts communities, societies and
individuals across the globe. Its consequences go far beyond the immediate victims to
encompass economic, social and psychological well-being. In an era marked by technological
advancements and the rapid accumulation of data,crime analysis has advanced as an
important tool for understanding, mitigating and preventing unlawful activities. This study
aims to add value to the broad domain of crime research by examining crime patterns, trends
and predictive methods, with the ultimate goal of strenghtening public safety.

Crime analysis is a multidisciplinary field that leverages data, statistics, Geographic
Information Systems (GIS) and advanced analytical techniques to inform law enforcement
agencies, policy makers and communities about crime patterns and trends. The importance of
crime analysis in modern society cannot be overstated. It aids in allocating law enforcement
resources efficiently, identifying high risk areas and developing evidencebased strategies to
reduce crime rates. Moreover, it fosters a proactive approach to public safety by enabling
stakeholders to anticipate and respond to emerging threats effectively.
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1.1 Measures Taken by the Government of India to Reduce the Cyber Crime
Activities:

++ National Cyber Security Policy (2013):

The Government of India introduced the National Cyber Security Policy to ensure a
safe and resilient cyberspace. This policy is designed to safeguard information, strengthen
infrastructure, and encourage a culture of cybersecurity awareness.

+ Indian Computer Emergency Response Team (CERT-In):

CERT-In serves as the central agency responsible for handling cybersecurity
incidents. It issues early alerts and warnings related to threats and vulnerabilities in
cyberspace and provides in reducing the impact of cyberattacks.

+ Legal Framework:

India has put in place several laws and regulations to fight cybercrime, most notably
the Information Technology Act, 2000 along with its later amendments. These legal measures
outline the scope of cyber offences such as hacking, data breaches, and online fraud and
define the penalties for them.

++ National Critical Information Infrastructure Protection Centre (NCIIPC):

NCIIPC is entrusted with protection of critical infrastructure sectors from cyber risks.
It identifies vulnerable information infrastructure and recommends appropriate safeguards to
strengthen their security.
#* Cyber Crime Cells:
Different states across India have set up dedicated cybercrime cells to investigate and
tackle offences in cyberspace. These units operate in coordination with law enforcement
bodies and cybersecurity professionals.

++ Capacity Building:

Initiatives are undertaken to upgrade the skills and capabilities of law enforcement
officers and capabilities of law enforcement officers and cybersecurity specialists so they can
better analyze, investigate, and counter cybercrime.

+* Cybersecurity Awareness Programs:

The government has organized multiple awareness programs and campaigns to
educate citizens, businesses, and officials regarding the importance of cybersecurity and safe
digital practices.

++ International Cooperation:

India has participated in several international agreements and collaborations aimed at
combating cybercrime. It engages in global forums such as INTERPOL, sharing information
and best practices with partner nations.
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2. Data Collection:

The data for this study was gathered from multiple sources on crime records. Among
these, the most authentic and widely recognized publications are those provided by the
National Crime Records Bureau (NCRB). NCRB functions as the official agency of the
Government of India responsible for compiling and analyzing crime statistics, in accordance
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with the Indian Penal Code as well as various Special and Local Laws.

TO KNOW MORE ABOUT NCRB: login https://ncrb.gov.in/en
2.1 DATA PROCESSING THROUGH CLUSTERING TECHNIQUE:

We collected the processed chronological data from the crime records
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pubhshed by the NCRB and clustered into 4 groups based on geographical feature is
known as SPATIAIL CLASSIFICATION: Into 4 zones as follows:
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2.2Software: MS EXCEL & POWERBI
2.2.1. MSEXCEL:

Microsoft Excel is a widely used spreadsheet program created by Microsoft. It forms
part of the Microsoft Office package of productivity tools, which also includes Word,
PowerPoint, and Outlook. over the years, Excel has gone through several updates, each
bringing new features, performance improvements, and advanced functions. Commonly used
versions include Excel 2010, Excel 2013, Excel 2016, Excel 2019, and the latest Microsoft
365 edition. Excel is compatible with both Windows and macOS platforms.

Excel provides a simple, user-friendly interface where data can be organized in rows
and columns. Its Ribbon interface offers menus and commands that make navigation and tool
access easy. The software is mainly used for data entry, organization, and numerical analysis.
It supports a variety of operations such as mathematical and statistical functions, data
visualization, forecasting, modeling, and automation. Additionally, Excel allows exporting of
files into multiple formats. The software also enables real-time collaboration through features
like co-authoring and file sharing using OneDrive and SharePoint. It offers options for
securing workbooks and sheets with passwords, while also controlling access to specific
ranges of data. Its functionality can be further extended through add-ins and custom
extensions, allowing users to integrate connectors or automation features. Excel is
extensively applied in many sectors such as finance, accounting, marketing, research and data
analytics. Its flexibility and wide range of tools make it a valuable platform for working with

A Sy B | ST O e P Y ix e R EL L e e e e e
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2.2.2. POWER BI:

Power BI is a business analytics and data visualization platform developed by
Microsoft. It is used for converting raw data into interactive and meaningful reports and
dashboards. Power BI is commonly applied in various industries and organizations to analyze
information, share reports, and support data-driven decisions. It enables users to import data
from multiple sources, clean and transform it, and build interactive dashboards and reports. It
provides a wide range of visualization types such as charts, graphs, maps, tables, and others,
which can be customized to fit business requirements.

Power BI can connect with different data sources including databases (SQL Server,
Oracle, MySQL), cloud platforms (Azure, AWS, Google Cloud), Excel files, web services,
and more. This feature makes it adaptable for analyzing data from various environments. The
Power Query Editor in Power BI allows performing data transformation operations like
filtering, merging, pivoting, and aggregating for preparing the data before creating reports
and visuals.

Power BI also uses DAX (Data Analysis Expressions) and the M language to create
calculated measures and columns. These scripting languages help users perform advanced
calculations and manage relationships between data tables. Furthermore, Power BI integrates
effectively with other Microsoft tools like Excel, SharePoint, and Teams, along with
numerous third-party services through connectors and APIs.
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2.3Statistical Tools:
2.3.1. Trendlines Using Regression Analysis:

Trendlines are applied in regression analysis to visually show the relationship
between two or more variables. They help us identify both the direction and strength of
the association between the variables.

Here are some key points about trendlines:

> Purpose: The primary purpose of a trendline is to make it easier to visualize and
understand the overall trend or pattern in a dataset. It simplifies complex data by
providing a simple, easy-to-follow representation.

» Types of Trendlines: There are different kinds of trendlines, and the selection
depends on the data characteristics and the relationship type you want to display.
Common forms include linear, exponential, logarithmic, and polynomial trendlines.

> Linear Trendline: A linear trendline is a straight line that best represents the data
points, showing a linear relationship between variables. It is represented as y = mx +
b, where "y" is the dependent variable, "x" is the independent variable, "m" is the
slope, and "b" is the y-intercept.

» Non-Linear Trendlines: Non-linear trendlines are applied when the relationship
between variables is not linear. Examples include exponential, logarithmic, and
polynomial trendlines.

> Interpretation: Trendlines indicate the general direction of data movement. An
upward trendline signals an increasing trend, while a downward trendline shows a
decreasing trend. The slope of the trendline reflects the strength of the variable
relationship.

To create a trendline, you typically use graphing software or data analysis tools
such as Excel, Python, or specialized statistical software. These tools can automatically fit
a trendline to your data points and display it on a graph. Once you have the trendline, you
can analyze it to draw conclusions about the data's trend and use it for forecasting or
making predictions. Remember that regression analysis assumes that there is a causal
relationship between the variables, and correlation does not imply causation. Carefully
consider the context and underlying assumptions when interpreting the results of
regression analysis and the trendlines.

2.3.2. Forecasting Model:

Forecasting model is a mathematical or statistical technique used to predict future
values or events using historical data and patterns. These models are commonly used in
multiple fields such as finance, economics, business, science and others. The choice of a
forecasting model depends on the type of the data, the specific problem and the assumptions
about the underlying processes. Below are some common forecasting models:

1. Time Series Models:
Time series forecasting models are applied when data is collected over time
and there is a need to predict future values.
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2. Regression Models:

Regression analysis is used to predict a continuous dependent variable using
one or more independent variables. Multiple regression is frequently applied for
forecasting.

» LinearRegression: Linear regression models assume a straight line relationship
between variables.
» LogisticRegression: Logistic regression is applied for categorical or binary
outcomes.
3. Results:

TOTAL CYBER CRIME RATES IN STATES
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3.1 TOTAL STATES

A total of 52,974 cases were reported under cyber crimes, indicating a rise of 5.9% compared to
2022 (50,035 cases). The crime rate in this category increased from 3.7 in 2021 to 3.9 in 2022. In
2022, 60.8% of the registered cyber-crime cases related to fraud (32,230 out of 52,974 cases)
followed by sexual exploitation at 8.6% (4,555 cases) and extortion at 5.4% (2,883 cases).

3.1.1FROM THE DASHBOARD, OUR OBSERVATIONS ARE:

From the past 8 years we have observed that cybercrime rate had been increasing
gradually till 2019, since 2020 a leap of elevation in the trend line have been increasing

drastically until now.Through this our findings are that the highest cybercrime rates have
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been recorded in the year 2022 with 23%.0n an average Uttar Pradesh has recorded highest
cybercrime rates with 21.56% followed by Karnataka with 19% followed by Maharashtra
with 13% and Telangana with 10% are the highest recorded states over the past 8 years.

3.1.2 FROM THE ABOVE FORECASTING MODEL:

> The estimated trend line using linear regression analysis is given as follows:
Y=257.9x — 185.91; R*= 0.9998.

