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FOREWORD 
 

I am happy to say that the Department of Mathematics, National Sanskrit 
University, Tirupati-A.P, is conducting the XXXI Annual Congress of 
APTSMS and Inter National Conference on Relavency of Ancient 
Mathematics To The Current Digital Trends  
during 9th -11th, August, 2022. It provides a platform for researchers and 
academicians to exchange their latest views and information about 
Mathematics in various fields and to acquire experience from the existing 
developments and to explore future evolutions. 

I am grateful to Prof.G.S.R.Krishna Murthy, Vice-Chancellor, 
National Sanskrit University, for his support and encouragement. I am 
thankful to Commander Chall Venkateswar (Retd), Registrar National 
Sanskrit University, for his Co-operation. I thank all the Members of 
organizing Committee and Supporting Staff of the department who have 
supported in a big way to organize this conference. 

Tand Also thanks toY.V.Krisna Rao, D.R &Finance officer 
(i/c),National Sanskrit University for their financial support to conduct the 
conference without which it would have been not possible to organize this 
event.  

May this conference be successful in every respect I wish every 
participant to have a good experience of the conference as well as 
recreation at our university. 

 
Dr.A.CHANDULAL 

Head of the Department of Mathematics 
National Sanskrit University, Tirupati-A.P 

& 
Organizing Secretary 

XXXI Annual Congress of APTSMS  & Inter National Conference on 
Relavency of Ancient Mathematics To The Current Digital Trends 

                           

                                                                                                              



 

ANDHRA PRADESH AND TELANGANA SOCIETY FOR 
MATHEMATICAL SOCIETY 

OBJECTIVES OF THE SOCIETY 

 

1. Promotion of studies and research in all disciplines of 

Mathematics (like Pure Mathematics, Applied Mathematics, 

Statistics, Computer Science, Astronomy and so on.). 

2. Provision of a common forum to bring together the 

Mathematical scientists to exchange information and views 

relating to their respective fields of interest in Mathematics. 

3. Organization of periodical conferences, symposia, short term 

courses ect. At different places in Andhra Pradesh and 

Telangana with a view to improve the quality of Mathematical 

education and research. 

4. Publication of a research journal of Mathematical sciences. 
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Editorial…… 

It is heartening to note that our journal is able to sustain the 
enthusiasm and covering various facets of knowledge.  It is our hope that 
IJMER would continue to live up to its fullest expectations savoring the 
thoughts of the intellectuals associated with its functioning .Our progress is 
steady and we are in a position now to receive evaluate and publish as many 
articles as we can. The response from the academicians and scholars is 
excellent and we are proud to acknowledge this stimulating aspect. 

The writers with their rich research experience in the academic 
fields are contributing excellently and making IJMER march to progress as 
envisaged. The interdisciplinary topics bring in a spirit of immense 
participation enabling us to understand the relations in the growing 
competitive world. Our endeavour will be to keep IJMER as a perfect tool in 
making all its participants to work to unity with their thoughts and action.  

The Editor thanks one and all for their input towards the growth of 
the Knowledge Based Society. All of us together are making continues 
efforts to make our predictions true in making IJMER, a Journal of Repute  

 
Dr.K.Victor Babu 

Editor-in-Chief  
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THE CHARACTERIZED CONCEPT OF L-VAGUE RINGS 

1. Dr.A.Chandulal, Dept. of Mathematics,National Sanskrit University,Tirupathi, PIN: 517507, 

Chandulal2009@gmail.com 

2. Dr.B.Nageswara Rao,Dept. of Mathematics, Lendi Institute of Engineering and Technology,Jonnada, 
Vijayanagaram-535005, Andhra Pradesh, India 

bendi151977@gmail.com 

Abstract:In this paper we introduce L-Vague Ring, L-Vague ideal and studied some properties on L-Vague 
rings and L-Vague ideals also define L-Vague coset on L-vague rings, L-Vague ideals and studied some of the 
fundamental operations on L-Vague ring, L-Vague ideal and L-Vague quotient ring respectively.  These concepts 
are used in the development of some of their important properties have been investigated. 

Keywords: Vague set, L-Vague cut-set, L-Vague ring, L-Vague ideal, L-vague Quotient ring    

Mathematics subject Classification (2000) : 08A72, 20N25, 03F55 

Introduction: The theory suggested by Zadeh.L.A.[13] to explain a fuzzy subset A of a given universe X 
describing the truth city of an element of x of X belonging to A by means of a truth city function 𝜇஺ defined from 
X into [0 1] has remodelled the approach of Mathematical modelling,managing etc., in conducting the real-life 
situations mathematically.  Now, several branches of fuzzy mathematics like fuzzy algebra, fuzzy analysis, fuzzy 
fication, defuzzificaton, fuzzy intervals etc., have emerged.  But in the decision making, the fuzzy theory takes 
care of membership of an element x only, that is the evidence against x belonging to A.  It is felt by lot of decision 
makers and researchers that in proper decision making, the demonstrate belongs to A and evidence not belongs 
to A are both necessary and how much X belongs to A or how much x does not belong to A are necessary. 

 Several generalisations of Zadeh’s fuzzy set theory have been proposed, such as L-fuzzy sets[12].  Interval 
valued fuzzy sets, Gau.W.L. and Bueher D.J.[4] have initiated the study of vague sets with the hope that they 
forma better tool to understand, interpret and solve real life problems which are in general vague than the theory 
of vague sets. Ranjit Biswas [10] initiated the study of vague groups and Ramakrishna.N [6], [7],[8], Ramakrishna 
N.T. Eswarlal.T [12],[6],[8] are grate extended the study of vague algebra.  The study L-vague sets of a vague 
set, as a pair of function.  In this paper we introduced some operations on L-vague sets and studied some properties 
on L-vague rings and define L-vague coset, also studied some of their operations on L-vague coset.  These 
concepts are used in the development of some of their important properties have been inspected. 

1.  Preliminaries 

In this section we briefly present the necessary material on lattices, Boolean lattices, Brouwerian lattices and 
illustrate with examples.  

Definition 1.1 [12]:An L-vague set 𝜇  in X is a pair 𝜇 = ൫𝑚ఓ , 𝑛ఓ ൯ where 𝑚ఓ : 𝑋 → 𝐿, 𝑛ఓ : 𝑋 → 𝐿 are mappings 
such that 𝑚ఓ ≤ 1௅ − 𝑛ఓ  and 𝑛ఓ ≤ 1௅ − 𝑚ఓ  
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 the mapping 𝑚ఓ : 𝑋 → 𝐿 is defined the degree of membership function and 𝑛ఓ : 𝑋 → 𝐿 defined the degree of 
membership function and 𝑛ఓ : 𝑋 → 𝐿 defined by the degree of non-membership function of the element x∈

𝑋 𝑡𝑜 𝜇 ⊂ 𝑋  respectively.  The function 𝑚ఓ , 𝑛ఓ satisfy the condition 𝑚 ఓ ≤ 1௅ − 𝑛ఓ  and 𝑛ఓ ≤ 1௅ − 𝑚ఓ  i.e., 
𝑚 ఓ(𝑥) ≤ 1௅ − 𝑛ఓ (𝑥) and 𝑛ఓ (𝑥) ≤ 1௅ − 𝑚ఓ (𝑥) for x in X, where 1௅ − 𝑚ఓ (𝑥) and 1௅ − 𝑛ఓ (𝑥) are elements 
of lattice L. 

Definition 1.2 [12]: Let (G,∗) be a group.  An L-vague set A= (𝑚ఓ , 𝑛ఓ ) of G is said to be L-vague group of G if 
it satisfies the following conditions 

(I) 𝑉஺(𝑥𝑦) ≥ ⋀{𝑉஺(𝑥), 𝑉஺(𝑦)} 𝑓𝑜𝑟 𝑥, 𝑦 ∈ 𝐺 

(II)𝑉஺(𝑥ିଵ) ≥ {𝑉஺(𝑥)} 

i.e., (1) 𝑚஺(𝑥𝑦) ≥ Ʌ{𝑚஺(𝑥), 𝑚஺(𝑦)}   (2) 𝑛஺(𝑥𝑦) ≤ ˅{𝑛஺(𝑥), 𝑛஺(𝑦)} 

       (3) 𝑚஺(𝑥ିଵ) ≥ 𝑚஺(𝑥)(4)  𝑛஺(𝑥ିଵ) ≤ 𝑛஺(𝑥)    for all x ,y∈ 𝐺 

Definition 1.3 [5] : Let 𝜇: 𝑅 → 𝐿 then 𝜇 is called an L-fuzzy ring of R, if for all x,y in R 

(i) 𝜇(𝑥 − 𝑦) ≥ 𝜇(𝑥)Ʌ 𝜇(𝑦) 
(ii) 𝜇(𝑥𝑦) ≥ 𝜇(𝑥). 

Definition 1.4 [5] : A L-fuzzy set 𝜇 of R is called an L-fuzzy ideal of R , if for x,y in R  

(i) 𝜇(𝑥 − 𝑦) ≥ 𝜇(𝑥)Ʌ 𝜇(𝑦) 
(ii) 𝜇(𝑥𝑦) ≥ 𝜇(𝑥)Ʌ 𝜇(𝑦) 
2. L-vague Rings 

In this section we define the following 

Definition 2.1 : Let (L,≤ ) be a lattice with involutive order reversing operation N:L→ 𝐿. Let (R,+,.) be a 
commutative ring.  An L-vague set A in R is defined as an object of the form A= (𝑚஺,𝑛஺). Where 𝑚஺: 𝑅 → 𝐿 and 
𝑛஺: 𝑅 → 𝐿 defines the degree of membership function and degree of non-membership for x∈ 𝑅 

Definition 2.2 : Let L be a lattice.  An L-vague set A= (𝑚஺,𝑛஺) of L is said to be L-vague ring if it satisfies the 
following properties 

(1) 𝑚஺(𝑥 − 𝑦) ≥ Ʌ{𝑚஺(𝑥), 𝑚஺(𝑦)}  and 𝑛஺(𝑥 − 𝑦) ≥ ˅{ 𝑛஺(𝑥), 𝑛஺(𝑦)} 
(2)  𝑚஺(𝑥𝑦) ≥ Ʌ{𝑚஺(𝑥), 𝑚஺(𝑦)} and  𝑛஺(𝑥𝑦) ≤ ˅{𝑛஺(𝑥), 𝑛஺(𝑦)} 
(3) 𝑚஺(𝑥 Ʌ𝑦) ≥  Ʌ{𝑚஺(𝑥), 𝑚஺(𝑦)} 
(4) 𝑛஺(𝑥˅ 𝑦) ≥  ˅{𝑛஺(𝑥), 𝑛஺(𝑦)} 

Definition 2.3 :Let A= (𝑚஺,𝑛஺) be an L-vague ring of a ring R then the true 𝛼 − 𝑐𝑢𝑡 𝑠𝑒𝑡 𝑚஺ఈ can be defined by 
𝑚஺ఈ = {𝑥 ∈ 𝑅: 𝑚஺(𝑥) ≥ 𝛼} 
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Definition 2.4: Let A= (𝑚஺,𝑛஺) be an L-vague ring of a ring R then the false 𝛼 − 𝑐𝑢𝑡 𝑠𝑒𝑡 𝑛஺ఉ can be defined by 
𝑛஺ఉ = {𝑥 ∈ 𝑅: 𝑛஺(𝑥) ≤ 𝛽}. 

Definition 2.5: Let A= (𝑚஺,𝑛஺) be an L-vague ring of a ring R then the L-vague cut set of A is 𝐴(ఈ,ఉ) can be 
defined by  

𝐴(ఈ,ఉ)(𝑥) = {𝑥 ∈ 𝑅: 𝑚஺(𝑥) ≥ 𝛼 𝑎𝑛𝑑 𝑛஺(𝑥) ≤ 𝛽}   𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼, 𝛽 ∈ [0 1] 

Theorem 2.6: Let A= (𝑚஺,𝑛஺) be an L-vague set of a ring R. then  

𝑚஺(0) ≥ 𝑚஺(𝑥) and 𝑛஺(0) ≤ 𝑛஺(𝑥) for all 0, x∈ 𝑅 

Proof: Let x,0 be any two elements in R then  

(i) 𝑚஺(0) = 𝑚஺(𝑥 − 𝑥) ≥ Ʌ{𝑚஺(𝑥), 𝑚஺(𝑥)} = 𝑚஺(𝑥) 
⇒𝑚஺(0) ≥  𝑚஺(𝑥) 

(ii) 𝑛஺(0) = 𝑛஺(𝑥 − 𝑥) ≤ ˅{𝑛஺(𝑥), 𝑛஺(𝑥)} = 𝑛஺(𝑥) 
⇒ 𝑛஺(0) ≤ 𝑛஺(𝑥) 
for all x,y ∈ [0 1] 

Theorem 2.7: Let A= (𝑚஺,𝑛஺) be an L-vague set of a ring R. then  

𝑚஺(𝑥) = 𝑚஺(−𝑥) and 𝑛஺(𝑥) = 𝑛஺(−𝑥) for all x∈ 𝑅 

Proof: Let x,0 be any two elements in R then  

(i) 𝑚஺(𝑥) = 𝑚஺(−(−𝑥)) ≥ Ʌ{𝑚஺(−𝑥)} ≥ 𝑚஺(𝑥) 

⇒𝑚஺(𝑥) = 𝑚஺(−𝑥). 

(i) 𝑛஺(𝑥) = 𝑛஺(−(−𝑥)) ≤ ⋁{𝑛஺(−𝑥)} ≤ 𝑛஺(𝑥) 

⇒𝑛஺(𝑥) = 𝑛஺(−𝑥). 