» The future trends for the years 2023,24 and 25 will be increases with an

Mean Absolute Error(MAE) = 137.11
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3.2NORTHEAST ZONE:

We have observed that the cybercrime rates patterns have been fluctuating in this zone.
For the detail study of these pattern we use line charts and clustered column charts

CYBER CRIME RATE LISING LINE CHART
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3.2.1 FROM THE DASHBOARD, OUR OBSERVATIONS ARE:

The trends in cybercrime rates in Northeast zone has been increasing. The highest
cybercrime rates have been recorded in the year 2021 with 24.08%. The highest and lowest
cybercrime rate has been recorded in Meghalaya and Sikkim.

13%Aa

OVERALL FORECAST OF CYBERCRIME RATES IN NORTHEAST ZOME

(CRIMERATES

veans

3.2.2 FROM THE ABOVE FORECASTING MODEL:

» The estimated trend line using linear regression analysis is given as follows:
Y=3.9022x +9.0184; R?=0.9984.
» The future trends for the years 2023,24 and 25 will be increases with an
MAE =6.22

Hence, we obtain the trend line for forecasting the future values of the years

2023, 24 and 25 by using the above forecasting model. We observe the change point
of cybercrimes has been increasing rapidly.

3.3 CENTRAL ZONE

We have observed that the cybercrime rates pattern has been fluctuating in this zone.To
study these pattern we use line charts and clustered column charts.
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3.3.1FROM THE DASHBOARD, OUR OBSERVATIONS ARE:

Through this our findings are that the highest cybercrime rates have been recorded in
the year 2022 with 20.22%.The highest and the lowest cybercrime rate has been recorded in
Maharashtra and Chhattisgarh.

(RS

3.3.2 FROM THE ABOVE FORECASTING MODEL:

» The estimated trend line using linear regression analysis is given as follows:

Y=48.329x + 143.79; R2=0.9984.
» The future trends for the years 2023,24 and 25 will be increases with an
MAE =72.90

Hence, we obtain the trend line for forecasting the future values of the years
2023, 24 and 25 by using the above forecasting model. We observe the change point
of cybercrimes has been increasing rapidly.
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3.4 NORHT ZONE

We have observed that the cybercrime rates patterns have been fluctuating in this
zone.For the detail study of these pattern we use line charts and clustered column charts.
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3.4.1‘ FROM THE DHASHBOARD, OUR OBSERVATIONS ARE:

Through this our findings are that the highest cybercrime rates have been recorded in
the year 2022 with 21.05%.The highest and the lowest cybercrime rate has been recorded in
Uttar Pradesh and in Himachal Pradesh.
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3.4.2 FROM THE ABOVE FORECASTING MODEL:

» The estimated trend line using linear regression analysis is given as follows:
Y=365.96x—214.89 ; R>=0.9816.

» The future trends for the years 2023,24 and 25 will be increases with an
MAE = 198.

Hence, we obtain the trend line for forecasting the future values of the years 2023, 24
and 25 by using the above forecasting model. We observe the change point of cybercrimes
has been increasing rapidly.

3.5 SOUTH ZONE:

We have observed that the cybercrime rates patterns have been fluctuating in this

CYBER CRIME IN SOUTH ZONE STATES
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zone.For the detail study of these patterns we use line charts and clustered column charts.
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3.5.1 FROM THE DASHBOARD, OUR OBSERVATIONS ARE:

Through this our findings are that the highest cybercrime rates have been recorded

in the year 2022 with 23.26%.The highest and lowest cybercrime rate has been recorded in
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Karnataka Tamil Nadu.

Figure: 6 Sample timeseries and change points

3.52FROM THE ABOVE FORECASTING MODEL:

» The estimated trend line using linear regression analysis is given as follows:
Y=518.04x —468.69; R*= 1.
» The future trends for the years 2023,24 and 25 will be increases with an
MAE = 274.66.
Hence, we obtain the trend line for forecasting the future values of the years
2023, 24 and 25 by using the above forecasting model. We observe the change point
of cybercrimes has been increasing rapidly.
4. Conclusion:

A Linear Forecast Trend line was fitted for each zone separately among the states.
Based on the timeseries, forecasting helped to identify the change points in cybercrime
detection values across India. On average Uttar Pradesh reported the highest cybercrime
rates at 21.5% followed by Karnataka with 19%, Maharashtra with 13%, Telangana with
10% and Assam with 6.8%. These five states recorded the highest cybercrime percentages
over the past 8 years. It was observed that cybercrime trends have shifted significantly since
2018, with an increase of around 23% compared to earlier years, and the peak cybercrime
activitiy occurred in 2022, showing a 58% rise from 2018.

However, trends indicates the number of field cases is growing faster than those
resolved, mainly due to negligence and a lack of skilled cyber professionals to manage
such situations. Therefore, there is a need for improved training facilities and a mandatory
cyber-security branch to assist in resolving cyber cases and boosting trust in security
measures. Nonetheless, we should take steps to protect ourselves.
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NO INSTITUTION OR ANTIVIRUS CAN FULLY PROTECT ANYONE, BUT BY
APPLYING PROPER MEASURES AND PREVENTIVE METHODS, WE CAN
SAFEGUARD OUR DATA INFORMATION, DEVICES, AND OURSELVES.
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Abstract

Lung cancer is a severe and often difficult-to-detect disease that affects individuals of all genders. Early
identification of lung nodules is essential for improving patient outcomes, making accurate and timely
detection methods critical. This research focus on evaluating and comparing different machine learning
algorithms for lung cancer classification. In particular, logistic regression and decision tree models were
implemented and analyzed using R software. The experimental findings indicate that decision trees
demonstrate superior performance in terms of prediction accuracy compared to logistic regression. This study
highlights the effectiveness of traditional machine learning approaches in medical diagnostics and supports
the use of decision tree models as a reliable method for early lung cancer detection.

Keywords: Lung Cancer Detection, Machine Learning, decision trees, logistic regression.

1. Introduction

Lung cancer is a type of malignancy originating in the lungs, which are essential organs responsible for
exchanging oxygen and carbon dioxide during breathing. It is one of the most significant causes of cancer
related mortality worldwide. Although smoking is the leading risk factor, lung cancer can also affect
individuals who have never smoked. The likelihood of developing the disease increases with age and
prolonged exposure to harmful substances. Smoking cessation, even after years of use, can substantially
reduce the risk. Traditionally, diagnosing lung cancer has required multiple medical tests and lengthy
evaluations, which may sometimes lead to unnecessary procedures. To streamline this process, advancements
in technology now emphasize the use of predictive models, with machine learning playing crucial role in
improving diagnostic accuracy and reducing delays.

As part of the respiratory system, the lungs are particularly vulnerable to environmental hazards such as
polluted air, which often contains bacteria and toxins capable of damaging lung tissue. Lung cancer is a
genetic disease caused by mutations in genes that control cell function, especially the function to grow and
divide. Cancer is new cells that regulate cell growth and division, resulting in uncontrolled cell proliferation
and the potential spread of cancerous cells to other organs. It remains one of the most prevalent and life-
threatening forms of cancer globally. Several factors contribute to its onset, including long- term smoking,
passive exposure to second hand smoke, genetic predisposition, air pollution, radon exposure, and toxic
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chemicals such as asbestos. Due to its aggressive nature, lung cancer is often difficult to treat in advanced
stages, making early detection essential.

2. Materials and Methods:

There are 309 instances in the dataset. There are 16 attributes that describe the instances. The data is obtained
from the Google kaggle datasets.
2.1 About Software

R is a freely available, open source programming language primarily used for statistical analysis and data
visualization. It is distributed under the General Public License (GPL), making it accessible online. R studio, a
popular integrated development environment (IDE) for R, enhances its usability by providing tools for coding,
debugging, and visualization. RStudio is available in two main forms: RStudio Desktop, which runs locally on
a computer, and RStudio Server, which operates on a remote server and can be accessed via a web browser.

Several Packages in R extend its functionality. The rpart package, for example, enables the construction of
classification and regression trees. Tidyverse is a collection of packages built around a consistent design
framework, simplifying data manipulation and visualization. The glmnet package supports fitting generalised
linear models using regularization techniques like LASSO and ridge regression. Another widely used pacakage,
caret, streamlines the process of building and comparing machine learning models for both classification and
regression. Dplyr provides an intuitive set of functions for data transformation and cleaning tasks. Additionally,
rpart.plot offers tools to visualize decision trees created with rpart, automatically adjusting layouts for improved
readability.