Theorem 2.8: Let A= (𝑚஺,𝑛஺) and B= (𝑚஻,𝑛஻) are L-vague rings of ring R then A∩ 𝐵 is also L-vague ring of a 
ring R for all x∈ 𝑅 

Proof: Let x,y be any two elements in R then  

(i) 𝑚(஺∩஻)(𝑥 − 𝑦) =  Ʌ{𝑚஺(𝑥 − 𝑦), 𝑚஻(𝑥 − 𝑦)} 

≥  Ʌ{𝑚஺(𝑥), 𝑚஺(𝑦), 𝑚஻(𝑥), 𝑚஻(𝑦)} 

≥  Ʌ{𝑚஺∩஻(𝑥), 𝑚஺∩஻(𝑦)} 

 ∴ 𝑚(஺∩஻)(𝑥 − 𝑦) ≥  Ʌ{𝑚஺∩஻(𝑥), 𝑚஺∩஻(𝑦)} 
(ii) 𝑛(஺∩஻)(𝑥 − 𝑦) = ˅ {𝑛஺(𝑥 − 𝑦), 𝑛஻(𝑥 − 𝑦)} 
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≤ ˅{𝑛஺(𝑥), 𝑛஺(𝑦), 𝑛஻(𝑥), 𝑛஻(𝑦)} 
 ≤  ˅{𝑛஺∩஻(𝑥), 𝑛஺∩஻(𝑦)} 

∴ 𝑛(஺∩஻)(𝑥 − 𝑦) ≤  ˅{ 𝑛஺∩஻(𝑥),  𝑛஺∩஻(𝑦)} 
(iii)      𝑚(஺∩஻)(𝑥𝑦) =  Ʌ{𝑚஺(𝑥𝑦), 𝑚஻(𝑥𝑦)} 

≥  Ʌ{𝑚஺(𝑥), 𝑚஺(𝑦), 𝑚஻(𝑥), 𝑚஻(𝑦)} 
≥  Ʌ{𝑚஺∩஻(𝑥), 𝑚஺∩஻(𝑦)} 

∴ 𝑚(஺∩஻)(𝑥𝑦) ≥  Ʌ{𝑚஺∩஻(𝑥), 𝑚஺∩஻(𝑦)} 

 (iv)     𝑛(஺∩஻)(𝑥𝑦) = ˅ {𝑛஺(𝑥𝑦), 𝑛஻(𝑥𝑦)} 

≤  ˅{𝑛஺(𝑥), 𝑛஺(𝑦), 𝑛஻(𝑥), 𝑛஻(𝑦)} 

≤ ˅{𝑛஺∩஻(𝑥), 𝑛஺∩஻(𝑦)} 

∴ 𝑛(஺∩஻)(𝑥𝑦)  ≤ ˅{𝑛஺∩஻(𝑥), 𝑛஺∩஻(𝑦)} 

 (𝐴 ∩ 𝐵) is also L-vague ring of rings A,B for x,y∈ 𝑅 

Theorem 2.9: Let A= (𝑚஺,𝑛஺) and B= (𝑚஻,𝑛஻) are L-vague rings of ring R then A𝐵 is also L-vague ring of a 
ring R for all x∈ 𝑅 

Proof: Let x,y∈ 𝑅 

(i) (𝑚஺. 𝑚஻)(𝑥 − 𝑦) =(𝑚஺. 𝑚஻)(𝑥 + (−𝑦)) 
≥ Ʌ{((𝑚஺. 𝑚஻)(𝑥)), ((𝑚஺. 𝑚஻)(−𝑦))} 
= Ʌ{((𝑚஺. 𝑚஻)(𝑥)), ((𝑚஺. 𝑚஻)(𝑦))} 
(𝑚஺. 𝑚஻)(𝑥 − 𝑦) ≥ Ʌ{((𝑚஺. 𝑚஻)(𝑥)), ((𝑚஺. 𝑚஻)(𝑦))} 

(ii) (𝑛஺. 𝑛஻)(𝑥 − 𝑦) =(𝑛஺. 𝑛஻)(𝑥 + (−𝑦)) 
≤ ˅{((𝑛஺. 𝑛஻)(𝑥)), ((𝑛஺. 𝑛஻)(−𝑦))} 
= ˅{((𝑛஺. 𝑛஻)(𝑥)), ((𝑛஺. 𝑛஻)(𝑦))} 
(𝑛஺. 𝑛஻)(𝑥 − 𝑦) ≤ ˅{((𝑛஺. 𝑛஻)(𝑥)), ((𝑛஺. 𝑛஻)(𝑦))} 

(iii) (𝑚஺. 𝑚஻)(𝑥𝑦) =  𝑚𝑎𝑥{⋀ ⋀ 𝑚஺൫𝑥௜𝑦௝൯𝑚஻൫𝑥௜𝑦௝൯,௠
௝ୀଵ

௡
௜ୀଵ /𝑥௜ , 𝑥௜

ଵ, 𝑦௝,𝑦௝
ଵ ∈ 𝑅  ∑ ∑ /௠

௝ୀଵ
௡
௜ୀଵ

𝑥௜𝑥௜
ଵ𝑦௝,𝑦௝

ଵ = 𝑥𝑦} 
≥ min {∑ 𝑥௜𝑥௜

ଵ௡
௜ୀଵ , ∑ 𝑦௝𝑦௝

ଵ = 𝑥𝑦 𝑓𝑜𝑟 𝑖, 𝑗 ∈ 𝑁௠
௝ୀଵ } 

Therefore (𝑚஺. 𝑚஻)(𝑥𝑦) ≥ 𝑚𝑖𝑛((𝑚஺. 𝑚஻)(𝑥) Ʌ(𝑚஺. 𝑚஻)(𝑦) 

(𝑖𝑣)   (𝑛஺. 𝑛஻)(𝑥𝑦) =  𝑚𝑖𝑛{ሧ ሧ(n୅(x୧y୨) ሧ n୆(x୧
ଵy୨

ଵ)

୫

୨ୀଵ

୬

୧ୀଵ

/𝑥௜ , 𝑦௝,, 𝑥௜
ଵ, 𝑦௝

ଵ ∈ 𝑅 , ෍ ෍/𝑥௜𝑥௜
ଵ𝑦௝,𝑦௝

ଵ

௠

௝ୀଵ

௡

௜ୀଵ

= 𝑥𝑦} 
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≤ 𝑚𝑖𝑛{ሧ ሧ(𝑛஺(𝑥௜)˅𝑛஺(𝑦௝) ሧ(𝑛஻(𝑥௜
ଵ)˅𝑛஻(𝑦௝

ଵ)

௠

௝ୀଵ

௡

௜ୀଵ

/𝑥௜ , 𝑦௝,, 𝑥௜
ଵ, 𝑦௝

ଵ ∈ 𝑅 , ෍ ෍ 𝑥௜𝑥௜
ଵ𝑦௝,𝑦௝

ଵ

௠

௝ୀଵ

௡

௜ୀଵ

= 𝑥𝑦} 

   =[min{⋁ (𝑛஺(𝑥௜)
௡
௜ୀଵ ˅𝑛஻(𝑥௜

ଵ))/ ∑ 𝑥௜𝑥௜
ଵ = 𝑥,}]⋁[{𝑚𝑖𝑛 ⋁ 𝑛஻(𝑦௝)௠

௝ୀଵ ˅𝑛஻(𝑦௝
ଵ)/ ∑ 𝑦௝𝑦௝

ଵ = 𝑦 } 
 

                 =((𝑛஺. 𝑛஻)(𝑥)˅ (𝑛஺. 𝑛஻)(𝑦) 

Therefore (𝑛஺. 𝑛஻)(𝑥𝑦) = ((𝑛஺. 𝑛஻)(𝑥) ˅ (𝑛஺. 𝑛஻)(𝑦) 

3. Operations on L-vague ideals of a ring. 

       In this section we define the following 

Definition 3.1 : Let L be a lattice . An L-vague set A=(𝑚஺, 𝑛஺) of L is said to be L-vague ideal of ring R if it 
satisfies the following properties 

1. 𝑚஺(𝑥 − 𝑦) ≥ ⋀{𝑚஺(𝑥), 𝑚஺(𝑦)} 
2. 𝑛஺(𝑥 − 𝑦) ≤ ⋁{𝑛஺(𝑥), 𝑛஺(𝑦)} 
3. 𝑚஺(𝑥𝑦) ≥  ⋀{𝑚஺(𝑥), 𝑚஺(𝑦)} 
4. 𝑛஺(𝑥𝑦) ≤ ⋁{𝑛஺(𝑥), 𝑛஺(𝑦)} 
5. 𝑚஺(𝑥 ⋀ 𝑦) ≥ ⋀{𝑚஺(𝑥), 𝑚஺(𝑦)} 
6. 𝑛஺(𝑥 ⋁ 𝑦) ≤ ⋁{𝑛஺(𝑥), 𝑛஺(𝑦)} 

 

Definition 3.2: Let A=(x,𝑚஺, 𝑛஺) 𝑏𝑒 an L-vague ideal of ring R (if and only if ) 

1. (𝑚஺)(∗) = {𝑥 ∈ 𝑅: 𝑚஺(𝑥) = 𝑚஺(0)} 
2. (𝑛஺)(∗) = {𝑥 ∈ 𝑅: 𝑛஺(𝑥) ≥ 𝑛஺(0)} 

Theorem 3.3: Let A⊆ 𝑅then A is an ideal of R if and only if𝐴ଵ = (𝑥, 𝑚஺, 𝑛஺) is also an vague ideal of R. 

Proof:Let x,y in A then A is an ideal of R  

 if and only if 

(i) 𝑚஺(0)(𝑥 − 𝑦) = 𝑚஺(0) 

               =⋀{m୅(0)(x), m୅(0)(y)} 

𝑚஺(0)(𝑥 − 𝑦) = ሥ{m୅(0)(x), m୅(0)(y)} 

(ii)  𝑚஺(0)(𝑥𝑦) = 𝑚஺(0) 

               =⋀{m୅(0)(x), m୅(0)(y)} 
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𝑚஺(0)(𝑥𝑦) = ሥ{m୅(0)(x), m୅(0)(y)} 

(iii) 𝑛஺(0)(𝑥 − 𝑦) = 𝑛஺(0) 

   =⋁{n୅(0)(x), n୅(0)(y)} 

𝑛஺(0)(𝑥 − 𝑦) = ሧ{n୅(0)(x), n୅(0)(y)} 

(iv) 𝑛஺(0)(𝑥𝑦) = 𝑛஺(0) 

=⋁{n୅(0)(x), n୅(0)(y)} 

𝑛஺(0)(𝑥𝑦) = ሧ{n୅(0)(x), n୅(0)(y)} 

Theorem 3.4:Let 𝐴 = (𝑥, 𝑚஺, 𝑛஺) be a L-vague ideal of ring R and R be a ring with identity then      

(i) 𝑚஺(1) ≤ 𝑚஺(𝑥) 
(ii) 𝑛஺(1) ≥ 𝑛஺(𝑥) for all x∈ 𝑅 

Proof:  

(i) For x∈ 𝑅, 𝑚஺(𝑥) = 𝑚஺(𝑥. 1) ≥ Ʌ{𝑚஺(𝑥), 𝑚஺(1)} ≥ 𝑚஺(1) 

⇒ 𝑚஺(𝑥) ≥ 𝑚஺(1) 

(ii) For x∈ 𝑅, 𝑛஺(𝑥) = 𝑛஺(𝑥. 1) ≤ ⋁{𝑛஺(𝑥), 𝑛஺(1)} ≤ 𝑛஺(1) 

⇒ 𝑛஺(𝑥) ≤ 𝑛஺(1) 

Theorem 3.5: Let 𝐴 = (𝑥, 𝑚஺, 𝑛஺) be a L-vague ideal of ring R.  

(i) If  𝑚஺(𝑥 − 𝑦) = 𝑚஺(0) then 𝑚஺(𝑥) = 𝑚஺(𝑦) 
(ii) If   𝑛஺(𝑥 − 𝑦) = 𝑛஺(0) then 𝑛஺(𝑥) = 𝑛஺(𝑦)    for x,y ∈ 𝑅 

Proof: 

 For x,y∈ 𝑅 

(i) 𝑚஺(𝑥) = 𝑚஺(𝑥 − 𝑦 + 𝑦) ≥ ⋀{𝑚஺(𝑥 − 𝑦), 𝑚஺(𝑦)} = 𝑚஺(𝑦) 

⇒𝑚஺(𝑥) ≥ 𝑚஺(𝑦) → (1) 

𝑎𝑛𝑑 𝑚஺(𝑦) = 𝑚஺(𝑦 − 𝑥 + 𝑥) ≥ ሥ{𝑚஺(𝑥 − 𝑦), 𝑚஺(𝑥)} = 𝑚஺(𝑥) 

⇒𝑚஺(𝑦) ≥ 𝑚஺(𝑥) → (2) 
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    From (1) and (2)  

   ∴ 𝑚஺(𝑥) = 𝑚஺(𝑦) 

(𝑖𝑖) 𝑛஺(𝑥) = 𝑛஺(𝑥 − 𝑦 + 𝑦) ≤ ⋁{𝑛஺(𝑥 − 𝑦), 𝑛஺(𝑦)} = 𝑛஺(𝑦) 

⇒𝑛஺(𝑥) ≤ 𝑛஺(𝑦) → (1) 

𝑎𝑛𝑑 𝑛஺(𝑦) = 𝑛஺(𝑦 − 𝑥 + 𝑥) ≥ ሧ{𝑛஺(𝑥 − 𝑦), 𝑛஺(𝑦)} = 𝑛஺(𝑥) 

⇒𝑛஺(𝑦) ≥ 𝑛஺(𝑥) → (2) 

    From (1) and (2)  

   ∴ 𝑛஺(𝑥) = 𝑛஺(𝑦) 

Theorem 3.6: Let 𝐴 = (𝑥, 𝑚஺, 𝑛஺) be a L-vague ideal of ring R then 

(i) 𝑚஺(∗) is an ideal of R 
(ii) 𝑛஺(∗) is need not be an ideal of R 

Proof: (i)For x, y ∈ 𝑚஺(∗) and r ∈ 𝑅 

𝑚஺(𝑥 − 𝑦) ≥ Ʌ{𝑚஺(𝑥), 𝑚஺(𝑦)} = 𝑚஺(0) 

∴ 𝑚஺(𝑥 − 𝑦) ≥ 𝑚஺(0) 

And 𝑚஺(𝑥𝑟) ≥ 𝑚஺(𝑥) = 𝑚஺(0) 

∴ 𝑚஺(𝑥𝑟) ≥ 𝑚஺(0) 

  Therefore  𝑚஺(∗) is an ideal of R 

 (ii) Let x,y ∈(𝑛஺)*and r ∈ 𝑅. 

            If   𝑛஺(x-y)=𝑛஺(x) then 𝑛஺(x-y)> 𝑛஺(0) implies (x-y) ∈(𝑛஺)* . 

            But if  𝑛஺(x-y)< 𝑚𝑎𝑥{𝑛஺(x), 𝑛஺(x)} then (x-y ) does not belongs to (𝑛஺)* . 

           Similarly, if  𝑛஺(xr)≥  𝑛஺(x) then x∈(𝑛஺)*.  

          If    𝑛஺(xr)< 𝑛஺(x)  the xr does not belongs to (𝑛஺)*. 

Theorem 3.7: Let R be a ring with identity and 𝐴 = (𝑥, 𝑚஺, 𝑛஺) be an L-vague ideal of a ring R then  

(i) 𝑚஺(𝑥) = 𝑚஺(𝑥ିଵ) is an ideal of R and 𝑛஺(𝑥) = 𝑛஺(𝑥ିଵ) is an ideal of R 
Where  x is the unit element. 
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(ii) Let x,y be associates then   𝑚஺(𝑥) = 𝑚஺(𝑦) and 𝑛஺(𝑥) = 𝑛஺(𝑦) 

Proof: (i) For x∈ 𝑅 such that 𝑥𝑥ିଵ = 𝑥ିଵ𝑥 = 1 

Let𝑚஺(𝑥ିଵ) = 𝑚஺(𝑥ିଵ) = 𝑚஺(𝑥ିଵ𝑥𝑥ିଵ) ≥ 𝑚஺(𝑥ିଵ𝑥) ≥ 𝑚஺(𝑥) 

    𝑚஺(𝑥ିଵ) ≥  𝑚஺(𝑥) → (1) 

  And 𝑚஺(𝑥) = 𝑚஺(𝑥. 1) = 𝑚஺(𝑥𝑥ିଵ𝑥) ≥ 𝑚஺(𝑥𝑥ିଵ) ≥ 𝑚஺(𝑥ିଵ) 

    𝑚஺(𝑥) ≥  𝑚஺(𝑥ିଵ) → (2) 

 From eq’ns (1) and (2) 

  𝑚஺(𝑥) = 𝑚஺(𝑥ିଵ) 

 Also 𝑚஺(𝑥𝑥ିଵ) = 𝑚஺(1) ≥  𝑚஺(𝑥)   𝑎𝑛𝑑 𝑚஺(𝑥ିଵ𝑥) = 𝑚஺(1) ≥  𝑚஺(𝑥ିଵ) 

 Therefore  𝑚஺(𝑥) ≤  𝑚஺(1) 𝑎𝑛𝑑𝑚஺(𝑥ିଵ) ≤  𝑚஺(1) 

  ⇒ 𝑚஺(𝑥) = 𝑚஺(𝑥ିଵ) = 𝑚஺(1) 

 Also 𝑛஺(𝑥𝑥ିଵ) = 𝑛஺(1) ≤ 𝑛஺(𝑥)𝑎𝑛𝑑 𝑛஺(𝑥ିଵ𝑥) = 𝑛஺(1) ≤ 𝑛஺(𝑥ିଵ) 

  𝑛஺(𝑥) ≤ 𝑛஺(1) and 𝑛஺(𝑥ିଵ) ≤ 𝑛஺(1) 

  𝑛஺(𝑥) = 𝑛஺(𝑥ିଵ) = 𝑛஺(1) 

(iii) Let x=uy where u is the unit element then 

𝑚஺(𝑥) = 𝑚஺(𝑢𝑥) ≥ 𝑚஺(𝑦)𝑎𝑛𝑑 𝑚஺(𝑦) = 𝑚஺(𝑥𝑢ିଵ) ≥ 𝑚஺(𝑥) 

 𝑛஺(𝑥) = 𝑛஺(𝑢𝑥) ≤ 𝑛஺(𝑦)𝑎𝑛𝑑 𝑛஺(𝑦) = 𝑛஺(𝑥𝑢ିଵ) ≤ 𝑛஺(𝑥) 

        Therefore 𝑚஺(𝑥) = 𝑚஺(𝑦)  𝑎𝑛𝑑  𝑛஺(𝑥) = 𝑛஺(𝑦) 

Theorem 3.8: Let R be a ring with identity and𝐴௝ = ൫𝑥, 𝑚஺௝, 𝑛஺௝൯, 𝐵 = ൫𝑥, 𝑚஻௝, 𝑛஻௝൯ are two L-vague ideal of a 
ring R then (𝐴𝑗 ∩ 𝐵𝑗) is an vague ideal of R. More over for any j∈ 𝐼,indexed set, 𝐴௝ = ൫𝑥, 𝑚஺௝(𝑥), 𝑛஺௝(𝑥): 𝑥 ∈

𝑅൯ is an L-vague ideal of R. 

Proof: For x,y∈ 𝑅 then  

(i) For x, y∈ 𝑅 then  

𝑚(஺ೕ∩஻ೕ)(𝑥) = 𝑚(஺ೕ∩஻ೕ)(𝑥 − 𝑦 + 𝑦) 

    ≥ ⋀{𝑚(஺ೕ∩஻ೕ)(x-y), 𝑚(஺ೕ∩஻ೕ)(𝑦)} 
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                                                      =𝑚(஺ೕ∩஻ೕ)(𝑦) 

   𝑚(஺ೕ∩஻ೕ)(𝑦) =𝑚(஺ೕ∩஻ೕ)(𝑦 − 𝑥 + 𝑥) 

                ≥ ⋀{𝑚(஺ೕ∩஻ೕ) (𝑥 − 𝑦), 𝑚(஺ೕ∩஻ೕ)(𝑥)} 

                               =𝑚(஺ೕ∩஻ೕ)(𝑥) 

(ii) For x, y∈ 𝑅 then  

𝑛(஺ೕ∩஻ೕ)(𝑥) = 𝑛(஺ೕ∩஻ೕ)(𝑥 − 𝑦 + 𝑦) 

    ≤ ⋁{ 𝑛(஺ೕ∩஻ೕ)(𝑥 − 𝑦), 𝑛(஺ೕ∩஻ೕ)(𝑦)} 

                                                      =𝑛(஺ೕ∩஻ೕ)(𝑦) 

   𝑛(஺ೕ∩஻ೕ)(𝑦) =𝑛(஺ೕ∩஻ೕ)(𝑦 − 𝑥 + 𝑥) 

                ≤ ⋁{ 𝑛(஺ೕ∩஻ೕ)(𝑥 − 𝑦), 𝑛(஺ೕ∩஻ೕ)(𝑥)}  

                =𝑛(஺ೕ∩஻ೕ)(𝑥) 

(iii) 𝑚൫஺ೕ∩஻ೕ൯(𝑥𝑦) = ⋁൛𝑚஺௝(𝑥𝑦), 𝑚஻௝(𝑥𝑦)ൟ 

≥ ሧ{𝑚஺௝(𝑥), 𝑚஺௝(𝑦), 𝑚஻௝(𝑥), 𝑚஻௝(𝑦)} 

≥ {𝑚஺௝∩஻௝(𝑥), 𝑚஺௝∩஻௝(𝑦)} 

  Therefore 𝑚൫஺ೕ∩஻ೕ൯(𝑥𝑦) ≥  {𝑚஺௝∩஻௝(𝑥), 𝑚஺௝∩஻௝(𝑦)} 

(iv) 𝑛൫஺ೕ∩஻ೕ൯(𝑥𝑦) = ⋁൛𝑛஺௝(𝑥𝑦), 𝑛஻௝(𝑥𝑦)ൟ 

≤ ሧ{𝑛஺௝(𝑥), 𝑛஺௝(𝑦), 𝑛஻௝(𝑥), 𝑛஻௝(𝑦)} 

  ≤ {𝑛஺௝∩஻௝(𝑥), 𝑛஺௝∩஻௝(𝑦)} 

                               Therefore 𝑛൫஺ೕ∩஻ೕ൯(𝑥𝑦) ≤  {𝑛஺௝∩஻௝(𝑥), 𝑛஺௝∩஻௝(𝑦)} 

     Therefore (𝐴𝑗 ∩ 𝐵𝑗) is also L-vague ideal  , where Aj,Bj∈ 𝑅 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑅 

4. L-vague cosets. 

In this section we explain the L-vague coset and study quotient ring of R by the truth ship function 
and false ship function of an L-vague ring and L-vague ideal respectively. 
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Definition 4.1: Let 𝐴 = (𝑥. 𝑚஺(𝑥), 𝑛஺(𝑥))  be an L-vague set of an L-vague ring R then 𝐷 =
{(𝑥, 𝑚஺(0){x}+𝑚஺(𝑥), 𝑛஺(0){x}+𝑛஺(𝑥))} is called an L-vague coset (LVC)of A and it is denoted as  

 C= {(x,  (x+m(୅))(x), ൫x + n(୅)൯(x) ∶ x ∈ R} 

Theorem 4.2:  Let x ,y∈ 𝑅 and let 𝐷 = {(𝑥, 𝑚஺(0){0}+𝑚஺(𝑥), 𝑛஺(0){0}+𝑛஺(𝑥))} be an L-vague coset of 
L-vague ring of A then 
(i) (𝑚஺(0){x}+𝑚஺)(𝑦) = 𝑚஺(𝑥 − 𝑦) 
(ii) (𝑛஺(0){x}+𝑛஺)(𝑦) = 𝑛஺(𝑥 − 𝑦) 

Proof:  For any x,y∈ 𝑅 

(i) (𝑚஺(0){x}+𝑚஺)(𝑦) =max{min{𝑚஺(0){x}(u),𝑚஺)(𝑣): 𝑢 + 𝑣 = 𝑦}} 
                                     = min{𝑚஺(0){x}(x),𝑚஺(𝑦 − 𝑥)} 
             = 𝑚஺(𝑦 − 𝑥)} 

(ii) (𝑛஺(0){x}+𝑛஺)(𝑦) =min{max{𝑛஺(0){x}(u),𝑛஺)(𝑣): 𝑢 + 𝑣 = 𝑦}} 
                                     = max{𝑛஺(0){x}(x),𝑛஺(𝑦 − 𝑥)} 
             = 𝑛஺(𝑦 − 𝑥)} 

       Remark: 4.3  The above result becomes 

 (x+𝑚஺)(𝑦) = 𝑚஺(𝑥 − 𝑦) and (x+𝑛஺)(𝑦) = 𝑛஺(𝑥 − 𝑦) 

    

  Theorem 4.4 :  Let 𝐴 = ൫𝑥, 𝑚஺(𝑥), 𝑛஺(𝑥)൯be an L-vague ideal of R  then 

(i) x + 𝑚஺ = 𝑦 + 𝑚஺ if and only if 𝑚஺(𝑥 − 𝑦) = 𝑚஺(0) 
(ii) x + 𝑛஺ = 𝑦 + 𝑛஺ if and only if 𝑛஺(𝑥 − 𝑦) = 𝑛஺(0) 

Proof: 

(i) Suppose 𝑥 + 𝑚஺ = 𝑦 + 𝑚஺then      (x+𝑚஺(𝑥)) = 𝑦 + 𝑚஺(𝑥) 

                                                             𝑖𝑚𝑝𝑙𝑖𝑒𝑠    𝑚஺(0) = 𝑚஺(𝑥 − 𝑦). 

  Conversely , if 𝑚஺(𝑥 − 𝑦) = 𝑚஺(0), then for z∈ 𝑅, 

(x+𝑚஺)(𝑧) = 𝑚஺(𝑥 − 𝑧) = 𝑚஺(𝑥 − 𝑦 + 𝑦 − 𝑧) 

≥ min {𝑚஺(𝑥 − 𝑦), 𝑚஺(𝑦 − 𝑧)} 

   ≥ min{𝑚஺(0), 𝑚஺(𝑦 − 𝑧)} 

   =𝑚஺(𝑦 − 𝑧). 

Similarly 𝑚஺(𝑦 − 𝑧) = (𝑦 + 𝑚஺)(𝑧) ≥ ൫𝑥 + 𝑚஺(𝑧)൯. 

Therefore 𝑚஺(𝑥 − 𝑧) = 𝑚஺(𝑦 − 𝑧) 
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          Hence      x + 𝑚஺ = 𝑦 + 𝑚஺ 

(ii) Suppose 𝑥 + 𝑛஺ = 𝑦 + 𝑛  then      (x+𝑛஺(𝑥)) = 𝑦 + 𝑛஺(𝑥) 

                                                             𝑖𝑚𝑝𝑙𝑖𝑒𝑠    𝑛஺(0) = 𝑛஺(𝑥 − 𝑦). 

  Conversely , if 𝑛஺(𝑥 − 𝑦) = 𝑛஺(0), then for z∈ 𝑅, 

(x+𝑛஺)(𝑧) = 𝑛஺(𝑥 − 𝑧) = 𝑛஺(𝑥 − 𝑦 + 𝑦 − 𝑧) 

≤ 𝑚𝑎𝑥{𝑛஺(𝑥 − 𝑦), 𝑛஺(𝑦 − 𝑧)} 

   ≥ max{𝑛஺(0), 𝑛஺(𝑦 − 𝑧)} 

   =𝑛஺(𝑦 − 𝑧). 

Similarly 𝑛஺(𝑦 − 𝑧) = (𝑦 + 𝑛஺)(𝑧) ≤ ൫𝑥 + 𝑛஺(𝑧)൯. 

Therefore 𝑛஺(𝑥 − 𝑧) = 𝑛஺(𝑦 − 𝑧) 

          Hence      x + 𝑛஺ = 𝑦 + 𝑛஺ 

Definition 4.5: Let A= (x, 𝑡஺(𝑥), 𝑓஺(𝑥)) bean L-vague set of an l-vague ring R, then 
ோ

஺
 is called L-vague 

quotient ring R by 𝑡஺ and𝑓஺ if it satisfies the following properties. 

(i) 0 + 𝑡஺ = 𝑡஺ , 0+𝑓஺ = 𝑓஺ is the zero element of 
ோ

஺
 

(ii) For all  𝑥 ∈ 𝑅 − (𝑥 + 𝑡஺) = (−𝑥) + 𝑡஺ 𝑎𝑛𝑑 − (𝑥 + 𝑓஺) = (−𝑥) + 𝑓஺  additive inverse of   

(iii) For all x,y,z ∈
ோ

஺
 , (x+y)+z=(x+y)+z 

(iv) For all x,y,z ∈
ோ

஺
 , (x+y) = (y+x) 

(v) For all x,y,z ∈
ோ

஺
,  x.(y.z)=(x.y).z 

(vi) For all x,y,z ∈
ோ

஺
, x.(y+z) = x.y+x.z  and (x+y).z=x.z+y.z 

Conclusion: In this paper we introduced some operations on L-vague sets and studied some properties on L-
vague rings and define L-vague ideals, also studied some of their operations on L-vague ring and L-vague 
ideals.  These concepts are used in the development of some of their important properties have been inspected. 
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ABSTRACT 

 

             In this paper we give a simple system of defining relations for the generalized accessible rings established in [2]. 
We showthat ((w,x,y),z) = sgn ((w,x,y),z) for all w,x,y,z R and (v,x,y) = sgn (v,x,y) for all  v,x,y R,  where 
 is any permutation of the three elements. Also it is shown that f(w,x,y,z) is a skew symmetric function of w,x,y,z. Using  
these results, we prove that a flexible ring R is generalized accessible if and only if it satisfies the following identities (i) 
(x,(z,y,y) = 0  (ii) (x,y,(w,z)) + (x,(w,z),y) = 0 for  all w,x,y,z R and a 2- and 3- divisible generalized standard ring R is a 
generalized accessible ring. It is also proved that a non-commutative generalized accessible Jordan ring R is generalized 
standard.  

INTRODUCTION 

 

 Schafer [3] defined Generalized standard rings and determined the structure of 2- and 3- divisible simple, finite 
dimensional generalized standard algebras by showing that they must be either commutative, Jordan, or alternative. 
Kleinfeld et. al. [ 1] introduced the generalized accessible rings. Shestakov [4] obtained the defining relations for the class 
of generalized accessible rings. 

PRELIMINARIES 

 Throughout this section R represents a generalized accessible ring. 

A ring is flexible if the following identity holds (x,y,x) = 0. 

A flexible ring is non commutative Jordan if the following identity holds (x2,y,x) = 0. 

A ring is a generalized standard ring if it satisfies the following identities : 

(x,y,x) = 0,                  …………. 1.1  

(x,y,z)x + (y,z,x)x + (z,x,y)x = (x,y,zx) + (y,xz,x) + (xz,x,y), …………. 1.2 

(x,y,wz) + (w,y,xz) + (z,y,xw) = (x,(w,z,y)) + (x,w,(y,z)).         …………. 1.3 
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It is observed that these identities imply (y,y,(x,z)) = 0              …………. 1.4 

and if 2- and 3- divisible,  (x,y,x2) = 0.               …………. 1.5 

A Ring R is a generalized accessible ring if it satisfies the identities 

(x,y,x) = 0, 

(x,(z,y,y)) = 0.                           …………. 1.6 

3 (x,y,(w,z)) = - (w,(x,y,z)) - 2(x,(y,z,w)) + 2(y,(z,w,x)) + (z,(w,x,y)). ….. 1.7                         

In any arbitrary ring, we have the following identities: 

S(x,y,z) = (xy,z) – x(y,z) – (x,z)y,           …………. 1.8 

(x,yoz,w) = (xoy),z,w) + (x,y,zow) – xo(y,z,w) – (x,y,z)ow,      …………. 1.9 

(w,x,(y,z)) – (w,(x,y),z) + ((w,x),y,z) = (w,(x,y,z)) – (z,(w,x,y),  ………. 1.10 

G(x,y,w,z) = 3(x,y,(w,z)) + (w,(x,y,z)) + 2(x,(y,z,w)) – 2(y,(z,w,x)) -               (z, (w,x,y)),    
 …………. 1.11 

Lemma 1.1:((w,x,y),z) = sgn ((w,x,y),z), where w,x,y and z are arbitrary in R and  is any permutation of the three 
letters w,x and y. 

 

Proof: Let us take three elements w,x and y to form an alternative triple. That is, ((w,y,y),z) = 0, ((y,y,w),z) = 0 and 
((y,w,y),z) = 0. 

By linearizing 1.6 and 1.1, we obtain 

((w,x,y),z) = -((w,y,x),z) 

                  = ((x,y,w),z) 

                  = -((y,x,w),z) 

                  = ((y,w,x),z) . 