2.2 Statistical tools under study

e Logistic Regression: logistic regression is statistical modelling approach primarily used for problems,
where the outcome has two possible categories. It estimates the likelihood of a binary result based on
one or more multiple predictor variables. This method is straight forward to interpret, requires minimal
computational effort and is particularly effective when the target variable is binary and its relationship
with predictors is approximately linear.

e Decision Tree: Decision trees are versatile models that can work with both categorical and numerical
variables. They can capture complex, non-linear relationships between predictors and the target
outcome, making them suitable for datasets where traditional linear models struggle. Because of their
ability to handle intricate interactions among features, decision trees are often chosen when the data
structure is complex and involves multiple variables with diverse relationships.
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3. Results and Discussion:
3.1 Logistic Regression

Install.packages(“tidymodels™)
library(tidymodels)

>logistic_model<-glm(LUNG_CANCER ~ GENDER + AGE + SMOKING + YELLOW_FINGERS +ANXIETY
+ PEER_PRESSURE + CHRONIC.DISEASE + FATIGUE + ALLERGY + WHEEZING + ALCOHOL_CONSU
MING + COUGHING + SHORTNESS OF BREATH + SWALLOWING DIFFICULTY + CHEST PAIN, famil
y = "binomial", data = LUNG.CANCER)

>summary (logistic_model)

Output:
Coefficients:

Estimate Std.Error z value Pr(>|z))
(Intercept) -31.708 5.807 -5.460 4.76e-08"""
Gender 0.526 0.708 0.742 0.458
Age 0.021 0.033 0.643 0.520
Smoking 1.776 0.701 2.530 0.011"
Yellow Fingers 1.376 0.742 1.854 0.063
Anxiety 0.887 0.812 1.092 0.274
Peer Pressure 1.731 0.660 2.622 0.008™
Chronic Disease 3.191 0.888 3.593 0.000™"
Fatigue 3.070 0.825 3.721 0.000™"
Allergy 1.646 0.768 2.141 0.032"
Wheezing 0.966 0.834 1.158 0.246
Alcohol Consuming 1.409 0.798 1.765 0.077
Coughing 3.311 1.071 3.090 0.002™
Shortness of Breath -0.728 0.760 -0.959 0.337
Swallowing Difficulty | 3.122 1.129 2.763 0.005™
Chest Pain 0.559 0.689 0.811 0.417

Significance. codes: 0 “**** (0.001 “*** 0.01 “** 0.05°.>0.1 °* 1
3.2 Decision Tree

install.packages("rpart.plot")
install.packages("rpart")
library(rpart.plot)
library(rpart)
>tree <- rpart(LUNG_CANCER~GENDER+AGE+SMOKING+YELLOW_FINGERS+ANXIETY+PEER PRESSURE+CHRO
NIC.DISEASE+FATIGUE+ALLERGY+WHEEZING+ALCOHOL.CONSUMING+COUGHING+SHORTNESS.OF. BREATH+
SWALLOWING.DIFFICULTY+CHEST.PAIN,data=LUNG.CANCER,control=rpart.control(cp=.0001))
>tree
n=309

node), split, n, deviance, yval
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* denotes terminal node

1) root 309 34.077670 0.8737864
2) ALLERGY< 1.5 137 25.562040 0.7518248
4) SWALLOWING.DIFFICULTY< 1.5 68 16.632350 0.5735294
8) COUGHING< 1.5 37 9.081081 0.4324324
16) YELLOW_FINGERS< 1.5 24 4.958333 0.2916667
32) AGE>=60.5 14 1.714286 0.1428571 *
33) AGE< 60.5 10 2.500000 0.5000000 *
17) YELLOW_FINGERS>=1.5 13 2.769231 0.6923077 *
9) COUGHING>=1.5 31 5.935484 0.7419355
18) FATIGUE< 1.5 8 1.875000 0.3750000 *
19) FATIGUE>=1.5 23 2.608696 0.8695652
38) SMOKING< 1.5 13 2.307692 0.7692308 *
39) SMOKING>=1.5 10 0.000000 1.0000000 *
5) SWALLOWING.DIFFICULTY>=1.5 69 4.637681 0.9275362
10) PEER_PRESSURE< 1.5 23 3.913043 0.7826087
20) WHEEZING< 1.5 7 1.714286 0.4285714 *
21) WHEEZING>=1.5 16 0.937500 0.9375000 *
11) PEER_PRESSURE>=1.5 46 0.000000 1.0000000 *
3) ALLERGY>=1.5 172 4.854651 0.9709302
6) YELLOW_FINGERS< 1.5 85 4.705882 0.9411765
12) ALCOHOL.CONSUMING< 1.5 9 2.000000 0.6666667 *
13) ALCOHOL.CONSUMING>=1.5 76 1.947368 0.9736842
26) FATIGUE< 1.5 23 1.826087 0.9130435
52) CHRONIC.DISEASE< 1.5 11 1.636364 0.8181818 *
53) CHRONIC.DISEASE>=1.5 12 0.000000 1.0000000 *
27) FATIGUE>=1.5 53 0.000000 1.0000000 *
7) YELLOW_FINGERS>=1.5 87 0.000000 1.0000000 *

>best <- tree$cptable[which.min(tree$cptable[,"xerror"]),"CP"]

>best
[1] 0.004563176

>pruned_tree<- prune(tree, cp=best)
>pruned_tree

n=309

node), split, n, deviance, yv
* denotes terminal node

al

1) root 309 34.077670 0.8737864
2) ALLERGY< 1.5 137 25.562040 0.7518248
4) SWALLOWING.DIFFICULTY< 1.5 68 16.632350 0.5735294
8) COUGHING< 1.5 37 9.081081 0.4324324
16) YELLOW_FINGERS< 1.5 24 4.958333 0.2916667
32) AGE>=60.5 14 1.714286 0.1428571 *
33) AGE< 60.5 10 2.500000 0.5000000 *
17) YELLOW_FINGERS>=1.5 13 2.769231 0.6923077 *
9) COUGHING>=1.5 31 5.935484 0.7419355

159



IntERNATIONAL JOoURNAL oF MuLtiDiscipLiNnarY EpucaTtionar ReEsearcH
UNWAIND ~ 1ssN:2277-7881(Print); weact Factor:10.16(2026); 1C Vawe:5.16; IsI Vawe:2.286

PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL
(Fulfilled Suggests Parameters of UGC by IJMER)

Cover Page (] [x] Volume: 15, Issue:1(1), January 2026
Scopus Review ID: A2B96D3ACF3FEA2A
E Article Received: Reviewed: Accepted

Publisher: Sucharitha Publication, India
Online Copy of Article Publication Available: www.ijmer.in
International Conference on “Relevancy of Ancient Mathematics to the Current

Digital Trends”

18) FATIGUE< 1.5 8 1.875000 0.3750000 *
19) FATIGUE>=1.5 23 2.608696 0.8695652
38) SMOKING< 1.5 13 2.307692 0.7692308 *
39) SMOKING>=1.5 10 0.000000 1.0000000 *
5) SWALLOWING.DIFFICULTY>=1.5 69 4.637681 0.9275362
10) PEER_PRESSURE< 1.5 23 3.913043 0.7826087
20) WHEEZING< 1.5 7 1.714286 0.4285714 *
21) WHEEZING>=1.5 16 0.937500 0.9375000 *
11) PEER_PRESSURE>=1.5 46 0.000000 1.0000000 *
3) ALLERGY>=1.5 172 4.854651 0.9709302
6) YELLOW_FINGERS< 1.5 85 4.705882 0.9411765
12) ALCOHOL.CONSUMING< 1.5 9 2.000000 0.6666667 *
13) ALCOHOL.CONSUMING>=1.5 76 1.947368 0.9736842 *
7) YELLOW_FINGERS>=1.5 87 0.000000 1.0000000 *

>prp(pruned_tree)

ALLERGY <2

= e

SWALLOWI <2 YELLOW_F <2
COUGHING < 2 PEER PRE <2 ALCOHOL. < 2\

e ™.
/ \

YELLOW F <2 FATIGUE <2 WHEEZING < 2\ 067> {0977
AGE >= 61 ; 4 SMOKING < 2

@1 (03) @7

4. Conclusions:

In this conclusion, we predict the cause of lung cancer by utilizing the machine learning models,
specifically logistic regression and decision tree. In logistic regression, fatigue and chronic disease are the major
symptoms of affecting the lung cancer and through the decision tree it explains that yellow fingers and fatigue
are the major side effects to cause lung cancer. Here, we conclude that by comparing the both machine learning
algorithms, fatigue symptoms are major role to cause lung cancer.
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ABSTRACT:

Accurate forecasting Foreign Tourist Arrivals (FTA) facilitates their contribution in the Tourism sector and for
efficient resource planning. This research article is based on two forecasting model namely ARIMA which is a
conventional statistical model for forecasting with the help of past data and ANN which is a machine learning
technique. In order to understand the efficacy of prediction, researcher applied time series data of FTA data of
India from the time period between 1965 and 2022. In the ARIMA model, Augmented Dickey-Fuller (1979) test
statistic is used to check stationarity and on the basis of AIC and BIC the values of (p, d, q) for the ARIMA model
for Foreign Tourist Arrivals (FTA) is (2, 1, 1). After testing with several models of ANN , the Average of 20
networks with 4 weights options and each network is a (1-1-1) linear output units were taken, then Sigma”2
measured as 288137. And other hand comparison between the ARIMA and ANN results to highlight the ANN
model which is more efficient than the ARIMA.