Therefore ((w,x,y),z) = ((x,y,w),z) = ((y,w,x),z). 

Hence ((w,x,y),z) = sgn ((w,x,y),z).       

Lemma 1.2: Let V = (R,R), Let vV and x,yR. Then (v,x,y) = sgn (v,x,y), where  is any permutation of the three 
elements v,x and y. 

Proof: Since from G(y,y,w,z) = 0, we have 

3(y,y, (w,z)) = -(w,(y,y,z)) - 2(y,(y,z,w)) + 2(y,(z,w,y)) + (z,(w,y,y)). …. 1.12 
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From lemma 1.1, the right hand side of equation 1.12 is zero. 

Thus we have (y,y,(w,z)) = 0.                …………. 1.13 

By linearizing 1.13, we have (x,y,(w,z)) = -(y,x, (w,z)). 

Now apply flexible law to 1.13, we have ((w,z),y,y) = 0. 

By linearizing this last equation, we get ((w,z), x,y) = -((w,z),y,x). 

 

Thus we have (x,y, (w,z)) = -(y,x,(w,z)) = ((w,z),x,y) = -((w,z),y,x)). 

We also know from the flexible law that (x,(w,z),y) = -(y,(w,z),x). 

Now we have need to prove that (x,(w,z),y) = -(x,y,(w,z)). 

To prove this we define 

K(w,x,y,z) = (w,x,(y,z)) – (w,(x,y),z) + ((w,x), y,z) – (w,(x,y,z)) + (z,(w,x,y)). 

Now from 1.10 we states   precisely that K(w,x,y,z) = 0  

From  3K (x,z,w,y) + G(y,w,x,z) – G(x,z,w,y) = 0, we obtain 

3(x, (z,w),y)  = 3((x,z),w,y) + 3(x,z,(w,y)) – 3(x,(z,w,y)) 

                         -3((x,z,w),y) + 3(y,w,(x,z)) + (x,(y,w,z)) 

                         +2(y,(w,z,x)) - 2 (w,(z,x,y)) – (z,(x,y,w)) 

                         -3(x,z,(w,y) - (w,(x,z,y)) - 2(x,(z,y,w)) 

                         +2(z,(y,w,x)) + (y,(w,x,z).           …………. 1.14 

By using lemma 1.1 and collecting all terms on the right hand side of 1.14 yields.  

-3(x,(w,z),y) = -(w,(x,y,z) - 2(x,(y,z,w)) + 2(y,(z,w,x)) + (z,(w,x,y)).  ..…1.15 

But from G(x,y,w,z) = 0 we have 

3(x,y,(w,z)) = -(w,(x,y,z)) - 2 (x,(y,z,w)) + 2(y,(z,w,x)) + (z,(w,x,y)).  … 1.16 

Comparing 1.15 and 1.16 we have 

(x,y,(w,z)) = -(x,(w,z),y).            …………. 1.17 

This completes the proof of the lemma.       

Lemma 1.3: f(w,x,y,z) is a skew symmetric function of w,x,y,z. 
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Proof: From lemma 1.2, we have ((x,y),z,w) = -(z,(x,y),w). 

Now we substitute w=z in the above equation,  

we get ((x,y),z, z) = - (z,(x,y),z).   

By flexible law, ((x,y),z,z) = 0.            …………. 1.18 

Now we have to show that f(w,x,y,z) =  -f(z,w,x,y). 

To prove this we define function 

f(w,x,y,z) = ((w,x),y,z) - (x,(w,y,z)) - ((x,y,z),w) which is satisfied by the identities 1.6 and 1.17 

Now substitute z=y in the function f(w,x,y,z), we  have 

f(w,x,y,y) = ((w,x),y,y) – (x,(w,y,y)) - ((x,y,y),w). 

By using 1.18 and 1.6 in the above equation,  

we obtain  f(w,x,y,y) = 0.         …………. 1.19 

By linearizing 1.1, 1.6, 1.18 and using 1.10, 1.17, we get 

-f(z,w,x,y) =  -((z,w),x,y) + (w,(z,x,y)) + ((w,x,y),z) 

= -((z,w),x,y) + (w,(z,x,y)) - (w,(x,y,z)) - (w,(x,y),z) + ((w,x),y,z) + (w,x, (y,z)) 

= ((w,x),y,z) – ((y,z),x,w) - ((z,w),x,y) + (w,(z,x,y)) + (w,(z,y,x) + (z,(x,y),w) 

= ((w,x),y,z) + ((y,z),w,x) - ((z,w),x,y) + (w,(z,x,y)) – (w,(z,x,y)) - ((x,y),z,w) 

= ((w,x),y,z) + ((y,z),w,x) - ((x,y),z,w) – ((z,w),x,y). 

Consequently, f(w,x,y,z) = ((w,x),y,z) + ((y,z), w,x) - ((x,y),z,w) - ((z,w),x,y), 

That is, f(w,x,y,z) = -f(z,w,x,y). 

When, in view of 1.19, it follows that f(w,x,y,z) is skew–symmetric. 

This completes the proof of the lemma.    

Theorem 1.1: A flexible ring R is generalized accessible if and only if the identities (i) (x, (z,y,y)) = 0   (ii) (x,y, (w,z)) + 
(x, (w,z),y) = 0. 

 

Proof: First we assume that a flexible ring R is generalized accessible if it satisfies the identities (ii). 

The above identity proved in the lemma 1.2. Conversely, if R satisfies the identities (i) and (ii) then R is generalized 
accessible. 
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To prove this we take definition, 

f( w,x,y,z) = ((w,x),y,z) - (x,(w,y,z) - ((x,y,z),w). 

From this definition, we have  

((w,x),y,z) = f(w,x,y,z) + (x,(w,y,z)) + ((x,y,z),w). 

((y,z),w,x) = f(y,z,w,x) + (z,(y,w,x)) + ((z,w,x),y). 

((x,y),z,w) = f( x,y,z,w) + (y,(x,z,w)) + ((y,z,w),x). 

Now, by virtue of 1.10 and 1.17, we have 

f(w,x,y,z) + (x,(w,y,z)) + ((x,y,z),w) + f (y,z,w,x) +  (z, (y, w,x)) +  ((z,w,x),y) –  f(x,y,z,w) - (y,(x,z,w)) – ((y,z,w),x). 

= ((w,x),y,z) + ((y,z),w,x) – ((x,y), z,w). 

= (w,(x,y),z) - (w,x,(y,z) + (w,(x,y,z)) – (z,(w,x,y)) + ((y,z),w,x) – ((x,y),z,w). 

= -((x,y),w,z) – (w,x,(y,z)) + (w,(x,y,z))  + ((w,x,y),z) + ((y,z),w,x) – ((x,y),z,w). 

Now by linearizing of 1.1 and 1.18, we have  

f(w,x,y,z) + (x,(w,y,z)) + ((x,y,z),w) + f (y,z,w,x) + (z,(y,w,x)) + ((z,w,x),y) –  f(x,y,z,w) - (y,(x,z,w)) - ((y,z,w),x) = 
(w,(x,y,z)) + ((w,x,y,),z). 

When, in view of the linearized 1.1, 1.6 and lemma 1.3  

3f(w,z,x,y) = 2[(w,(x,y,z)) – (z,(w,x,y)) + (y,(z,w,x)) - (x,(y,z,w))]. …. ….1.20 

3[((w,z), x,y) - (z,(w,x,y)) - ((z,x,y),w)]  

= 2(w,(x,y,z)) - 2(z,(w,x,y)) + 2(y,(z,w,x)) - 2(x,(y,z,w)) 

3((w,z),x,y) = 2(y,(z,w,x)) - 2(x,(y,z,w)) + (z,(w,x,y)) – (w,(x,y,z)) which is equivalent to 1.7. 

Thus, 1.7 can be replaced by the simpler 1.20 in the definition of a generalized accessible ring. 

 

Theorem 1.2: A 2- and 3- divisible generalized standard ring R is a generalized accessible ring. 

 

Proof: If we substitute w=y in 1.3, then we get  

(x,y,yz) + (y,y,xz) + (z,y,xy) = (x,y,(y,z))              …………. 1.21 

because of 1.1. By cancellation and subtraction, this last equation becomes  

(x,y,zy) + (y,y,xz) + (zy,x,y) = 0. 
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By interchanging x and z in 1.21 and subtract with this last equation, we get 

 (y,y,(x,z)) = 0.        …………. 1.22 

By linearizing 1.22 and using 1.1, we obtain 

(w,y,(x,z)) = -(y,w,(x,z)) = ((x,z),w,y) = - ((x,z),y,w).           …………. 1.23 

Now substitute w=z=x in 1.3 and using 1.22 we get 

3(x,y,x2) = (x,(x,x,y)).       …………. 1.24 

Now we take z=y=x in 1.10 we obtain ((w,x),x,x) = -(x,(w,x,x)). 

Using 1.22 and the linearization of 1.1 we have ((w,x),x,x) = 0. 

Therefore we have (x,(w,x,x)) = 0. 

If we put w=y in this last equation and using the linearization of 1.1 then we get (x, (x,x,y)) = 0. 

Substitute this in 1.24 we get 3(x,y,x2) = 0, and since R is a 2- and 3- divisible, it follows that  (x,y,x2) = 0.   
  …………. 1.25 

Now put w=x in 1.3 and using 1.22, then we obtain 

2(x,y,xz) + (z,y,x2) = (x, (x,z,y)). 

But by the linearization of 1.25 yields (x,y,xz + zx) + (z,y,x2) = 0. 

By comparing this last two equations we get 

(x,y,(x,z)) = (x,(x,z,y)).            …………. 1.26 

Now interchange w and z in 1.3 and subtract the resulting equation from 1.3, we get 

(x,y,(w,z)) = (x,(w,z,y)) – (z,w,y)) + (x,w,(y,z)) - (x,z,(y,w)).  …………. 1.27 

Substitute w=y in 1.27 and using 1.11, then we obtain 

(x,y,(y,z)) = -(x,(z,y,y)) + (x,y,(y,z)) which implies (x,(z,y,y)) = 0. …..…..1.28 

Now by linearization of 1.28 and use of 1.1 we get 

(x,(w,y,z)) = sgn (x,(w,y,z)).    …………. 1.29     

Where    is any permutation of the three letters w,y and z. By using  1.29, we rewrite 1.27 as (x,y,(w,z)) + (x,w,(z,y)) + 
(x,z,(y,w)) = 2(x,(w,z,y)).        

     …………. 1.30 

By linearizing 1.26, we get 
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(w,y,(x,z)) + (x,y,(w,z)) = (w,(x,z,y)) + (x,(w,z,y)). 

Interchange x and y in this last equation, we obtain  

(w,x,(y,z)) + (y,x,(w,z)) = (w,(y,z,x)) + (y,(w,z,x)).         …………. 1.31 

Now apply permutation (wyz) in 1.31 we get 

(y,x,(z,w)) + (z,x,(y,w)) = (y,(z,w,x)) + (z,(y,w,x)).              …………. 1.32 

Now subtract 1.31 from 1.32 and use 1.29 we have 

2(x,y,(w,z)) + ( x,w,(y,z)) + (z,x,(y,w)) =  -(w,(x,y,z)) + 2(y,(z,w,x)) +   

(z,(w,x,y)).         …………. 1.33 

By adding 1.30 and 1.33 and using 1.29 and 1.23, it follows that  

3(x,y,(w,z)) = -(w,(x,y,z)) – 2(x,(y,z,w)) + 2(y,(z,w,x)) + (z,(w,x,y)). ….. 1.34 

Therefore in other words G(x,y,w,z) = 0. 

Since 1.1, 1.28 and 1.34 constitute a generalized accessible ring.  

In any arbitrary accessible ring R, it is shown that R is flexible, that all associators satisfy ((x,y,z),w) = 0. From this it 
follows that R is a generalized accessible rings.       

 

Theorem1.3: A non commutative generalized accessible Jordan ring R is generalized standard. 

 

Proof: By linearizing the Jordan identity (x2,y,x) = 0, we obtain 

(x,y,zow) + (z,y,xow) + (w,y, xoz) = 0. 

Now we have hence 

2(x,y,zw) + 2(w,y,xz) + 2(z,y,xw)  

= (x,y,(z,w)) + (w,y,(x,z)) + (z,y,(x,w)) 

= (x,y,(z,w)) + (w,y,(x,z)) + (z,y,(w,x)) + 2(z,y,(x,w)) 

= H(x,z,w,y) + 2(z,y,(x,w)). 

Where H(x,z,w,y) = (x,y,(z,w)) + (w,y,(x,z)) + (z,y,(w,x)). 

Now using function f(w,x,y,z) = ((w,x),y,z) - (x,(w,y,z)) - ((x,y,z),w) in H (x,z,w,y), we have 

H(x,z,w,y) = ((z,w),x,y) + ((x,z),w,y) + ((w,x),z,y) 
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         = f(z,w,x,y) + (w,(z,x,y)) + ((w,x,y),z) + f(x,z,w,y) + (z,(x,w,y)) + 

            ((z,w,y),x) + f(w,x,z,y) + (x,(w,z,y)) + ((x,z,y),w). 

By using properties of generalized accessible ring, we obtain 

H(x,z,w,y) = -3f(w,z,x,y) + 2(w,(x,y,z)) - 2(z,(w,x,y)) - 2(x,(y,z,w)). 

Now using 1.20 in the above equation, we have 

H(x,z,w,y) = -2(w,(x,y,z)) + 2(z,(w,x,y)) – 2(y,(z,w,x)) + 2(x,(y,z,w)) +  

            2(w,(x,y,z) - 2(z,(w,x,y)) – 2(x,(y,z,w)).    

         = -2(y,(z,w,x)). 

Now using the identity of corollary of the lemma 2.1 from “Generalized standard rings”.   

I.P. Shestakov, Algebra, logika, 13, No.1, 88 – 103 (1974), we have  

((y,x),y,z) = ((x,y,z),y). 

Using the linearization of above identity, we have 

2(x,y,zw) + 2(w,y,xz) + 2(z,y,xw) = H(x,z,w,y) + 2 (z,y,(x,w)) 

                 = -2(y,(z,w,x)) + 2(z,y,(x,w)) 

                 = -2((z,x,w),y) + 2(z,y,(x,w)) 

                                                       = 2((z,y,w),x) - 2(z,x,(y,w)) 

                                                       = 2(x,(z,w,y)) + 2(x,z,(y,w)) 

 

Consequently 

(x,y,zw) + (w,y,xz) + (z,y,xw) = (x,(z,w,y) + (x,z,(y,w)).  (or) 

(x,y,zw) + (z,y,xw) + (w,y,xz) = (x,(z,w,y)) + (x,z,(y,w)). 

Therefore R is generalized standard ring. 
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CLASSES ON HARMONIC STARLIKE FUNCTIONS 
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Abstract.The harmonic function subclasses described by an operator in a unit disk aare discussed in this paper. 
Obtain the necessary and sufficient conditions for above classes. 

INTRODUCTION  
Let f p iq  be harmonic in the domainof complex plane . We shall express f i  , with  and   are respectively 

analytic part and co-analytic part of f . 

 
Let  represents the functions of kind f i   which are harmonic one-one and orientation- preserving in 

{ : 1}z z   with (0) (0) (0) 1 0zf f    , also and  as  

1
2 1

( ) , ( ) , 1.n n
n n

n n

z z a z z b z b
 

 

       (1)           

In 1984, “the class was introduced by Clunie and Sheil-Small [4] and their study gave insight of few coefficient 

bounds. Since then, many authors ([2], [3], [5], [6], [7], [8], [9], [10] and [11]) have studied the subclasses of harmonic 
univalent functions. 

 
According to Makinde [6], m defined by 

2

( )m n
nm n

n

f z z a z




     

where !

!nm
n

n m
 


 and 

( 1)
0

2

( ) , {0}m m m n m
nm n

n

f z z z a z m


  



 
       

 
    

and 0 '
1

2 2

( ) ( ), ( ) n n
n n n

n n

f z f z f z z a z z na z
 

 

         . 

 
We consider the differential operator, proposed by Makinde [6], for the functions  defined in (1) by 

0( ) ( ) ( 1) ( ), {0},m m m mf z z f z m z                                                                           (2) 

where
2 1

( ) , ( )m n m n
nm n nm n

n n

z z a z z b z
 

 

            and !
.

!nm
n

n m
 


 

Let ( , , , )HA m     be the class of functions of the form (1) satisfying the condition 

HS

HS

f

f



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
35 

 

1 ( )
Re (1 ) , 0 1, 0, ,

( )

m
i i

m

f z
e e

f z


  

      
 

 (3) 

where m f   defined in (2). 

Let ( , , , )HA m    be the subclass of ( , , , )HA m     consisting of functions  such that  andare of the form” 

1
2 1

( ) , ( ) , 1.n n
n n

n n

z z a z z b z b
 

 

       (4) 

Lemma 

According to [1]: Let 0 . Then  Re w   if and only if (1 ) (1 )w w      ,where is any complex number. 

 

MAIN RESULTS 
Theorem 1.“Let be of the form (1). If  holds 

2 1

(1 ) ( ) (1 ) ( ) (1 )n m n n m n
n n

n m a n m b
 

 

                      ,                    (5)                                                                  

then  is sense-preserving, harmonic, univalent inand ( , , , )Hf A m   .  

Proof.  For proving ( , , , )Hf A m    we must show that  holds the condition (3).  

By Lemma [1], it is enough to prove  
( ) (1 ) ( ) ( ) (1 ) ( ) 0,A z B z A z B z        where 

1( ) (1 ) ( ) ( )i m i mA z e f z e f z       and ( ) ( )mB z f z  . 

Consider  

2 2

1 1

(1 ) ( ) 1

(1 ) 1 .

n n
n m n n m n

n n

n n

n m n n m n
n n

z n m a z n m a z

n m b z n m b z

 

 

 

 

            

        

 

 
 

                                                                                                                            (6) 
Consider   

2 1

1 1

(2 ) ( 1) 1

(1 ) 1 .

n n
n m n n m n

n n

n n

n m n n m n
n n

z n m a z n m a z

n m b z n m b z

 

 

 

 

           

        

 

 
 

                                                                                                                                                                                      (7) 
From (6) and (7), we will get, ( ) (1 ) ( ) ( ) (1 ) ( ) 0.A z B z A z B z        Hence the result. 

 
Theorem 2. Let  be given by (4). Then ( , , , )Hf A m      if and only if holds the condition (5)”. 

Proof: Since ( , , , ) ( , , , )H HA m A m       , we shall prove necessary part of the theorem only, for which one can refer Sharma 

and Ravindar ([3], proof of Theorem 2.2). 

f

w

f f

f

f

| A( ) (1 )B( ) |z z  

| A( ) (1 )B( ) |z z 

f f
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Abstract 

This paper examines the movement properties of a double-layer Jeffrey fluid within a mild stenosed narrow channel. The configuration 
comprises a central core containing Jeffrey fluid and an encircling peripheral section of Newtonian fluid. With the flow treated as steady 
and the stenosis mild, the governing equations are solved analytically to derive expressions for velocity profiles, effective viscosity, core 
haematocrit, average haematocrit. The findings demonstrate that effective viscosity diminishes with a rise in the Jeffrey parameter, 
whereas greater stenosis height and channel width result in elevated viscosity values. The calculated viscosity stays within 
physiologically acceptable parameters. The research further validates that the ‘Fahraeus–Lindqvist effect’ accounts for the rise in 
viscosity with channel radius. The mean haematocrit declines with the Jeffrey parameter and stenosis height, but grows with channel 
width, while the core haematocrit declines with all three parameters: Jeffrey parameter, stenosis height, and channel width. 

1. INTRODUCTION 

Microcirculation is the movement of blood with slight vessels like capillaries, venules, and arterioles.  There are blood 
vessels in the human circulatory system that range in size from 20 to 500 micrometers. Furthermore, anomalous effects arise 
when blood passes vessels with reduced diameters. The 'Fahraeus-Lindqvist impact' [1] exemplifies a phenomenon in which 
the effective viscosity of blood decreases as channel width increases (Martini et al. [2]). A number of researchers (Azel-
vandre and Oiknine [3]) have examined blood flow in small channels, presuming it to display Newtonian fluid characteristics 
and have validated the Fahraeus-Lindqvist effect due to its increasing relevance. Additionally, Sharan and Popel [4] 
employed a dual-component model to analyse blood flow in constricted channels. Haynes [5] investigated a double-layered 
fluid model comprising two Newtonian fluids with differing viscosities. Blood, regarded as a suspension of hemoglobin in 
plasma, displays non-Newtonian fluid behaviour under less shear rates (Haynes and Burton [6]). Chaturani and Upadhya 
[7] investigated double-layered blood flow models utilizing a Newtonian fluid in the peripheral section. Shukla et al. [8] 
scrutinized the effect of the periphery on the peristaltic transport of a biofluid. Srivastava and Saxena [9] have proposed the 
use of double-layered blood stream models, wherein the central area comprises plasma and Casson fluid, while the 
peripheral section is characterized by a Newtonian fluid. Aerosty and Gross [10] examined pulsatile flow in small vessels 
under the assumption that blood behaves as a Casson fluid. Stenosis refers to the constriction of an artery resulting from 
arteriosclerotic plaques. This occurs due to an excess of fatty deposits and abnormal angiogenesis within the arterial lumen. 
Stenosis obstructs blood flow, resulting in irregular hemodynamics. This is a primary factor contributing to blood clots, 
strokes, and heart failure. Stenosis can occur in various forms, such as when multiple shapes intersect or when the shapes 
lack regularity. Numerous experimental and theoretical investigations (Sankar and Hemalatha [11]) have sought to elucidate 
the impact of stenoses in the arterial lumen of a plasma channel on blood flow dynamics. Umadevi et al. [12] demonstrate 
that copper nanoparticles are efficacious in reducing the hemodynamics associated with stenoses. This indicates potential 
biomedical applications. Dhange et al. [13] Casson concentrated on the continuous, incompressible movement of fluid in a 
channel with several stenoses. Ponalagusamy [14] examined the influence of non-zero couple pressure at the interface, 
stenosis height, taper angle, axial distance, and several sloshes on flow parameters and flow line patterns. The Jeffrey fluid 
illustrates a non-Newtonian liquid characterized by viscoelastic and shear-thinning properties. The Jeffrey fluid model has 
been utilized to examine various fluid stream phenomena, including flow in porous media, non-Newtonian flow in conduits, 
and the dynamics of polymer solutions. The model is also utilized in biomechanics to examine the dynamics of blood stream 
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and other biological fluids within blood vessels. The peristaltic motion of Jeffrey fluid in a circular vessel is observed by 
Hayat et al. [15]. Vajravelu et al. [16] investigate the peristaltic movement of Jeffrey fluid with thermal effects on a vertical 
porous surface under the assumptions of 'long wavelength approximation and less Reynolds number.' Investigations are 
underway regarding the diffusion of solute substances in the movement of Jeffrey fluid with a porous material in a peristaltic 
tube, as discussed by Ravi Kiran and Radhakrishnamacharya [17]. Santosh and Rajeshwar Rao [18] examined a double-
fluid problem regarding the motion of Jeffrey fluid influenced by slip through a narrow channel. Santosh et al. [19] explored 
the effect of a porous material on a dual-layered mathematical model for the movement of Jeffrey fluid in channels of 
varying diameters. 

2. MATHEMATICAL MODEL OF THE PROBLEM 

This paper presents a two-layered model for the analysis of the two-dimensional movement of a Jeffrey blood in a 
narrow channel through stenosis. The variable h0 is used to denote the channel width in the non-stenotic zone.  It is composed 
that the movement area contains of a core with a height h1 and a periphery with a thickness 𝝐 = 𝒉𝟎 − 𝜷𝒉𝟎. Further, Fig. 1 
depicts that the periphery composed that the Newtonian fluid and central core contains Jeffrey fluid. The cartesian 
coordinates (x, y) are utilized so that the x-axis is equivalent to the centerline of the vessel and the y-axis is vertical to the 
x-axis. For an incompressible Jeffrey fluid, the constitutive equations given by Hayat et al. [21] are𝑻ഥ = ─P𝑰 ഥ+ 𝑺ഥ and  
𝑺ഥ =

𝝁𝒄

𝟏ା𝝀𝟏
(𝜸̇ + 𝝀𝟐𝜸̈) here, P indicates pressure, The parameter denoted as λ₁ represents the ratio between relaxation time 

and retardation time, 𝑺ഥ represents identity tensor, 𝝀𝟐 symbolises the retardation time, the symbol 𝜸̇ signifies the shear rate, 
and dots are placed above the quantities to denote their changes over time. In this case, the formulae that describe the 
movement of an incompressible Jeffrey fluid are:  

 

Given by the geometry of the wall 

h = ቐ
h଴ −

ஔభ

ଶ
ቆ1 + cos

ଶ஠

୐బ
ቀx − b −

୐బ

ଶ
ቁቇ  , b ≤ x ≤ b +  L଴

h଴  ,                                                             otherwise

                                                       (1) 

hଵ = ቐ
βh଴ −

ஔ

ଶ
ቆ1 + cos

ଶ஠

୐బ
ቀx − b −

୐బ

ଶ
ቁቇ  , b ≤ x ≤ b + L଴

βh଴  ,                                                             otherwise

                                                       (2) 
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where L is the channel's length, L0 is its length, δଵ is the stenosis's highest point, 𝛿 is the interface's highest bulging point 
because of the stenosis, the parameter β represents the ratio among the average half-width of the middle core and the channel 
width in the unobstructed area, additionally h0 denotes the width of the channel in the clear area. 

3. ANALYSIS 

 In this paper, the two-dimensional movement characteristics of concentrated Jeffrey blood are modelled using the 
governing equations described by Santhosh et al. [20]. 
ப୳

ப୶
+

ப୴

ப୷
= 0                                                                                                                                            (3) 

ρ ቂ
ப

ப୲
+ u

ப

ப୶
+ v

ப

ப୷
ቃ u = −

ப୮

ப୶
+

பୗ౮౮

ப୶
+

பୗ౮౯

ப୷
                                                                                           (4) 

𝜌 ቂ
ப

ப୲
+ u

ப

ப୶
+ v

ப

ப୷
ቃ v = −

ப୮

ப୷
+

பୗ౯౯

ப୷
+

பୗ౯౮

ப୶
                                                                                           (5) 

In this context, v and u signify the velocity components along the x, y co-ordinate axes, p denotes pressure, ρ indicates 
density, Syy, Syx, Sxy, and Sxx represent various stress quantities, and μ1 refers to the viscosity in the core section. The 
velocity in the middle portion is denoted as u1 (y), whereas that in the peripheral area will be u2 (y). 

Considering the movement to be uniform and considering the stenosis as slight, the equations representing the fluid flow 
(Jeffrey fluid) in the core area (0 ≤ y ≤ hଵ) lessen to 

ஜభ

(ଵା஛భ)

பమ୳భ

ப୷మ =
ப୮

ப୶
,    0 ≤ y ≤ hଵ                                                                                                            (6) 

In the periphery area ( hଵ ≤ y ≤ h) the equations representing the fluid flow (Newtonian fluid) for the current problem 
lessen to 

μଶ
பమ୳మ

ப୷మ =
ப୮

ப୶
,    hଵ ≤ y ≤ h                                                                                                               (7) 

The boundary conditions for this current paper are 
uଵ = uଶ, τଵ = τଶ at  y = ±hଵ(x)                                                                                                     (8) 
The velocity adheres to without slip boundary conditions as dictated by the governing equations. 
uଶ = 0  at  y = ±h(x)                                                                                                                      (9) 

calculating equations (6) and (7) subject to the conditions (8) and (9), we get 

uଵ =
ଵ

ଶ

ଵ

ஜమ

ப୮

ப୶
[μᇱ(1 + λଵ)(yଶ − hଵ

ଶ) − (hଶ − hଵ
ଶ)]                                                                           (10) 

and  

uଶ =
ଵ

ଶஜమ

ப୮

ப୶
[yଶ − hଶ]                                                                                                                          (11) 

The core flow flux and that of the peripheral area are respectively represented by 

Qଵ = 2 ∫ uଵ
୦భ

଴
(y)dy and  Qଶ = 2 ∫ uଶ(y)

୦

 ୦భ
dy                                                                       (12) 

Adding for uଵ(y) and uଶ(y) from (10) & (11) in (12)  

Qଵ = −
ଵ

ஜమ

ப୮

ப୶
ቂ

ଶ୦భ
య

ଷ
(1 + λଵ)μᇱ  + hଶhଵ − hଵ

ଷቃ                                                                                       (13) 

Qଶ = −
ଵ

ஜమ

ப୮

ப୶
ቂ

୦భ
య

ଷ
 − hଶhଵ +

ଶ୦య

ଷ
ቃ                                                                                                          (14) 

Accordingly, the fluid flux in the narrowed stenotic passage is, Q = Qଵ+Qଶ                           (15) 
By substituting equations (13) and (14) into equation (15), we obtain 

Q = −
ଶ

ଷ

ଵ

ஜమ

ப୮

ப୶
[hଵ

ଷ(1 + λଵ)μᇱ + hଷ − hଵ
ଷ]                                                                                             (16) 

The effective viscosity is derived through comparison of (16) with the flux relation for movement between double 
parallel plates. 
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μୣ୤୤ = ൬
ஜᇲ௛బ

య

ଷൣ୦భ
య(ଵା஛భ)ஜᇲ ା୦యି୦భ

య൧
൰ ,  where, μᇱ =

ஜమ

ஜభ
(17)                                                                               

    Mean Haematocrit Values for Cell-Free Layers of Walls 
Hematocrit is the volume of RBCs in percentage and human adults contain 40–45% approximately. The blood entering or 
leaving the core hematocrit Hc is in relation with hematocrit H0, Η଴Q = Η𝒸Qଵ (18)  

After adding Q1 and Q from (13) and (16) in (18),   

The following is the result (after simplification), Η𝒸
തതത =

ୌి

ୌబ
= ൥

୦భ
య(ଵା஛భ)ஜᇲ ା୦యି୦భ

య

୦భ
య(ଵା஛భ)ஜᇲ ା

య ౞మ౞భ
మ

ି
య ౞భ

య

మ

൩              (19)                                                                

The variable Η𝒸
തതത represents the normalized core haematocrit. The core haematocrit (Hc) and the mean haematocrit (Hm) 

within the channel are connected by Η୫ = βΗ𝒸 
After simplification, the result is  

Η୫
തതതത =

୿ౣ

୿బ
= β ൥

୦భ
య(ଵା஛భ)ஜᇲ ା୦యି୦భ

య

୦భ
య(ଵା஛భ)ஜᇲ ା

య ౞మ౞భ
మ

ି
య ౞భ

య

మ

൩                                                                                                (20) 

Η୫
തതതത  represents the normalized mean haematocrit. 