KEYWORDS: Forecasting, AIC, BIC, ARIMA, ANN

1. INTRODUCTION

Tourism is an important part of the Indian economy, and foreign tourist arrivals play a major role in the
development of the tourism industry. Predicting foreign tourist arrivals in India in 2023 is an important task for
policymakers, tourism operators, and other stakeholders. Accurate forecasts can help in planning for
infrastructure, managing resources, and developing strategies to attract more foreign tourist to India.
Several factors influence foreign tourist arrivals in India, such as the country's political stability, the availability
of travel facilities, the security situation, and the economic conditions of the tourists' countries of origin (Mishra,
2017). Forecasting models that take into account historical trends and current economic indicators can provide a
reliable prediction of the expected number of future foreign tourists arriving in India.
COVID-19 pandemic has significantly impacted the tourism industry globally, and India has not been immune to
its effects. The forecasts for 2023 must consider the potential continuation of travel restrictions, the recovery of
the global economy, and the willingness of tourists to travel internationally. Despite these challenges, the Indian
tourism industry has shown resilience and adaptability, and the forecasts for 2023 remain positive.
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2. LITERATURE REVIEW

Yollanda, M., &Devianto, D. (2020) used Seasonal Autoregressive Integrated Moving Average (SARIMA) and
Artificial Neural Network (ANN) for predicting tourist arrivals at Minangkabau International Airport. In this
study, Although SARIMA (1, 0, 1) (1, 1, 0)12 performed well, its residual did not meet the autocorrelation
condition, leading to the proposal of a new SARIMA-ANN model. The SARIMA residual model has ANN model
architecture and 2-2-2-1 network topology. The performance rate of visitor arrivals between January 2012 and
March 2019 is calculated by using Mean Absolute Percentage Error (MAPE). The model's performance in
predicting the number of tourists who will arrive in future is good, as indicated by the MAPE value of 17.1770%.
Cho, V. (2003) compared the use of three time-series forecasting models univariate ARIMA, exponential
smoothing, and Artificial Neural Networks (ANN) to forecast the demand of travelling to Hong Kong by other
countries. The traditional statistical time series forecasting techniques are exponential smoothing and ARIMA.
The analysis shows that neural networks is an AI machine learning approach that seems to be the most precise in
terms of predicting visitor arrivals, especially when dealing with series, which do not have an obvious trend. Li,
X., et.al. (2021) in this study researcher focused on four machine learning—based feature selection techniques to
study the complicated econometric and time series data models. They discussed some of the suggested approaches
for predicting visitor numbers in Beijing, China, as well as weekly predictions for hotel occupancy in Charleston,
South Carolina, in the United States. Findings show that the forecasting model using the selected search keywords
outperforms the baseline ARMAX model that does not select features in predicting the travel demand and hotel
occupancy. As a result, machine learning algorithms can find the data from the most useful search queries to
greatly increase the accuracy of tourism and hospitality predictions. BiljanaPetrevska (2017) studied The
Demand of short term global tourism is estimated by Box- Jenkins approach with emphasis on F.Y.R. Macedonia.
And alternative specifications are tried on international tourist arrivals data recorded between 1956 - 2013.
According to the findings, the ARIMA (1,1,1) model is considered the most appropriate to predict.The model of
A.RIM.A.(1,1,1) is deemed to be the most suitable for predicting based on the findings. The study's findings
indicate that by 2018, there will be a 13.9% rise in foreign visitor arrivals. The chosen model's predicted values
can help with the creation of a country's tourism development plan as well as reduce any potential negative effects.
Ismail, E. A. A. (2020) used Egypt Foreign tourist’s data from 1981 t02017 fora forecast. Applies ARIMA model
According to the study, the most appropriate model for both time series for Arab and foreign tourists is ARIMA
(0, 1, 0). According to the survey, there will be more tourists in Egypt. Nevertheless, it is anticipated that during
the next five years, the percentage of increase would decline. Swaraj, et.al (2021) researched In order to obtain both
linear and nonlinear trends of the COVID-19 data, a new hybrid model was chosen instead of a single ARIMA model. When
this hybrid combination was compared to one ARIMA model on daily observed cases, it was observed that the RMSE
(16.23%), MAE (37.89%), and MAPE (39.53) values were significantly decreased. Similar findings with lower mistake
rates were made for both cases of recovery and daily reported deaths. Our hybrid model's RMSE value was lower than that
of other models that were used to predict COVID-19 across various nations. Xie, G., Qian, Y., & Wang, S. (2020)
Given the nonlinearity and complexity of visitor arrivals, ANN models typically outperform ARIMA models in
terms of forecast accuracy. The ensemble neural networks (ENN) model demonstrates more stability and may
typically achieve better forecasting performance when compared to back propagation neural network (BPNN)
and back propagation neural network (GRNN) models. The time series of some deconstructed components may
have many scales. As a result, MPE is capable of quantifying the complexity of the pertinent components more
accurately than single-scale permutation entropy. Finally, a model's capacity for forecasting is highly correlated
with the time series data properties. The data properties should be recorded for the prediction of the rebuilt
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components. Dummy variables can be used to properly describe mutability and seasonality. Lim, S. S. (2018)
presents winter’s exponential seasonal smoothing model, SARIMA model, and intervention analysis to forecast
the tourists visiting Korea. This study's primary goals are to identify the variables that affect forecasting models
and to identify a time series model for a more accurate prediction of the number of foreign visitors to Korea. As
a result of comparing the accuracy of forecasting models through empirical analysis, it was founded that the
intervention analysis model reflecting the intervention effect was superior to the seasonal exponential smoothing
model or the seasonal ARIMA model. H. Peiris (2016) tried to find an appropriate SARIMA model to forecast
the arrival of foreign tourists in Sri Lanka. The analysis is based on monthly visitor arrival data, between January
1995 and July 2016. The time series is tested for seasonality by means of the HEGY test. The forecasting accuracy
is evaluated by Root Mean Squared Error (RMSE), Mean Absolute Error (MAE) and Mean Absolute Percent
Error (MAPE). The result shows the appropriateness of SARIMA (1, 0, 16) (36, 0, 24)12 model for forecasting
arrival of tourists in Sri Lanka. Ahire, M., et.al (2020) employed the ARIMA approach for monthly data on
medical tourism from 2014 to 2017. The implementation of the model and these patterns are discussed in the
study. According to predictions, medical tourism offers a significant opportunity for the nation to generate
significant foreign exchange.

3. METHODDOLOGY
3.1 Auto Regressive process: The autoregressive process is a stochastic approach that represents a regression of
current value using the past values from time series data. As current value is defined by previous values, so the
value doesn’t alter instantaneously. Assume Xt is regressed on previous values of itself and it will explain the
prefix ‘auto’ in the regression process, then
X, = o1 Xe 1+ o1 X2+ -1+ q?pXr—p + &

Where ¢1, 02 ...¢p are constants. According to the first order AR (1) can be mentioned as X; = @1 X;_1 + &
which is also called first order property of Markov, provided | ¢i1|< 1, then the AR (1) becomes infinite MA
process, due to that E(X; ) = 0 Then X, = X_, 91 X,1 + & and |p| < 1

In general stochastic approach, Auto regressive process with order ‘p’ can be written as Z, = (1 — ¢, —
P28% — 93B° — -+ @, BP)

3.2 Moving Averages: Moving averages are stochastic process that confines the relative average change in a
time series data over the period of time. In many cases of time series predictions, moving averages are quite
appropriate to measure trend pattern of the data. The MA process of order q or MA (q) is given by the moving
averages with ‘q’ can be written as

Xe=u+ By, ,+6e, ,+.+8,e,_,+ € Here 6,,6, ... ... 8, are constants and
€, random error with zero mean and variance o 2 (=0)

In general g™ order MA can be written as X, = p + Ele B,e._; + e

3.2 Auto-
Regressive Integrated Moving Average (ARMA)
ARMA is the mixture of the AR and MA models. ARMA model covers all features of AR and MA. The ARMA
predicts the future values using previous data values and error terms. So ARMA performs better than AR & MA
alone.
Then ARMA with ‘p” AR terms and ‘q” MA will be

164



IntERNATIONAL JOoURNAL oF MuLtiDiscipLiNnarY EpucaTtionar ReEsearcH
UNWAIND ~ 1ssN:2277-7881(Print); weact Factor:10.16(2026); 1C Vawe:5.16; IsI Vawe:2.286

PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL
(Fulfilled Suggests Parameters of UGC by IJMER)

7@\ [x] ¢ [a] Volume:15, Issue:1(1), January 2026
\N Y/ Scopus Review ID: A2B96D3ACF3FEA2A
et E Article Received: Reviewed: Accepted

Publisher: Sucharitha Publication, India
Online Copy of Article Publication Available: www.ijmer.in

International Conference on “Relevancy of Ancient Mathematics to the Current

Digital Trends”
p q
Xt = C + Z (plXt—l + z 01 et_i + Et
i=1 i=1

3.3 Auto-Regressive Integrated Moving Average (ARIMA)

It is one of the best conventional statistical methods for predicting future values using past data. Because of the
seria correlation time series data is influenced by the past values (Jere 2019). So ARIMA classified into (p,d,q)
where p belongs to autoregressive terms, d belongs to non seasonal differences needed for stationary, and
q referred as lagged forecast errors in the prediction equation.

Box-Jenkins model is one type of Integrated Moving Average model, it can be written in the following way
Wi=p +% e;, where u=mean term

6 (B) = 1-61B- 8:B...6,B
¢ (B) = 1- g1(B)-92(B)...-04(B)

e~=random error

Thiz model can be also be written as
@ (B) (Wi-p) =6 (B) et

In general the prediction formula of ARIMA is
¥t = urOylt 0 yep- @lerl-...- @pttg

3.4 Stationarity Test

In order to test, many researchers will prefer ADF test statistic. If the data is not stationary, we should choose
alternatives to convert the data into stationary. In this process the first step is to establish the number of lags
required to convert the time series data into stationary as no model fits if the data is non-stationary.

Regression model for ADF (1979) is

AY; = a+ Bot +yYiq + 6;AY g+ -+ 8, 1AY;_, 41 + & Here ais a constant, B is trend, y is coefficient
of lagged variables.

Usually for any data, common null hypothesis can be taken as Ho: Series is not stationary (¢=0) and then null
hypothesis becomes Hi: The series is stationary (¢+0) , then test statistic for ADF is

__Y
ADF SEC)

3.5 Model selection and validation

Using AIC & BIC. (Akaike 1974) and (Shewartz 1978) minimum defines the best.