4.  NUMERICAL RESULTS AND DISCUSSION 
Equations (10), (11), (17), (19), and (20) present the closed-form solutions for the fluid motion velocities in the Periphery, 
Core, Effective viscosity (μeff), Normalized core hematocrit (Hେ

തതതത), Normalized mean hematocrit (H୫
തതതത). The numerical 

evaluations of the impact of various physical parameters, consisting of Jeffrey parameter λ1, Hematocrit H0 and the stenosis 
height δ1, on the previously mentioned flow characteristics has been performed using MATHEMATICA.  As depicted in 
Figures 2–13, the results of these computations are presented. Additionally, the noted values are selected for the pertinent 
study of the present paper. Channel width, ℎ଴ = 20 𝜇 𝑡𝑜 200 𝜇 , 𝜖 = 3.12 𝜇  for 40%, 3.60 𝜇  for 30 % haematocrit.  
Moreover, the value of 𝛽 is derived from the relation 𝛽 = 1 − 𝜖

ℎ଴
ൗ .(Haynes [5], Chaturani and Upadhya [7], Srivastava 

[9]). 

  
Fig 2: Impact of λ 1 upon μୣ୤୤ (δଵ = 0.2, H଴ =
40%) 

Fig 3: Impact of λ1 upon μୣ୤୤ (H଴ = 40% , h଴ = 20) 

As the channel width increases, the flow becomes more laminar, and the interactions between blood cells and the channel 
walls diminish in significance. As a result, the effective viscosity of blood flow rises (Caro and Pedley [22]). This outcome 
is evident from Figures 2 and 4. Additionally, it shows the Fahraeus-Lindqvist effect. An abrupt decrease in the fluid's cross-
sectional area occurs in a stenotic zone, which causes the fluid's velocity to rise. The fluid's shear rate, or velocity gradient, 
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rises as it moves faster through the constriction. In Jeffrey Fluid, a more prominent shear-thinning behavior may result from 
this increased shear rate, which would raise the effective viscosity. This outcome is seen in figures 3 and 5. Figures 6 to 9 
illustrate that the mean haematocrit decreases with the Jeffrey parameter. The interaction between RBCs and the Jeffrey 
fluid can disrupt cell dispersion during blood flow. The elastic characteristics of the Jeffrey fluid may affect the deformation 
and orientation of blood cells, potentially resulting in alterations to the apparent haematocrit. The reduction in average 
haematocrit within a Jeffrey fluid flowing through a narrow conduit is likely due to the intricate interaction between the 
fluid's rheological properties and the behaviour of blood molecules in that particular flow context. From the figs 7 and 9 it 
is perceived that the mean hematocrit declines with the height of the stenosis. In areas of stenosis, RBCs may aggregate or 
clump together. This aggregation can cause a decrease in the effective volume occupied by RBCs, leading to a lower 
hematocrit. It is noticed through figures 10-11 that the core hematocrit diminutions with Jeffrey fluid. Figs. 10 and 11 
depicted that the core hematocrit declines with the channel width. In a stenotic narrow channel, where the blood experiences 
higher shear rates, the viscosity of blood may decrease, potentially affecting the distribution of cellular elements like RBCs. 
This is the reason which causes the decrement in the core hematocrit. The ‘Fahraeus-Lindqvist effect’ defines the lessening 
in effective viscosity and hematocrit in the core of rapidly flowing blood. In simpler terms, as blood flows more rapidly 
through a narrowed vessel, the deposition of RBC in the central flow stream (core) may appear to decrease. This result is 
observed in figures 10 and 11. 

  
Fig 4: Impact of λ1 upon μୣ୤୤ (δଵ = 0.2, H଴ = 30%) Fig 5: Impact of λଵ upon μୣ୤୤ (H଴ = 30% , h଴ =

20) 

  
Fig 6: Impact of λଵ upon Η୫

തതതത( δଵ = 0.2, H ଴ =
 40%) 

Fig 7: Impact of λଵ upon Η୫
തതതത( H ଴ =  40%, h଴ =

20) 
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Fig 8: Impact of λଵ upon Η୫

തതതത (δଵ = 0.2, H଴ =
30%) 

Fig 9: Impact of λଵupon Η୫
തതതത (h଴ = 20, H଴ = 30%) 

 

  
Fig 10: Impact of λଵupon Ηୡ

തതത(δଵ = 0.2, H଴ = 40%) Fig 11:  Impact of λଵ upon Ηୡ
തതത(h଴ = 20, H଴ =

40%) 

  
Fig 12: Impact of λଵupon Ηୡ

തതത(h଴ = 20, H଴ = 30%)  Fig 13: Impact of λଵupon Ηୡ
തതത(δଵ = 0.2, H଴ = 30%)  



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
43 

 

5. CONCLUSION 

This paper examines two-layer Jeffrey fluid transport in narrow channels with mild stenosis. Both fluid models are classified 
as Jeffrey fluids in the core section, whereas a Newtonian fluid is designated for the periphery portion.  Upon simplifying 
the equations of motion, analytical results were derived for effective viscosity, flow velocities, mean hematocrit, and core 
hematocrit.  The Mathematica software package was employed to execute a numerical computation on each of these flow-
related variables.  The effective viscosity increases with channel radius and stenosis height, while it decreases with the 
Jeffrey parameter.  A larger channel radius and increased stenosis height correlate with a reduced core hematocrit, which 
diminishes as the Jeffrey parameter increases.  A rise in the Jeffrey parameter corresponded with a decline in mean 
hematocrit.  An increase in channel radius correlates with a greater mean hematocrit associated with stenosis height. 
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Abstract 

Hemodynamic impacts of stenosis on Jeffrey fluid transport through narrow channel is considered in this paper under the boundary 
conditions. The proposed model comprises of a core containing Jeffrey fluid and a periphery portion consisting of Newtonian fluid. 
Movement variables such as velocity, flow flux and core hematocrit, effective viscosity, average hematocrit has been given analytical 
expressions, and the influence of several pertinent variables on the above-mentioned variables have been studied. The effective viscosity 
is noticed to decline with Jeffrey parameter and rise with stenosis height, the channel width. The observed effective viscosity of the 
model appears to be within the acceptable range of values. Also, it is seen that the ‘Fahraeus-Lindqvist effect’ is responsible for the rise 
in effective viscosity as the channel radius grows. Further, mean hematocrit decreased with Jeffrey parameter and stenotic height, 
increased with channel width. Moreover, core hematocrit decreased with Jeffrey parameter, height of the stenosis and channel width.  

1. INTRODUCTION 

The flow of blood through the narrow vessels, including capillaries, venules, and arterioles, is referred to as 
microcirculation. The human circulatory system comprises a network of blood vessels that vary in diameter from 20 to 500 
micrometers. Furthermore, anomalous effects arise when blood passes vessels with reduced diameters. The 'Fahraeus-
Lindqvist effect' [1] exemplifies a phenomenon in which the apparent viscosity of blood decreases as channel width 
increases (Martini et al. [2]). A number of researchers (Azel-vandre and Oiknine [3]) have examined blood flow in small 
channels, presuming it to display Newtonian fluid characteristics and have validated the Fahraeus-Lindqvist effect due to 
its increasing relevance. Additionally, Sharan and Popel [4] employed a dual-component model to analyze blood flow in 
constricted channels. Haynes [5] investigated a double-layered fluid model comprising two Newtonian fluids with differing 
viscosities. Blood, regarded as a suspension of hemoglobin in plasma, exhibits non-Newtonian fluid behavior under low 
shear rates (Haynes and Burton [6]). Chaturani and Upadhya [7] investigated double-layered blood flow models utilizing a 
Newtonian fluid in the periphery. Shukla et al. [8] examined the influence of the peripheral layer on the peristaltic transport 
of a biofluid. Srivastava and Saxena [9] have proposed the use of two-layered blood flow models, wherein the central region 
comprises plasma and Casson fluid, while the peripheral region is characterized by a Newtonian fluid. Aerosty and Gross 
[10] examined pulsatile flow in small vessels under the assumption that blood behaves as a Casson fluid. Stenosis refers to 
the constriction of an artery resulting from arteriosclerotic plaques. This occurs due to an excess of fatty deposits and 
abnormal angiogenesis within the arterial lumen. Stenosis obstructs blood flow, resulting in irregular hemodynamics. This 
is a primary factor contributing to blood clots, strokes, and heart failure. Stenosis can occur in various forms, such as when 
multiple shapes intersect or when the shapes lack regularity. Numerous experimental and theoretical investigations (Sankar 
and Hemalatha [11]) have sought to elucidate the impact of stenoses in the arterial lumen of a plasma channel on blood flow 
dynamics. Umadevi et al. [12] demonstrate that copper nanoparticles are efficacious in reducing the hemodynamics 
associated with stenoses. This indicates potential biomedical applications. Dhange et al. [13] Casson concentrated on the 
continuous, incompressible flow of fluid in a non-channel with multiple stenoses. Ponalagusamy [14] examined the 
influence of non-zero couple pressure at the interface, taper angle, stenosis height, axial distance, and various sloshes on 
flow parameters and flow line patterns.The Jeffrey fluid illustrates a non-Newtonian liquid characterized by viscoelastic 
and shear-thinning properties. The Jeffrey fluid model has been utilized to examine various fluid stream phenomena, 
including flow in porous media, non-Newtonian flow in conduits, and the dynamics of polymer solutions. The model is also 
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utilized in biomechanics to examine the dynamics of blood flow and other biological fluids within blood vessels. The 
peristaltic motion of Jeffrey fluid in a circular vessel is examined by Hayat et al. [15]. Vajravelu et al. [16] investigate the 
peristaltic motion of Jeffrey fluid with thermal effects on a vertical porous surface under the assumptions of 'long wavelength 
approximation and low Reynolds number.' Investigations are underway regarding the diffusion of solute substances in the 
flow of Jeffrey fluid through a porous medium in a peristaltic channel, as discussed by Ravi Kiran and 
Radhakrishnamacharya [17]. Santosh and Rajeshwar Rao [18] examined a two-fluid problem regarding the motion of 
Jeffrey fluid influenced by slip through a narrow channel. Santosh et al. [19] investigated the influence of a porous layer on 
a dual-layered mathematical model for the flow of Jeffrey fluid in channels of varying diameters. 

2. MATHEMATICAL MODEL OF THE PROBLEM 

This paper presents a two-layered model for the analysis of the two-dimensional movement of a Jeffrey blood in a 
narrow channel through stenosis. The variable h0 is used to denote the channel width in the non-stenotic zone.  It is composed 
that the movement area contains of a core with a height h1 and a periphery with a thickness 𝝐 = 𝒉𝟎 − 𝜷𝒉𝟎. Further, Fig. 1 
depicts that the periphery composed that the Newtonian fluid and central core contains Jeffrey fluid. The cartesian 
coordinates (x, y) are utilized so that the x-axis is equivalent to the centerline of the vessel and the y-axis is vertical to the 
x-axis. For an incompressible Jeffrey fluid, the constitutive equations given by Hayat et al. [21] are𝑻ഥ = ─P𝑰 ഥ+ 𝑺ഥ and  
𝑺ഥ =

𝝁𝒄

𝟏ା𝝀𝟏
(𝜸̇ + 𝝀𝟐𝜸̈) here, P indicates pressure, The parameter denoted as λ₁ represents the ratio between relaxation time 

and retardation time, 𝑺ഥ represents identity tensor, 𝝀𝟐 symbolises the retardation time, the symbol 𝜸̇ signifies the shear rate, 
and dots are placed above the quantities to denote their changes over time. In this case, the formulae that describe the 
movement of an incompressible Jeffrey fluid are:  

 

Given by the geometry of the wall 

h = ቐ
h଴ −

ஔభ

ଶ
ቆ1 + cos

ଶ஠

୐బ
ቀx − b −

୐బ

ଶ
ቁቇ  , b ≤ x ≤ b +  L଴

h଴  ,                                                             otherwise

                                                       (1) 

hଵ = ቐ
βh଴ −

ஔ

ଶ
ቆ1 + cos

ଶ஠

୐బ
ቀx − b −

୐బ

ଶ
ቁቇ  , b ≤ x ≤ b + L଴

βh଴  ,                                                             otherwise

                                                       (2) 

where L is the channel's length, L0 is its length, δଵ is the stenosis's highest point, 𝛿 is the interface's highest bulging point 
because of the stenosis, the parameter β represents the ratio among the average half-width of the central core and the channel 
width in the unobstructed region, additionally h0 denotes the width of the channel in the clear area. 
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3. ANALYSIS 

 In this paper, the two-dimensional movement characteristics of concentrated Jeffrey blood are modelled using the 
governing equations described by Santhosh et al. [20]. 
ப୳

ப୶
+

ப୴

ப୷
= 0                                                                                                                                            (3) 

ρ ቂ
ப

ப୲
+ u

ப

ப୶
+ v

ப

ப୷
ቃ u = −

ப୮

ப୶
+

பୗ౮౮

ப୶
+

பୗ౮౯

ப୷
                                                                                           (4) 

𝜌 ቂ
ப

ப୲
+ u

ப

ப୶
+ v

ப

ப୷
ቃ v = −

ப୮

ப୷
+

பୗ౯౯

ப୷
+

பୗ౯౮

ப୶
                                                                                           (5) 

In this context, v and u signify the velocity components along the x, y co-ordinate axes, respectively, p denotes pressure, 
ρ indicates density, Syy, Syx, Sxy, and Sxx represent various stress quantities, and μ1 refers to the viscosity in the core 
section. The velocity in the middle portion is denoted as u1 (y), whereas that in the peripheral area will be u2 (y). 

Considering the movement to be uniform and considering the stenosis as slight, the equations representing the fluid flow 
(Jeffrey fluid) in the core area (0 ≤ y ≤ hଵ) lessen to 

ஜభ

(ଵା஛భ)

பమ୳భ

ப୷మ =
ப୮

ப୶
,    0 ≤ y ≤ hଵ                                                                                                            (6) 

In the periphery area ( hଵ ≤ y ≤ h) the equations representing the fluid flow (Newtonian fluid) for the current problem 
lessen to 

μଶ
பమ୳మ

ப୷మ =
ப୮

ப୶
,    hଵ ≤ y ≤ h                                                                                                               (7) 

The boundary conditions for this current paper are 
uଵ = uଶ, τଵ = τଶ at  y = ±hଵ(x)                                                                                                     (8) 
The velocity adheres to without slip boundary conditions as dictated by the governing equations. 
uଶ = 0  at  y = ±h(x)                                                                                                                      (9) 

calculating equations (6) and (7) subject to the conditions (8) and (9), we get 

uଵ =
ଵ

ଶ

ଵ

ஜమ

ப୮

ப୶
[μᇱ(1 + λଵ)(yଶ − hଵ

ଶ) − (hଶ − hଵ
ଶ)]                                                                           (10) 

and  

uଶ =
ଵ

ଶஜమ

ப୮

ப୶
[yଶ − hଶ]                                                                                                                          (11) 

The core flow flux and that of the peripheral area are respectively represented by 

Qଵ = 2 ∫ uଵ
୦భ

଴
(y)dy and  Qଶ = 2 ∫ uଶ(y)

୦

 ୦భ
dy                                                                       (12) 

Adding for uଵ(y) and uଶ(y) from (10) & (11) in (12)  

Qଵ = −
ଵ

ஜమ

ப୮

ப୶
ቂ

ଶ୦భ
య

ଷ
(1 + λଵ)μᇱ  + hଶhଵ − hଵ

ଷቃ                                                                                       (13) 

Qଶ = −
ଵ

ஜమ

ப୮

ப୶
ቂ

୦భ
య

ଷ
 − hଶhଵ +

ଶ୦య

ଷ
ቃ                                                                                                          (14) 

Accordingly, the fluid flux in the narrowed stenotic passage is, Q = Qଵ+Qଶ                           (15) 
By substituting equations (13) and (14) into equation (15), we obtain 

Q = −
ଶ

ଷ

ଵ

ஜమ

ப୮

ப୶
[hଵ

ଷ(1 + λଵ)μᇱ + hଷ − hଵ
ଷ]                                                                                             (16) 

The effective viscosity is derived through comparison of (16) with the flux relation for movement between two parallel 
plates. 

μୣ୤୤ = ൬
ஜᇲ௛బ

య

ଷൣ୦భ
య(ଵା஛భ)ஜᇲ ା୦యି୦భ

య൧
൰ ,  where, μᇱ =

ஜమ

ஜభ
(17)                                                                                  Mean Haematocrit 

Values for Cell-Free Layers of Walls 
Hematocrit is the volume of RBCs in percentage and human adults contain 40–45% approximately. The blood entering or 
leaving the core hematocrit Hc is in relation with hematocrit H0, Η଴Q = Η𝒸Qଵ (18)  
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After adding Q1 and Q from (13) and (16) in (18),   

The following is the result (after simplification), Η𝒸
തതത =

ୌి

ୌబ
= ൥

୦భ
య(ଵା஛భ)ஜᇲ ା୦యି୦భ

య

୦భ
య(ଵା஛భ)ஜᇲ ା

య ౞మ౞భ
మ

ି
య ౞భ

య

మ

൩              (19)                                                                

The variable Η𝒸
തതത represents the normalized core haematocrit. The core haematocrit (Hc) and the mean haematocrit (Hm) 

within the channel are connected by Η୫ = βΗ𝒸 
After simplification, the result is  

Η୫
തതതത =

୿ౣ

୿బ
= β ൥

୦భ
య(ଵା஛భ)ஜᇲ ା୦యି୦భ

య

୦భ
య(ଵା஛భ)ஜᇲ ା

య ౞మ౞భ
మ

ି
య ౞భ

య

మ

൩                                                                                                (20) 

Η୫
തതതത  represents the normalized mean haematocrit. 

4.  NUMERICAL RESULTS AND DISCUSSION 
Equations (10), (11), (17), (19), and (20) present the closed-form solutions for the fluid motion velocities in the Periphery, 
Core, Effective viscosity (μeff), Normalized core hematocrit (Hେ

തതതത), Normalized mean hematocrit (H୫
തതതത). The numerical 

evaluations of the impact of various physical parameters, consisting of Jeffrey parameter λ1, Hematocrit H0 and the stenosis 
height δ1, on the previously mentioned flow characteristics has been performed using MATHEMATICA.  As depicted in 
Figures 2–13, the results of these computations are presented. Additionally, the noted values are selected for the pertinent 
study of the present paper. Channel width, ℎ଴ = 20 𝜇 𝑡𝑜 200 𝜇 , 𝜖 = 3.12 𝜇  for 40%, 3.60 𝜇  for 30 % haematocrit.  
Moreover, the value of 𝛽 is derived from the relation 𝛽 = 1 − 𝜖

ℎ଴
ൗ .(Haynes [5], Chaturani and Upadhya [7], Srivastava 

[9]). 

  
Fig 2: Impact of λ 1 upon μୣ୤୤ (δଵ = 0.2, H଴ =
40%) 

Fig 3: Impact of λ1 upon μୣ୤୤ (H଴ = 40% , h଴ = 20) 

As the channel width increases, the flow becomes more laminar, and the interactions between blood cells and the channel 
walls diminish in significance. As a result, the effective viscosity of blood flow rises (Caro and Pedley [22]). This outcome 
is evident from Figures 2 and 4. Additionally, it shows the Fahraeus-Lindqvist effect. An abrupt decrease in the fluid's cross-
sectional area occurs in a stenotic zone, which causes the fluid's velocity to rise. The fluid's shear rate, or velocity gradient, 
rises as it moves faster through the constriction. In Jeffrey Fluid, a more prominent shear-thinning behaviour may result 
from this increased shear rate, which would raise the effective viscosity. This outcome is seen in figures 3 and 5. Figures 6 
to 9 illustrate that the mean haematocrit decreases with the Jeffrey parameter. The interaction between blood cells and the 
Jeffrey fluid can disrupt cell dispersion during blood flow. The elastic characteristics of the Jeffrey fluid may affect the 
deformation and orientation of blood cells, potentially resulting in alterations to the apparent haematocrit. The reduction in 
average haematocrit within a Jeffrey fluid flowing through a narrow conduit is likely due to the intricate interaction between 
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the fluid's rheological properties and the behaviour of blood molecules in that particular flow context. From the figs 7 and 
9 it is perceived that the mean hematocrit declines with the height of the stenosis. In areas of stenosis, RBCs may aggregate 
or clump together. This aggregation can cause a decrease in the effective volume occupied by RBCs, leading to a lower 
hematocrit. It is noticed through figures 10-13 that the core hematocrit diminutions with Jeffrey fluid. Figs. 10 and 12 
depicted that the core hematocrit declines with the channel width. In a stenotic narrow channel, where the blood experiences 
higher shear rates, the viscosity of blood may decrease, potentially affecting the distribution of cellular elements like RBCs. 
This is the reason which causes the decrement in the core hematocrit. The ‘Fahraeus-Lindqvist effect’ describes the 
reduction in apparent viscosity and hematocrit in the core of rapidly flowing blood. In simpler terms, as blood flows more 
rapidly through a narrowed vessel, the deposition of RBC in the central flow stream (core) may appear to decrease. This 
result is observed in figures 11 and 12. 

  
Fig 4: Impact of λ1 upon μୣ୤୤ (δଵ = 0.2, H଴ = 30%) Fig 5: Impact of λଵ upon μୣ୤୤ (H଴ = 30% , h଴ =

20) 

  
Fig 6: Impact of λଵ upon Η୫

തതതത( δଵ = 0.2, H ଴ =
 40%) 

Fig 7: Impact of λଵ upon Η୫
തതതത( H ଴ =  40%, h଴ =

20) 
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Fig 8: Impact of λଵ upon Η୫

തതതത (δଵ = 0.2, H଴ =
30%) 

Fig 9: Impact of λଵupon Η୫
തതതത (h଴ = 20, H଴ = 30%) 

 

  
Fig 10: Impact of λଵupon Ηୡ

തതത(δଵ = 0.2, H଴ = 40%) Fig 11:  Impact of λଵ upon Ηୡ
തതത(h଴ = 20, H଴ =

40%) 

  
Fig 12: Impact of λଵupon Ηୡ

തതത(h଴ = 20, H଴ = 30%)  Fig 13: Impact of λଵupon Ηୡ
തതത(δଵ = 0.2, H଴ = 30%)  
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5. CONCLUSION 

This paper examines the hemodynamic effects of stenosis on Jeffrey fluid transport through a constricted channel.  Both 
fluid models are classified as Jeffrey fluids in the core region, whereas a Newtonian fluid is designated for the peripheral 
region.  Upon simplifying the equations of motion, analytical results were derived for effective viscosity, flow velocities, 
mean hematocrit, and core hematocrit.  The Mathematica software package was employed to execute a numerical 
computation on each of these flow-related variables.  The effective viscosity increases with channel radius and stenosis 
height, while it decreases with the Jeffrey parameter.  A larger channel radius and increased stenosis height correlate with 
a reduced core hematocrit, which diminishes as the Jeffrey parameter increases.  An increase in the Jeffrey parameter 
corresponded with a decrease in mean hematocrit.  An increase in channel radius correlates with a greater mean hematocrit 
associated with stenosis height. 

REFERENCES 

1. Fahraeus, R. and Lindqvist, T., Viscosity of blood in narrow capillary tubes,Am. J. Phys., 96:1931, 562–568. 
2. Martini, P., Pierach, A., and Schreyer, E., Die stromung desblutes in engen gefassen. eine abweichung vom 

poiseuilleschen gesetz. dtsch, Arch. KZin. Med., 169: 1930, 212–222. 
3. Azelvandre, F. and Oiknine, C., The Fahraeus and Fahraeus-Lindqvist effects: Experimental testing of theoretical 

models, Biorheology, 13(6): 1976,325–335. 
4. Sharan, M. and Popel, A. S., A two-phase model for flow of blood in narrow tubes with increased effective viscosity 

near the wall, Nonlinear Analysis: Real World Applications, 38: 2001, 415–428. 
5. Haynes, R. H., Physical basis of the dependence of blood viscosity on tube radius, Am. J. Physiol., 198: 1960,1193–

1200. 
6. Haynes, R.H. and Burton, A.C., Role of non-Newtonian behaviour of blood in homodynamic, Am. J. Physiol., 

197:1959, 943–952. 
7. Chaturani, P. and Upadhya, V. S., On micropolar fluid model for blood flow through narrow tubes, Biorheology, 16: 

1979,419–428. 
8. Shukla, J.B., Parihar, R.S., and Gupta, S.P., Effects of peripheral layer viscosity on blood flow through the artery with 

mild stenosis, Bull. Math. Biol., 42:797805, 1980. 
9. Srivastava, V.P. and Saxena, M., A two fluid model of non-Newtonian blood flow induced by peristaltic waves, 

Rheol. Acta, 34: 1995, 406–414. 
10. Aroesty, J. and Gross, J.F., The mathematics of pulsatile flow in small vessels I.Casson theory, Microvasc. Res., 4: 

1972,1–12. 
11. Sankar D. S., Hemalatha, K., Pulsatile flow of Herschel-Bulkey fluid through stenosed arteries a mathematical model, 

International Journal of Non-Linear Mechanics, (2006), Vol. 41, pp. 979 – 990. 
12. Uma Devi et al. Effects of magnetic field on blood flow with suspended copper nanoparticles through an artery with 

overlapping stenosis, International Journal of Thermofluid Science and Technology (2021), Volume 8, Issue 1, Paper 
No. 080103. 

13. Mallinath Dhange et al. Blood flow with multiple stenosis in a force field, mathematical modelling of engineering 
problems (2021), Vol 8 No 4, pp. 538-546. 

14. R. Ponalagusamy, Two-fluid model for blood flow through a tapered arterial stenosis: Effect of non-zero couple stress 
boundary condition at the interface, International Journal of Applied and Computational Mathematics (2017), volume 
3, pages 807–824. 

15. Hayat, Ali N., T. and Asghar, S., An analysis of peristaltic transport for flow of Jeffrey fluid, Acta Mech., 193: 2007, 
101–112. 

16. Vajravelu, K., Sreenadh, S., and Lakshminarayana, P., The influence of heat transfer on peristaltic transport of a 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
62 

 

Jeffrey fluid in a vertical porous stratum, Commun. Nonlinear Sci. Numer. Simul., 16: 2011, 3107–3125. 
17. G. Ravi Kiran and G. Radhakrishnamacharya, Effect of homogeneous and heterogeneous chemical reactions on 

peristaltic transport of a Jeffrey fluid through a porous medium with slip condition, J. Appl. Fluid Mech., 8(2015),521–
528. 

18. Santosh and Rajeshwar Rao, The influence of slip on a jeffrey fluid flow through narrow tubes. Advances and 
Applications in Mathematical Sciences Volume 21, Issue 9, (July 2022). 

19. Santhosh et al. Flow of a Jeffrey fluid through a porous medium in narrow tubes, Journal of Porous Media, (2015), 
18 (1): 71–78. 

20. Santhosh et.al, Jeffrey Fluid Flow through Porous Medium in the Presence of Magnetic Field in Narrow Tubes, 
International Journal of Engineering Mathematics Volume 2014, Article ID 713831, (2014). 

21. Hayat, T., Awais, M., Obaidat, S., and Siddiqui, A.M., Three-dimensional flow of a jeffrey fluid over a linearly 
stretching sheet, Commun. Nonlinear Sci. Numer. Simul., 17: 2012, 699–707. 

22. Caro, C., Pedley, T., Schroter, R., Seed, W., & Parker, K. The Mechanics of the Circulation (2nd ed.). Cambridge: 
Cambridge University Press., (2011). 
 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
63 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
64 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
65 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
66 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
67 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
68 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
69 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
70 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
71 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
72 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
73 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
74 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
75 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
76 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
77 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
78 

 

 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
79 

 

CONCERNING MULTIPLICATIVE (GENERALIZED) - (ϑ, φ) - REVERSE 
DERIVATIONS IN PRIME RINGS 

N. Subbarayudu1, Dr. C. Jaya Subba Reddy2,  

 
1Research Scholar, Dept. of Mathematics, 

Sri Venkateswara University, Tirupati, Andhra Pradesh-517502, India. 

Gmail: nsrsap2018@gmail.com 

2Associate professor, Dept. of Mathematics, 
Sri Venkateswara University, Tirupati, Andhra Pradesh-517502, India. 

Gmail: cjsreddysvu@gmail.com 
 

 
 

Abstract: “A mapping G, D : R → R (not necessarily additive) is called multiplicative (generalized) - (𝜗, 
φ) - reverse derivation if there exists a  map (neither necessarily additive or derivation) g : R→ R such 
that(s.t) G(xy) = G(y)ϑ(x)+ φ(y)g(x) ∀ x, y ∈ R and d : R→ R s.t D(xy) = D(y)ϑ(x)+ 𝜑(y)d(x) ∀ x, y ∈ R 
, where ϑ and φ are automorphisms on R.” The main purpose of this paper is to study some algebraic identities 
with multiplicative (generalized) - (ϑ, φ) - reverse derivations. Also, study some algebraic identities with 
multiplicative (generalized) (ϑ, φ) – reverse derivations on the left ideal of a prime ring R. (i) G(xy)  = D(xy)        
(ii) G(x) ± D (y) = ϑ(xy) (iii) G(xy) = G(x)D(y) (iv) G(xy) = D(x)G(y) ∀ x, y in an appropriate subset of R. 

Keywords: Prime ring, multiplicative (generalized) derivation, multiplicative (generalized) reverse 
derivation, Multiplicative (generalized) - (ϑ, φ) - derivation, Multiplicative (generalized) - (ϑ, φ) - reverse 
derivation. 

 

1. “Introduction and preliminaries 

Throughout at R will represent an associative ring. A ring R is n-torsion free, if nx = 0 implies x = 0 ∀ x ∈ R, 
where n >1 is an integer. A ring R is called prime ring if aRb = (0) implies either a = 0 or b = 0. An additive 
mapping  𝛿: R→ R is called a derivation if 𝛿(xy) = 𝛿(x)y + 𝑥𝛿(y)  holds ∀ pairs x, y ∈ R and is said to be a Jordan 
derivation if 𝛿(x2) = 𝛿(x)x + 𝑥𝛿(x) is fulfilled ∀ x ∈ R.” Following [1], an additive mapping F: R→ R is said to 
be a generalized derivation if there exits an associated derivation F : R→ R s.t F (xy) = F(x)y + x 𝛿(y) holds ∀ x, 
y ∈ R. “Inspired by Martindale [8], in 1991, Daif [2] has given a generalization of derivation as multiplicative 
derivation which is defined as: a mapping d: R→ R (not necessarily additive) is said to be multiplicative derivation 
if d(xy) = d(x)y + xd(y) ∀ x, y ∈ R. Similar type of notation is defined in [7]. Later, in [3] Daif and Tammam 
have extended this notation to multiplicative generalized derivation as follows: a mapping G: R →  R is a 
multiplicative generalized derivation if there exists a derivation g such that G(xy) = G(x)y + xg(y) ∀ x, y ∈ R. G 
is known as multiplicative (generalised) derivation, which was first shown by Dhara and Ali in [4], if we define 
g to be any map that is neither necessarily derivative nor additive. Multiplicative generalised derivation and 
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multiplicative centraliser (if g = 0) are both included in the notion of multiplicative (generalised) derivation. A 
mapping f from R to R is centralizing if [f(x), x] ∈ Z(R) and particularly commuting if [f(x), x] = 0 ∀ x ∈ R. The 
study of the commutativity of rings with derivations has been started by Posner [9].  In specifics, he demonstrated 
that if a non-zero derivation δ centralises on a prime ring R, then R is commutative.  This conclusion was expanded 
in various ways by a number of authors (see [5, 6, 11]). Further, Dhara and Ali considered the following identities 
with multiplicative (generalized) – derivation in semiprime ring: (i) F(xy) ± xy = 0, (ii) F(xy) ± yx = 0,          (iii) 
F(x)F(y) ± xy ∈ Z(R)  , (iv) F(xy) ± yx ∈ Z(R) ∀ x and y in suitable subset of R. Rehman et al. [10] then 
generalise this kind of work by presenting a novel idea of multiplicative (generalised) (ϑ, φ)-reverse derivation in 
prime rings.  In this study, we expand several results inspired by the work in [10]. 