AIC = -2LogL+2P;

BIC = -2LogLi+PiLog(n)

Apart from the above researcher is using RMSE and MAPE. It is the typical multiplicative impact between each
observed mean and estimated mean. While two of them sum up the changeability of the perceptions around the
mean, they are not in a similar scale so don't anticipate that the qualities should be comparative..
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RMSE= Z?—1(At_Ft)2
’—n .

si, |2t

MAPE= %100

n

3.6 Artificial Neural Network (ANN)

ANN is a powerful circulated parallel processor with a neural resemblance for storing experimental data and
making it available for further use. It appears that the human cerebrum has always piqued scientists' interest due
to its quickness and efficiency. The goal of understanding these cycles and resolving associated problems has
driven the advancement of ANN approach. In essence, neural networks have a nonlinear exhibiting method that
provides an extremely accurate estimate of any data. The model structure measure does not require any prior
assumption regarding the model structure. All things considered, the informational characteristics often govern
the organisation model. The model structure measure does not require any prior assumption regarding the model
structure. All things considered, the informational characteristics often govern the organisation model. The model
structure is most frequently used for time series machine learning modelling and prediction. In theory, forecasting
is a perfect modelling domain for neural networks because it involves predicting future behaviour patterns from
instances of past conduct [Koizumi k 1999]. The inputs in the forward process work through the input layer, and
the impact of those functions spreads through the network layer by layer.The weighted amount of the previous
layer's neurons' yield is processed as the net impact.

4. RESULTS AND DISCUSSIONS
Foreign tourist arrivals (FTA) of India during the period between 1965 and 2022 obtained from data files of World
Tourism Organization considered to project the future arrivals
4.1 Time series data plot
The following table 1 represents the data of FTA and figure showing trend pattern.
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Foreign Tourist Arrivals (FTAs) in India during 1963-
2022

YEAR | FTA YEAR | FTA YEAR | FTA YEAR | FTA
1965 | 147500 | 1980 | 800150 | 1995 | 2123683 | 2010 | 5773692
1966 | 159603 | 1981 | 1279210 | 1996 | 2287860 |2011 | 6309222
1967 | 132680 | 1982 | 1288162 | 1997 | 2374094 | 2012 | 6577745
1968 | 118820 | 1983 | 1304976 | 1998 | 2358629 |2013 | 6967601
1969 | 244724 | 1984 | 1193752 | 1999 | 2481928 | 2014 | 7679099
1970 | 280821 | 1985 | 1259384 | 2000 |2649378 |2015 | 8027133
1971 | 200995 | 1986 | 1451076 | 2001 | 2537282 | 2016 | 8804411
1972 | 342950 | 1987 | 1484290 | 2002 | 2384364 | 2017 | 10177000
1973 | 400895 | 1988 | 1590661 | 2003 | 2726214 | 2018 | 10563000
1974 | 433161 | 1989 | 1736093 | 2004 | 3457477 | 2019 | 10932000
1975 | 465275 | 1990 | 1707158 | 2005 |3918610 |2020 | 2740000
1976 | 533951 | 1991 | 1677508 | 2006 | 4447167 |2021 | 1523000
1977 | 640422 | 1992 | 1867651 | 2007 | 5081504 |2022 |6197000
1978 | 747995 | 1993 | 1764830 | 2008 | 5282603

Table 1: Foreign Tourist Arrivals (FTAs) i India during 1965-2022
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Figurel: Time series plots of FTAs.
Figure 1 represents significant increase in arrivals of tourist from 1970 and tremendous turn down in tourist
arrivals around the years 2019 to 2021 due COVID 19 circumstances and slowly recovered after 2021.

4.2 Summary

Table 2 provide information about the distribution and descriptive measures of the FTAs over the years. The
average no.of tourists across the years are 2,921,833 which may be influenced by outliers or extreme values in
the dataset.

Measure Value
Mean 2921833
Standard Error 377855.3
Median 1816241
Standard Deviation 2877660
Kurtosis 0.892329
Skewness 1.319684
Range 10813180
Minimum 118820
Maximum 10932000
3" Quartile 4315028
1% Quartile 773623

Table 2: Foreign Tourist Arrivals (FTAs) summary statistics
The quartiles provide additional insights into the data distribution. The 1st quartile (25th percentile) at 773,623
suggests that 25% of the FTAs fall below this value. Similarly, the 3rd quartile (75th percentile) at 4,315,028
indicates that 75% of the FTAs are below this value. The minimum value of 118,820 represents the lowest number
of FTAs recorded during the given period, while the maximum value of 10,932,000 represents the highest number
of FTAs recorded. These statistics offer a summary overview of the FTAs in India over the specified time range,
providing a sense of the distribution and range of tourist arrivals.
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4.3 ACF and PACEF Plot

As per the data trend, Figure 2 representing the ACF & PACF where gradual mathematically declining ACF and
PACEF indicates significant for only some lags represents an AR process. Especially in ACF
there is tremendous fall with lags. PACF has one huge slacks followed by a drop in PACF values and
remaining are significant. So we consider ADF tests (unit root test) is using for further inferential analysis.
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Figure2: ACF & PACEF plots of FTAs
4.4Augmented Dickey-Fuller (ADF) test
ADF test is one the mostly preferred statistical investigation used to verify the time series stationarity, which is
an important consideration when using time series models such as ARIMA. The ADF test compares the
autocorrelation in the data at different lags to establish whether the time series data exhibits a unit root, indicating
stationarity.

Augmented Dickev-Fuller Test
Dickey-Fuller =-0.71409, Lag order =3, p-value = 0.9639
Alternative hyvpothesis: Stationary

In this case, the ADF test statistic -0.71409, p-value 0.9639. Lag order used in the test was 3, and the null
hypotheses is non-stationarity and the alternative hypothesis is stationary. Since P is high greater than 0.05 we
are accepting alternative hypothesis, meaning that there is no strong point to suggest that data is stationary. In
other words, it is not. So it may need to be transformed (e.g., by differencing) before an ARIMA model can be
applied. Since ADF test resulted that the data not stationary then we use transformation or differencing to convert
the data. Present study took differencing to transform data will be shown in figure 3.
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Figure 3: Time Series Plot after First Dafferencing

Validation

After performing the first differencing on data, the resulting differenced series display steady variability and
having stationary time plot in both mean and variance. This recommends the differenced data is stationary. To
further confirm stationarity for differenced data and assess autocorrelation function, and unit root tests will be
conceded out again.

4.5 ACF and PACEF Plot at First Differencing

It is important to note that the ACF and PACF plots can provide insights into the presence of autocorrelation and
help determine the appropriate lag order.
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Figure 4: ACF and PACEF Plot after first diferencing

After performing ADF test yielded a test statistic of -4.7307 with lag order 3, and P value is 0.01. Since the P
value is below 0.05, as differenced data is stationary. This supports the visual analysis that indicated stationarity
after differencing. Furthermore, you mentioned that the correllogram (presumably the ACF plot) indicated the
presence of both AR & MA components in the time series data. This suggests that an ARIMA may be suitable
for modelling the lagged time series data.

In summary, based on the information provided, it appears that after performing the first differencing data, the
resulting series is stationary according to both visual analysis and the ADF test. Plots supporting potential use of
an ARIMA model for further analysis
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4.6 ARIMA Model Fitting for the Foreign Tourist Arrivals

The values of arl, ar2, and mal represent the strength and direction of relationships between past and present
values of time series and influence of past errors on current values. Coefficients arl of 0.7766 indicates positive
correlation connecting the current values of the time series and its previous values at lagl, which suggests a strong
trend in the data.

arl arl mal Drift
0.7766 -0.6236 -0.6954 136800.32
Standard error | 13680032 | 0.1480 0.1480 5688437
sigma™? = 1.29e+12: log likelihood = -874 24

AIC=175848 AICc=175%65 BIC=1768.69

Coefficients

Table 3: ARIMA model estimation

The coefficient arl of 0.7766 indicates positive correlation between the present values of the time series and its
previous values at lagl, which suggests a strong trend in the data. The coefficient ar2 of -0.6236 indicates a
negative correlation between the current value and its value at lag2, which suggests a possible seasonal pattern or
some other cyclical effect in the data. The coefficient mal of -0.6954 indicates a negative correlation between the
current error term and the previous error term at lagl, which suggests that the model is capturing some of the
randomness in the data. The coefficient drift of 136800.32 represents the invariable terms in the model, which is
added to the predicted values of the time series to account for any trend or other deterministic effects that are not
explained by the autoregressive or moving average terms. In this case the positive value of the drift coefficient
suggests a strong upward trend, which is not explained by the other components of the model

4.6.1 Ljung-Box test: The following test is preferred to check for the presence of autocorrelation. ARIMA (2,
1, 1) with Q* value 0.46878 at 7 degrees of freedom having P-value = 0.9996. The high P-value indicates that
there is no significant proof of autocorrelation in ARIMA residuals. Thus, the ARIMA (2,1,1) model with drift is
considered as a good fit for the data.
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S.no. Model Value
1 ARIMA(2.1.2) with drift 1762.012
st model: 2 ARIMA(0.1.0) with drift 1770.843
3 ARIMA(1.1.0) with drift 1772.841
4 ARIMA(0.1.1) with drift 1771.067
5 ARIMA(0.1.0) 1769.072
6 ARIMA(1.1.2) with drift Inf
7 ARIMA(2,1,1) with drift 1759.653
8 ARIMA(1.1.1) with drift 1766.956
9 ARIMA(2.1.0) with drift 1761.05
10 ARIMA(3.1.1) with drift Inf
11 ARIMA(3.1.0) with drift Inf
12 ARIMA(3.1.2) with drift Inf
13 ARIMA(2.1.1) 1760.398

ARIMA(2.1.1) with drift prediction

4.6.2 Error measures:
The results suggest that the MAPE & MASE has relatively low error measures, indicating good performance in
predicting.

Error ME RMSE | MAE MPE MAPE | MASE |ACF1

measures

Training set | -9760.623 | 1085926 | 4718836 | -20.00461 | 27.37625 | 1.017116 | -0.009437475
Table 4: ARIMA model - error measures

4.6.3 Forecasting:

The "Point Forecast" column represents the estimated “L0 80" & "Hi 80" columns represent the lower and upper
bounds of the 80% confidence interval, respectively. Similarly, the "LO 95" and "Hi 95" columns represent the
lower and upper bounds of the 95% confidence interval, bounds indicate range within which the actual value of
tourist arrivals is likely to fall with a certain level of confidence. For example, in the year 2023, the estimated
number of tourist arrivals is 10,357,505, with an 80% confidence interval ranging from 8,901,670 to 11,813,340.
Similarly, the 95% confidence interval ranges from 8,130,997 to 12,584,013. The forecast provides a projection
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of tourist arrivals for the specified years, along with the associated uncertainty captured by the confidence
intervals.

Years | Point Lo 80 Hi 80 Lo 95 Hi 95
Forecast

2023 | 10357505 8901670 11813340 8130997 12584013
2024 | 10789808 8645750 12933867 7510754 14068863
2025 | 8646960 6372870 10921050 5169040 12124880
2026 | 6829087 4554437 9103738 3350310 10307865
2027 | 6869432 4594760 9144104 3390621 10348243
2028 | 8150238 5837179 10463296 4612720 11687755
2029 | 9235633 6799952 11671315 5510580 12960687
2030 | 9395734 6839928 11951540 5486966 13304501
2031 | 8959095 6340738 11577452 4954664 12963527
2032 | 8636027 5986937 11285117 4584593 12687460

Table 5: FTAs forecasting values using ARIMA

Forecasts from ARINMAJLZ,1,.1) with drift

1e+07 -

ftats

Tirme
Figure4: Time series forecasting plot using ARIMA.
4.7 Artificial Neural Network fitting for Foreign Tourist Arrivals
Researcher used “nntar” function in R programming with “forecast” package to predict the time series data with
lagged values. As it is nonlinear auto regressive model researcher used simulation. After testing with several
models, almost 20 networks, each one having 1-1-1 network along with 4 weights options taken linear output

units, then Sigma”2 predicted as 288137.

173



2277 - 7881

InTERNATIONAL JJOURNAL oF MuLTIDISCIPLINARY EEDUCATIONAL RESEARCH

ISSN:2277-7881(Print); Impact Factor :10.16(2026); IC Vawue:5.16; ISI VaLe:2.286

PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL
(Fulfilled Suggests Parameters of UGC by IJMER)

Cover Page (] [x] Volume: 15, Issue:1(1), January 2026
N P File Recelved; Reviewed: Acceptod
Publisher: Sucharitha Publication, India
Online Copy of Article Publication Available: www.ijmer.in
International Conference on “Relevancy of Ancient Mathematics to the Current
Digital Trends”
4.7.1 Error measures
Measures | ME RMSE RMSE MPE MAPE MASE ACF1
Training | 7202926 | 1169399 | 4934214 |-7.769808 | 18.79024 | 1.0678> | 0.04131759
set

These error measures performs in forecasting foreign tourist arrivals. The outcome suggest that the Model
NNAR(1,1) has relatively low error measures, indicating good performance in forecasting the future values of

data.

4.7.2 Forecasting

These bounds indicate the range within which the actual value of tourist arrivals is likely to fall with a certain
level of confidence. For example, in the year 2023, the estimated number of tourist arrivals is 6,425,669, with an
80% confidence interval ranging from 4837688 to 8280538. Similarly, the 95% confidence interval ranges from
4191547 to 9455270. The forecast provides a projection of tourist arrivals for the specified years, along with the

Table 6: ANN model — error measures

associated uncertainty captured by the confidence intervals.

Years | Point Lq¢ 80 H; S0 Ly95 H; 95
Forecast

2023 | 6425669 4837688 8280538 4191547 9455270
2024 | 6585856 4639568 8860300 3647335 10097151
2025 | 6694039 4504536 8680994 3317418 10241731
2026 | 6765262 4178616 8835852 2991702 10230023
2027 | 6811358 4069883 8977203 2851853 10225790
2028 | 6840859 4165461 9137435 3014400 10742528
2029 | 6859602 4245720 8857286 2871743 10417784
2030 | 6871455 4202173 8947767 2955987 10388682
2031 | 6878930 4069957 8952722 3060324 10740737
2032 | 6883634 4065666 9004382 2863999 10585717
2033 | 6886592 3880063 9014158 2747946 10394262
2034 | 6888450 3918654 8851133 2771962 10004505
2035 | 6889616 4039422 8817599 2321938 10139912
2036 | 6890348 3934981 8993609 2214382 10437691
2037 | 6890808 3885682 8949298 2169305 10222819
2038 | 6891096 3890594 9024797 2119223 10548270
2039 | 6891277 4060435 8883944 2256683 10081836
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2040 | 6891391 3890984 8747648 2059146 10063543
2041 | 6891462 3887977 8885558 2015172 10126117
2042 | 6891507 3778931 8823616 1920981 10040126

Table 7: FTAs forecasting values using ANN
Forecasts from NMNAR(1,1)

Se+06 -

3e+06 -

Oe+00 -

1980 2000 2020 2040
Time

Figure5: Time series forecasting plot using ANN

Table 6 & 7represents the predicted values of foreign tourist arrivals using ARIMA & ANN at different levels
from 2023-2042. Similarly Figure 5 and figure 6 shows how graphically prediction is represented same as well.

5. MODEL VALIDATION

Error

ME RMSE RMSE MPE MAPE MASE ACF1
Measures

ARIMA -9760.623 | 1085926 | 471883.6 |-20.00461 | 27.37625 | 1.017116 |-0.0094374

ANN 72029.26 | 1169599 | 495421.4 | -7.769808 | 18.79024 | 1.06785 0.04131759

Table 8: ARIMA &ANN error measures
The error metrics of ARIMA and ANN models in are shown in Table 8. As per the comparison MAPE error for
ARIMA model is 27.37625 is higher than ANN model MAPE with 18.79024. Then ANN model performs well
in compare with the ARIMA model. The MAPE error metric is progressively increases when calculate average

and log average values Therefore, this research founds that ANN method is a superior prediction tool to forecast
foreign tourist arrivals (FTA) than the ARIMA model.
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6. CONCLUSIONS

According to the error measures presented in Table 8, it can be observed that ANN outperforms ARIMA in
several metrics. Specifically, the MAPE for ANN model is 18.79024, while for the ARIMA model, it is 27.37625.
However, it's important to consider other error measures as well to have a comprehensive understanding of the
model performance. For instance, the ME for the ARIMA model is -9760.623, indicating a bias in the forecasts,
while the ME for the ANN model is 72029.26. Additionally, other metrics like RMSE, MPE, MASE and ACF1
can provide further insights into the models' accuracy, bias, and residual patterns. Therefore, while the MAPE
suggests ANN outperforms ARIMA, a comprehensive analysis of all error measures would be necessary to
make a definitive conclusion about the relative performance of the two models.
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Abstract: This paper depicts a comparative analysis of three numerical methods for solving the heat
cquation governing the behaviour of Galactic Cosmic Rayvs (GCRs) within a specified domain. The
study alms 1o assess the efficacy and accuracwy of finite ditference, finite element. and variable separable
methods in modelling the transient heat conduction phenomena associated with GORs. The fimte
difference method discretizes the domain into approximates and a grid of the spatial derivatives using
finite differences of heat equation, offering a straightforward approach to solving the problem. The
finite element method, on the other side, divides the domain into finite elements and employs variational
methods to solve the heat equation. allowing tor more flexible meshing and handling of complex
geomeltries. Finally, the varnable separable method assumes separability of vanables and solves the heat
equation analytically. providing insights irto the fundamental behaviour of the svstem. h method is
applied to a standard problem with specified boundary and initial conditions, and the results are
compared in terms of accuracy. computational efficiency, and ease of implementation. Additionally, the
paper discusses the implications of the results for modelling GCR -induced heat transfer processes in
space environments and highlights the strengths and limitations of each method. Owerall, this
comparative analysis gives the valuable insights into the suitability of ditferent numerical methods for
simulating heat conduction phenomena associated with GOR s and informs the selection of appropriate
modelling approaches for future research in this field.

Kevwoerds: Cosmic FRays, Finite Difference Method, Finite Element Method, Variable Separable
Method, Mumerical Methods.,

?lnh‘ndunﬂun

Galactic Cosmic Rays (GCRs) are high-energy particles originating from sowrces outside the solar
system. such as supernowvae and active galactic nuclei. These cosmic ravs pose significant challenges to
spacecraft and astronawms in space missions with respect o their potential o induce radiation damage
and atfgyy clecwonic systems [1]. Understanding the behaviour of GCHEs and their interactions with
matter 15 crucial for developing effective shielding strategies and ensuring the safety of space
exploration endeavours [2].

Mumerical modelling plays a vital role in studving the thermal effects of GCRs on spacecratt
components and materials. In this contesxt, the heat equation serves as a2 fundamental tool for sumulatimg
the distribution of temperature within a given domain subjecred to GCR radiation [3], Ditferent
numerical methods are employved to solve the heat eguation and analyse the thermal response of
materials 1o GCR-induced heating,

The finite difference method is one of the most commonly used techmigues for solving partial
differenial equations, including the heat equation. 1t discretizes the spatial domain into a grid and
approximates the derivatives of the temperature distribution with respect to space and time using finite
difference approximations [4]. By iteratively updating the temperature values at each grid poini. the
finite ditference method allows for the mumerical simulation of wansient heat conduction phenomena
induced by GOR radiation.
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Another widely used approach is the method of finite element, which divides the spatial domain into
finite elements and formulates a system of algebmic equations based on variational principles [5]. By
solving these equations, the finite element method provides a numerical approximation of the
temperature distribution within the domain, accounting for GCR-induced heating effects.

Addidonally, the variable sep le method offtrs an analytical approach to solving the heat equation
under specific conditions [6]. is method assumes thal the temperature distribution can be expressed
as a product of separate functions of space and time variables. By solving the respective ordinary
differential eguations, the variable separable method wields exact solutions for the temperature
distribution. providing valuable insights into the fundamental behaviour of GCR-induced heating
processes.

In this study, we aim o compare and evaluate the effectiveness of these three numerical methods in
modelling the heat equation of GCR-induced heating phenomena. By analvsing a set of recent journal
articles [7-25], we investigate the application of these methods in simulating GCR-induced temperature
distributions and assess their accuracy, computational efficiency, and applicability to space exploration
SCENATIOS.

Through this comparative analysis, we seek to enhance owr understanding of the thermal effects of
GCRs and contribute to the improvement of advanced numerical methods for mitigating the impact of
GCR radiation on spacecraft and astronaut safety inspace missions.

2. The 2 -I} Equation of GCR

The 2-I heat equation can be used to model the diffusion g&Galactic Cosmic Rays (GCR) in the Galaxy.
The Cosmic rays are the particles of high-energy, mainly protons and atomic nuclei, that travel through
space al nearly the speed of light. They are believed to originate from various astrophysical sources.
such as supernovae, pulsars, and active galactic nuclei.

The heat equation describes how a quantity {in this case, the density or flux of cosmic rays) diffuses
over time in a medium (the imterstellar mediom of the Galaxy) due to a temperature gradient. In two
dimensions, the heat equation takes the form

Bu a4 i

- Mgt 5 (h
ﬁer@. ulx, ¥, 1) is the density of flux of Cosmic Rays Eipusition (%, ¥) and time t; D 15 the diffusion
coefficient, representing the rate at which cosmic rays spread out in the Galaxy.

du

This equation states that the rate of change of the cosmic ray density with respect 1o time () is

proportional to the Laplacian of u, which measures the curvature of the distribution of cosmic rays in
space.

Here are the common methods that can be used to solve the 2-D heat equation for the diffusion of
Galactic Cosmic Rays (GCR)

3. The Method of Finite Difference

We divide the spatial domain into a grid of points in both the ¥ and X directions. Let ufd- represent the
value of the cosmggray density at grid point (. 11) at time r.. Let Ax and Ay represent the spacing
between adjacent grid poinis in the ¥ and X diréctions. respectively. The spatial domain can be
discretized as

=1 Ax, i=01,2..., Nx (2
y=aw =012 N (3

where N, and N, are the total number of gnd pomts in the x and v directions. respectively.

181



IntERNATIONAL JOoURNAL oF MuLtiDiscipLiNnarY EpucaTtionar ReEsearcH
WIRIIN ~ 1ssn:2277-7881(Print); tuact Facron:10.16(2026); I Vauwe:s. 165 151 Vauwe:2.286

PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL
(Fulfilled Suggests Parameters of UGC by IJMER)

(<14 ] Volume:15, Issue:1(1), January 2026
Scopus Review ID: A2B96D3ACF3FEA2A
E Article Received: Reviewed: Accepted

Publisher: Sucharitha Publication, India
Online Copy of Article Publication Available: www.ijmer.in

International Conference on “Relevancy of Ancient Mathematics to the Current
Digital Trends”

Choose a time step size Af to discretize the time domain. Let .= - A/ represent the time at the ath time
step.

We approximate the derivatives in the 2-D heat equation using finite differences. For the second-order
spatial derivatives, we use central differences

atu ” Uspn =+

dx? Ax?
a* Uy jpa— 20 14
__I: Lj+1 J.!j -1 ‘.‘”
gy* ay
Substituting this finite difference approximation into the 2D- heat equation
ul iyl ufh, =2 g wfpe, =2ul ]
L iy _ (R i il et 1 L e S Al Wt .
At - D( AxZ } + AxZ } ‘SJ
Ruarmnﬁ} the equation to solve for uf}rl to get an explicit formula for updating the grid points
= Dt DAt
ulf =l +— (uj‘ﬂj; — 2uf + "1“-1,;) s Ul —2uly +uly ) (6)
Apply the Eund&ry conditions at the edges of the grid. For reflexive boundaries
1 S | § Y, | PNy, | | —
Uig = Ujy, =gy =Uy =0 (7}

This ensures that the flux of cosmic rays at the boundaries is zero, effectively reflecting them back into
the domain,

Set initial conditions for the cosmic ray density at the beginning of the simulation. For example, a
Caussian distribution cantered at the midpoint of the domain

wy=del™ ) )

where 4 is the amplitude of the Gaussian, L, and L, are the lengths of the domain in the x and ¥
directions, respectively, and o controls the spread of the Gaussian.

For each time step » from | to M, where N, = i. Iterate over each interior grid point (/. /) (excluding

boundary points) and update the selution using the update equation. Apply boundary conditions at the
edge points according to the specific scerario being modelled. Repeat this process until reaching the
final Sfinal
Ly bt
represents the cosmie ray density distribution throughout the spatial domain at the final time T7 This
iterative process ensures that the solution evolves over time according to the diffusion of Galactic
Cosmic Rays, while respecting the specified boundary conditions and initial conditions.

desired final time, Let's denote the final solution as u . After iterating over all time steps, ut

By using MATLAB code initializes the parameters. solves the 2-D heat equation using the finite
difference method, and then prints the final solution as a table with headings for the x-coordinate, v-
coordinate, and cosmic ray density.

X-coordinate (m) | Y- coordinate (m) | Cosmic Raw
Density
0.000000 0000000 0.000000
0.250000 | 0.000000 | 0.0D0000
0.300000 0000000 0.000000
(1.750000 0000000 0.0D0000
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| O 0. 000000 CLODOOO0
O.000000 0. 250000 O.0D0000
0. 250000 0.2530000 0.66344 |
0. 500000 0. 250000 0.7841188
0.7 530000 (L250000 0.66l1510
1O Oy 0. 230000 QLCO0O00
0000000 0. S00 000 0000000
0.250000 0500000 0. 784188
0. 500000 0. 500000 (L9258 184
0. 730000 L SOC000 (0. 7829495
L OO0 Dy 0. S00 000 CLODO000
000000 CL7500040 0000000
0250000 (. 750000 0661510
| 0.500000 0.750000 0.782995
0750000 (L750000 (.6595440
1 OO0 DO 0. 750000 CLO00000
O 000000 1000000 0000000
0. 250000 1000000 0000000
O S00000 1 CHOMO CLODO000
0.7 50000 1000000 (L0000
1000000 1000000 - 0.000000

Table 1: The values of x, v coordinates and Cosmic Ray Density

3D Surface Plot of Cosmic Ray Density
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Figure 1: Representation of Cosmic Ray Density Graph
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4. Results and Discassion

The simulation of the 2-D heat equation for the diffusion of Galactic Cosmic Rays (GUR) using the
finite difference method yielded a spatial distribuiion of cosmic ray density. The sigmilation was
performed over a domain with dimensions 10=10 meters, discretized into a grid with 50 grid points in
both the ¥ and X directions. The diffusion coefficient £3 was set to (.1, and a time step size of 0.01 was
used for a total simulation time of 1.0 seconds. The resulting 3D surface plot illustrates the spatial
distribution of cosmic ray density across the domam at the final time. Colours on the plot represent
different levels of cosmic ray density, with higher densities indicated by warmer colours and lower
densities by cooler colours.

The 3D surface plot reveals a diffusion profile characterized by a gradual decrease in cosmic ray density
from the centre of the domain towards the @nda{ics. This pattern is consistent with the diffusion
process, where cosmic rays spread outwards from regions of higher concentration towards regions of
lower concentration. Varving the diffusion coefficient 2 would influence the rate of diffusion and the
extent of spreading of cosmic rays. Higher values of 2 would lead to faster diffusion and a more uniform
distribution of cosmic rays across the domain. Lower values of I would result in slower diffusion and
possibly more localized concentrations. Rzflective boundaries were applied in the simulation, causing
cosmic rays o bounce back into the domain. This boundary condition prevents cosmic rays [rom
escaping the domain and influences the overall diffusion behaviour. Ditferent boundary conditions, such
as absorbing boundaries or prescribed fux boundaries, would yvield different diffusion patlerns.

5. Conclusion

The simulation provides insights into the spatial distribution of Galactic Cosmic Rays and their
diffusion behaviour within a bounded domam. By understanding how cosmc mays propagate and spread
through space. researchers can gain wvaluable knowledge about various astrophysical phenomena,
including cosmic ray propagation in the interstellar mediuwm and their interactions with magneric fields.

Further studies could explore the impact of different diffusion coefficients, boundary conditions, and
domain sizes on the diffusion behaviour of cosmic rays. Additionally, comparisons with analytical
solutions or expenmental data would help validate the simulation results and improve our understanding
of cosmic ray diffusion processes.

COrverall, the simulation contributes to our tnderstanding of the dyvnamics of Galactic Cosmic Rays and
their role in shaping the astrophysical environment.

6. The method of Finite Elements

Separate the domain [0, L] into number of elegagants N of equal length dx = —';— The nodes are located at

xo= 0, xi=dx, x>=2edx, ..., xn = L. Multiply the equation by a weight function v and integrating over the
domain to obtain the weak form of the heat eguation as

ar 971
J':u—ld:r = 1[;' v[D—E}dx (9
ar ax

For simplicity. let's use linear shape functions. Within each element e, the temperature T is interpolated
as

ﬁx} = NOOT: + Niwa (0T (10
Where N; and V4, are linear shape functions.

The element stiffness matrix £ and load vector e are calculated by integrating the contributions of the
shape functions over the element:

184



IntERNATIONAL JOoURNAL oF MuLtiDiscipLiNnarY EpucaTtionar ReEsearcH
WIRIIN ~ 1ssn:2277-7881(Print); tuact Facron:10.16(2026); I Vauwe:s. 165 151 Vauwe:2.286

PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL
(Fulfilled Suggests Parameters of UGC by IJMER)

(<14 ] Volume:15, Issue:1(1), January 2026
Scopus Review ID: A2B96D3ACF3FEA2A
E Article Received: Reviewed: Accepted

Publisher: Sucharitha Publication, India
Online Copy of Article Publication Available: www.ijmer.in

International Conference on “Relevancy of Ancient Mathematics to the Current

Digital Trends”
g [ Xet+y q dN AN
K,-”,-&jxs D——Ldx (11}
FE = j;'“ vfN; dx (12)

Where f is the heat source term. The global stiffness matrix & and load vector F are assembled by
Hummilé the contributions from all elements.

Apply the boundary conditions to the global system of equations. For simplicity, let's consider
homogeneous Dirichlet boundary conditions, where the temperature is fixed at both ends of the domain
Thy=1T,=0 (13)
19
We need to modify the comresponding rows and eolumns of the clobal stiffness mairix & and | vector
F to entorce these boundary conditions. Atter applying the boundary conditions, we obtain a system of
equations ol the fomm;

E=KT (14)
where . F is the load vector ,q i5 the vector of nodal temperatures and K is the global stiffness matrix.

Let's proceed with solving KT = F using LU decglpnsitinn, which is a direct solver method. LU
decomposition reduces the coefficient matrix K into an upper riangular matrix L0 and a lower friangular
matrix L, such that K = LIJ. Then, we can solve the system K7 = F by torward and backward substitution.

This code gives the table values as follows

Node Temperature
I 1000000
2 1500000
3 | 2.400000
4 | 2800000
5 2000004
6 3.000000
7 2200000
B 2400000
9 L. 2800000
10 1000000

Table 2: Values showing at particular node to corresponding Temperature
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Figure 2: The graph showing the nodal temperature of cosmic rays
7. Results and Discussion

The graph displays the nodal temperatures obtained from solving the svstem of equations using LU
decomposition. Each node is represenied hy a point on the graph, with the temperature value ploited on
the v-axis and the node index plotted on the xis, From the graph, we observe that the nodal
temperatures exhibit a linear trend. As expected, the temperature decreases gradoally from the left end
to the right end of the domain. This behaviour is consistent with the conditions of boundary and the
thermal properties of the substance. Additionally, the differences in temperatures between adjacent
nodes appear to be uniform, indicating a steady heat transfer process across the domain. This uniformity
suggests that the numerical solution is stable and accurately represents the temperature distribution in
the sysuzm.

8. Conclusion

In conclusion, the graph provides valuable insights into the temperaiure distribution within the domain.
F numerical solution obtained using LU decomposition accurately predicts the nodal temperatures.

emonstrating the effectiveness of the method for solving the heat equation. The linear trend observed
in the graph confirms the expected behaviour of the system under the given boundary conditions.

Orverall, the results obtained from the numerical simulation provide useful information for analysing
heat transfer processes and designing thermal svstems. Further studies could explore more complex
geometries and boundary conditions to gain deeper insights into heat transfer phenomena.

9. Variable Separable Method

By using the variable separable method to solve the heat equation, let us think that the temperature
distribution wx, ) can be expressed as

ufx, t) = X(x). T(t) (15
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Substituting this expression into the heal equation, we obtain two ODEs that govern the behaviour of
Aix) and T(7) separaiely.

, .
;'T_";}'} — % ——3 (16)
Where A is a separation constant.

Solve T'(r) = — &A1) for T(¢) with appropriate initial or boundary conditions.

Initial Condition: e temperature distribution at = 0 is given by a(x. 0) = fix).

ndary Conditions; The temperature at the boundaries x = U and x= L are fixed at certain values,
Wl =Tand ufl, r)=T: forall r> 0.

Let's assume the following conditions, Initial temperature distribution
A y=2+sin(ae/ L)y (17)
Boundary temperatures: Ty=0 and 7;=1. Length of the domain: L = |

We'll proceed to solve the heat equation using the variable separable od with these conditions.
First, we'll find the solutions for X{x) and (7L and then combine them o obtain the general solution
wix, 1). Finally, we'll visualize the emperamure distribution over time.

Let's begin by solving the ODEs for X(x) and 7).

For simplicity, let's assume that the dury conditions are zero value Dirichlet boundary conditions,
ie (0, 1) = 0 and w(l, 1) =0 for all ¢ = 0. This will simplify the solution process.

T()=e~* (18)
X(x) = Accﬁ(m‘rj_r} + Bsin[ﬁx} {19
Apply oundary cundhinnsgfﬂ, t1= 0and w(l, £ =0, we get X{(0)=A=0: X(L)=B.sin(AL)=0

For non-trivial solutions, we need B 5 0, which implies: stin[_ﬁLj = 0. Since L =0 and A = 0, the only

solution to this equation is: ¥'AL = ar where 1 is a positive imeger.
Solving for A we have

A= (”L—” 32 {20)
The comesponding eigenfunction Xu{x) is:
Xu(x)y=sin (25 (21)

ﬁe general solution to the heat equation is given by the sum of the eigentunctions weighted by the
corresponding coefficients

U (x. 1) = Eiq By, sin( T je K CT N (22)
i Time MNode 1 MNode 2 %de 3 Node 4 MNode 5
0.00 - 06366 0.0000 0.2122 - D.0000 -0.1273
0.11 -0.2126 0.0000 CLODOD = D000 = 000D
0.22 - 00710 0.0000 O.00D00 = 00000 = 0000
033 - 00237 00000 Q0000 - D000 - 0 0000

187



NTERNATIONAL «JourNAL oF MuLtipiscipLINaRY EpucaTioNnaL REsEArRcH
ISSN:2277-7881(Print); Impact Factor :10.16(2026); IC Vawue:5.16; ISI VaLe:2.286

PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL
(Fulfilled Suggests Parameters of UGC by IJMER)

(<14 ] Volume:15, Issue:1(1), January 2026
Scopus Review ID: A2B96D3ACF3FEA2A

E Article Received: Reviewed: Accepted
Publisher: Sucharitha Publication, India

Online Copy of Article Publication Available: www.ijmer.in

International Conference on “Relevancy of Ancient Mathematics to the Current

A

7

Digital Trends”
0.44 - 0.0079 0.0000 (.0000 = LO0Do - (L0000
0.56 - 00026 0.0000 00000 - D.O0DO - L0000
067 - 000049 00000 00000 - D.O00D0 - (L0000
078 - 0,0003 0.0000 00000 = 0,000 = L0000
0.80 - 0.0001 0.0000 0.0000 - 00000 - 0.D000
Lo0 - 0,0000 0.0000 00000 - 00000 - 0. 0000
Node 6 ﬂﬂﬂ’tﬂ 7 Node 8 MNode 9 Node 10
D000 00909 = 00000 - 0.0707 (.0000
L0 O.0H0 = OO - D00 LRETHNY
00000 O0.0000 - 0,00 - L0000 00000
0, 0000 00000 - 00000 - 00000 0.0000
00000 CLODH0 - OO0 - 00000 {1.0000
0.0000 0.0000 - 0.0000 - 0.0000 0.0000
00000 0.0000 - (L0000 - 0.0000 0.0000
00000 00000 - 00000 - (L0000 CLOO00
00000 0.0000 = (,0000 - 0.0000 (.00
0.0000 0.0000 - 0.0000 - (L0000 0.0000

Table 3: Representing the Nodal temperatures over the time

10. Results and Discussion

The tabular data and the 3D surface plot illustraie the nodal tempemtures over tme obtained from
solving the heat equation using the variable separable method. The tabular data provides a numerical
representation of the nodal temperatures at each time step, while the 3D surface plot offers a visual
representation of how the temperatures evolve over time tor different nodes.

The tabular data shows that the nodal temperatures vary with 1ime.Ech row in the table corresponds
o & specific time step, and each column corresponds to a node in the domain. As time progresses, the
temperatures at different nodes change due te heat diffusion. The 3D surface plot provides a
comprehensive visualization of the temper distribution over time. The x-axis represents the node
index, time is represented on the y-axis, and the z-axis represents temperature. The surface plot
demonstrates how the temperature varies across nodes and evolves over time. It also highlights any
spatial or temporal trends in the temperature distribution.
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Figure 3: Nodal Temperatures over Time
11. Conclusion

The results obtained from the wvariable separable method showcase the tansient behaviour of
temperature distribution in the one-dimensional domain over time. The method effectively captures the
heat ditfusion process and provides waluable insights into how temperamre changes propagate
throughout the domain. By analysing the tabular data and the 3D surface plot, we gamn a deeper
understanding of the temporal and spatial variations in temperature, which is crucial for modelling and
analysing heat transfer phenomena in various engineering applications. Owverall, the variable separable
meihod proves to be a useful approach for solving the heat equation and studying transient heat
conduction problems.
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