Main Results: 

Let's start with the subsequent theorem: 
 
Theorem 1:- Let R be a prime ring, I be a non zero left ideal of R. Suppose that G, D: R→ R are multiplicative 
generalized (ϑ, φ) -  reverse derivations associated with the maps g, d respectively. If G and D satisfy G(xy)  = D(xy)  ∀ 
x, y ∈ I, then G and D are identical on I, where ϑ and φ are automorphisms on R.” 

Proof: We have 

G(xy)  = D(xy)  ∀ x, y ∈ I                                              1 

Replacing x by yx 

G(yxy)  = D(yxy)  ∀ x, y ∈ I 

G(xy)ϑ(y) + φ(xy)g(y)  = D(xy)ϑ(y) + φ(xy)d(y)    ∀ x, y ∈ I 

 φ(xy)g(y)  =  φ(xy)d(y)    ∀ x, y ∈ I                                                                                       2 

φ(xy)g(y)  − φ(xy)d(y) = 0    ∀ x, y ∈ I 

φ(xy)[g(y)  − d(y)] = 0    ∀ x, y ∈ I 

“Replacing x by xr 

φ(xry)[g(y)  − d(y)] = 0    ∀ x, y ∈ I and r ∈ R 

φ(x)φ(r)φ(y)[g(y)  − d(y)] = 0    ∀ x, y ∈ I and r ∈ R 

Replacing r by φ-1(r) 

φ(x)φ(φ-1(r))φ(y)[g(y)  − d(y)] = 0    ∀ x, y ∈ I and r ∈ R 

φ(x) r φ(y)[g(y)  − d(y)] = 0    ∀ x, y ∈ I and r ∈ R 

Primeness of R implies that either φ(x) = 0 or φ(y)[g(y)  − d(y)] = 0    ∀ x, y ∈ I and r ∈ R. 
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If φ(x) = 0 ∀ x ∈ I, then φ(I) = (0). 

Since I is nonzero left ideal of R, then we get a contradiction. 

So,  φ(y)[g(y)  − d(y)] = 0    ∀ y ∈ I ,  

then φ(y)g(y)  =  φ(y)d(y)    ∀ x, y ∈ I                    

Again from 1 

G(xy)  = D(xy)  ∀ x, y ∈ I  

G(y)ϑ(x)+ φ(y)g(x) =  D(y)ϑ(x)+ φ(y)d(x) )    ∀ x, y ∈ I                                          3 

Using 2, we get” 

G(y)ϑ(x) =  D(y)ϑ(x)    ∀ x, y ∈ I  

G(y)ϑ(x)  −  D(y)ϑ(x) = 0    ∀ x, y ∈ I   

[G(y) −  D(y)]ϑ(x) = 0    ∀ x, y ∈ I  Replacing x by rx 

[G(y) −  D(y)]ϑ(rx) = 0    ∀ x, y ∈ I Replacing x by rx and r ∈ R 

[G(y) −  D(y)]ϑ(r)ϑ(x) = 0    ∀ x, y ∈ I  Replacing r by ϑ-1(r) and r ∈ R 

[G(y) −  D(y)]ϑ(ϑ-1(r))ϑ(x) = 0    ∀ x, y ∈ I  and r ∈ R 

[G(y) −  D(y)] r ϑ(x) = 0    ∀ x, y ∈ I  and r ∈ R. 

“Using Primeness of R, we get either ϑ(x) = 0    or [G(y) −  D(y)]  = 0    ∀ x, y ∈ I  . 

Again ϑ(x) = 0    gives a contradiction, hence G = D on I. 

Theorem 2:- Let R be a Prime ring, I be a non zero left ideal of R. Suppose that G, D : R→ R are multiplicative 
generalized (ϑ, φ) -  reverse derivations associated with the maps g, d respectively. If G and D satisfy G(x)D(y) = ϑ(xy)  ∀ 
x, y ∈ I, then φ(I) g(I) = (0), where ϑ and φ are automorphisms on R. 

Proof: We have 

G(x) D(y)  = ϑ(xy)  ∀ x, y ∈ I                   4 

Replacing y by xy 

G(x) D(xy)  = ϑ(xxy)  ∀ x, y ∈ I        

G(x)[D(y)ϑ(x) + φ(y)d(x)]  = ϑ(xxy)     ∀ x, y ∈ I 
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G(x)D(y)ϑ(x) + G(x)φ(y)d(x)  = ϑ(xxy)     ∀ x, y ∈ I  

G(x)φ(y)d(x)  = 0 ∀ x, y ∈ I            5 

Replacing y by ry” 

G(x)φ(ry)d(x)  = 0 ∀ x, y ∈ I and r ∈ R 

G(x)φ(r)φ(y)d(x)  = 0 ∀ x, y ∈ I and r ∈ R           6 

Replacing r by φ-1(r) 

G(x)rφ(y)d(x)  = 0 ∀ x, y ∈ I and r ∈ R           7 

Primeness of R implies that either G(x) = 0 or φ(y)d(x) = 0    ∀ x, y ∈ I and r ∈ R. 

If G(x) = 0 ∀ x ∈ I, then ϑ(xy) = 0 ∀ x, y ∈ I 

Replacing y by ry 

ϑ(xry) = 0 ∀ x, y ∈ I and r ∈ R 

ϑ(x) ϑ(r) ϑ(y) = 0 ∀ x, y ∈ I and r ∈ R 

“Replacing r by ϑ -1(r) 

ϑ(x) r ϑ(y) = 0 ∀ x, y ∈ I and r ∈ R 

Using Primeness of R, we get either ϑ(x) = 0 or ϑ(y) = 0  ∀ x, y ∈ I  .  

In other words ϑ(I) = (0), gives a contradiction, hence φ(y)d(x) = 0    ∀ x, y ∈ I . 

In other words φ(I)d(I) = 0    ∀ x, y ∈ I. 

Theorem 3:- Let R be a Prime ring, I be a non zero left ideal of R. Suppose that G,D : R→ R are multiplicative 
generalized (ϑ, φ) -  reverse derivations associated with the maps g, d respectively. If G and D satisfy G(xy)  = G(x)D(y)  
∀ x, y ∈ I, then either D(xy) = φ(x)D(y) or  G(xy) = G(x) ϑ(y) ∀ x, y ∈ I,  where ϑ and φ are automorphisms on 
R.” 

Proof: We have 

G(xy) = G(x)D(y)  ∀ x, y ∈ I . Replacing x by wx          8 

G(wxy) = G(wx)D(y)  ∀ x, y ∈ I  

G(xy)ϑ(w) + φ(xy)g(w)  = [G(x)ϑ(w) + φ(x)g(w)] D(y)     ∀ x, y ∈ I  (since G(xy) = G(x)D(y)) 

φ(xy)g(w)  = φ(x)g(w) D(y)     ∀ x, y ∈ I (since φ(I)d(I) = 0    ∀ x, y ∈ I,)      9 
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Replacing y by wy and x by xw and then subtract 

φ(xwy)g(w)  = φ(x)g(w) D(wy)     ∀ x, y, w ∈ I                             10                                                   

φ(xwy)g(w)  = φ(xw)g(w) D(y)  ∀ x, y, w ∈ I (since φ(I)d(I) = 0    ∀ x, y ∈ I,)              11     

D(wy) φ(x)g(w) - D(y)φ(xw)g(w)     = 0    ∀ x, y, w ∈ I 

 “[D(wy)  - φ(w) D(y)] φ(x)g(w)     = 0 ∀ x, y, w ∈ I 

Replacing x by rx  

 [D(wy)  - φ(w) D(y)] φ(rx)g(w)      = 0 ∀ x, y, w ∈ I 

 [D(wy)  - φ(w) D(y)] φ(r) φ(x)g(w)      = 0 ∀ x, y, w ∈ I 

Replacing r by φ-1(r) 

 [D(wy)  - φ(w) D(y)] φ(φ-1(r)) φ(x)g(w)     = 0 ∀ x, y, w ∈ I  

 [D(wy)  - φ(w) D(y)] r φ(x)g(w)     = 0 ∀ x, y, w ∈ I  

Primeness of R implies that either [D(wy)  - φ(w) D(y)] or φ(x)g(w) = 0    ∀ x, y,w ∈ I and r ∈ R. If φ(x)g(w) = 0    , 
then D(wy)  = φ(w) D(y) ∀ w, y ∈ I.  

Theorem 4:- Let R be a Prime ring, I be a non zero left ideal of R. Suppose that G, D : R→ R are multiplicative 
generalized (ϑ, φ) -  reverse derivations associated with the maps g, d respectively. If G and D satisfy G(xy)  = D(x) G(y)  
∀ x, y ∈ I, then D(xy) = φ(x)D(y) ∀ x, y ∈ I,  where ϑ and φ are automorphisms on R.” 

Proof: We have 

G(xy)  = D(x) G(y)  ∀ x, y ∈ I                      12 

Replacing x by wx 

G(wxy) = D(wx)G(y)  ∀ x, y ∈ I  

G(xy)ϑ(w) + φ(xy)g(w)  = [D(x)ϑ(w) + φ(x)d(w)] G(y)     ∀ x, y ∈ I   

φ(xy)g(w)  = φ(x)d(w) G(y)     ∀ x, y ∈ I  

“Replacing y by wy and x by xw and then subtract 

φ(xwy)g(w)  = φ(x)d(w) G(wy)     ∀ x, y, w ∈ I                                                              

φ(xwy)g(w)  = φ(xw)d(w) G(y)     ∀ x, y, w ∈ I (since φ(I)d(I) = 0    ∀ x, y ∈ I,)       

G(wy) φ(x)g(w) - G(y)φ(xw)d(w)     = 0    ∀ x, y, w ∈ I 
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 [G(wy)  - φ(w) G(y)] φ(x)d(w)  = 0 ∀ x, y, w ∈ I 

Replacing x by rx  

 [G(wy)  - φ(w) G(y)] φ(xr)d(w)  = 0 ∀ x, y, w ∈ I 

 [G(wy)  - φ(w) G(y)] φ(r) φ(x)d(w) = 0 ∀ x, y, w ∈ I 

Replacing r by φ-1(r) 

 [G(wy)  - φ(w) G(y)] φ(φ-1(r)) φ(x)d(w)     = 0 ∀ x, y, w ∈ I  

 [G(wy)  - φ(w) G(y)] r φ(x)d(w)     = 0 ∀ x, y, w ∈ I.”  

Primeness of R implies that either [G(wy)  - φ(w) G(y)] or φ(x)d(w) = 0    ∀ x, y, w ∈ I and r ∈ R. If φ(x)d(w) = 0, 
then G(wy)  = φ(w) G(y) ∀ w, y ∈ I. 
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Abstract: A vertical channel limited by porous media with varied permeabilities is used to study the effect of a 
magnetic field on forced and free convection flow. The existence of a magnetic field is used to derive the equations 
for bulk temperature and velocity. The numerical study examines the impact on velocity and bulk temperature of 
several factors, such as the ratio of wall temperature differences (rT), the magnetic field parameter (M), the Reynolds 
number (Gr/Re), the Grashoff number, the pressure gradient α=-dp/dx, and the porosity parameters σ1 and σ2. 

 
KeyWords:MHD,Porous parameter, Combined Convection, bulk temperature,FDF. 
   

        1. INTRODUCTION 
Heat transfer problems have several utilizations and applications in engineering sciences in various areas, eg., designing 
cooling systems for motors, generators and transformers. Also, in this study, the chemical industries are interested in the 
evaporation, condensation, heating and cooling of fluids. Knowledge of   loss of heat flow is important to the civil engineers 
in the designing and building of dams and structures. Cost estimation for the viability and the tools required to transfer 
desired heat in the required time requires a thorough study of  heat transfer should be carrie out. The proportions of boilers, 
heaters, refrigerators and exchange of heat rely on the amount of heat to be transmitted and also on the rate at which heat 
should be transmitted within the parameters. In all branches of engineering, the problems of heat transfer exist that can be 
solved by thermodynamic reasoning and an analysis based on the science of heat transfer.  Either Darcy's or non-Darcy's 
law govern the flow in a porous medium.  Muskat [9], Yah[16], Sheidegger[13], Bear[6] and several more analyzed various 
flows into porous media using Darcy's law. For flows through high porosity porous bodies such as fibreglass, Darcy's law 
is not valid.  Moreover, Darcy's law cannot explain the phenomena of flow near a solid boundary or near an interface. Both 
free and forced convection heat transfer in channels was explored by Tao[15].  The buoyancy influence on hydrodynamic 
and thermal characteristics in the upward laminar flow of a viscous fluid in a parallel plate channel was numerically solved 
by Aung and Worku [1]. Another study by Aung and Worku [2] looked at how mixed convection changed the flow in a 
vertical channel with parallel plates and different wall temperatures. If you look at what a magnetic field does to fully 
developed mixed convection flows in a vertical channel, Reddy [10] also found closed-form solutions. In a vertical channel 
with non-uniform wall temperatures, Reddy investigated the effect of a magnetic field on the onset and reversal of flow 
[11]. Reddy [11] figured out how a magnetic field affects combined convection in ducts with uneven wall heat fluxes. 
 

2.  Problem 
Consider a mixed convection flow that is constant and laminar, operating in a vertical channel with porous beds as 

its boundaries. Assume that y=0 and y=b are the locations of the walls, and let 'b' represent the distance between them. 
Figure 1.1 depicts the geometry. The fluid used here has a consistent x-direction vertical stream velocity at the channel 
entry. Porous material encased the channel walls. Applied in the y-direction is a constant transverse magnetic field of 
intensity B0. 
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Fig.1.1Geometric Model 

 

The flow is divided into three zones. 

The governing equations in these zones are: 

Zone 1: Darcy's’s law 

 
1 1

p J B
u k



  
       (1.1) 

1.u = 0      (1.2) 

B. = 0      (1.3) 

Zone 2: 

q.  = 0      (1.4) 

1 2Dq
p q g J B

Dt
            (1.5) 

  2.pC q T T          (1.6) 

 

where 

  eJ E q H         (1.7) 

and  = Dissipation function 
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= 















































222

2
y

v

x

u

x

v

y

u   

q = (u, v, 0) and H  = (0, H0, 0) 

Zone 3: Darcy's’s law 

 
2 2

p J B
u k



  
       (1.8) 

2.u = 0      (1.9) 

Where B = e H   

 

The following assumptions are made: 

(i) A consistent, viscous, incompressible and completely developed flow was observed. 
(ii) The height of the channel is more than the channel spacing.  Hence, the velocity component v in y-  direction is 
considered as zero in the total cross section of flow.   

(iii) The induced magnetic field and electric field ( E ) are omitted. [12, 14]. 
(iv) Dissipation of energy is ignored. 
(v) Temperature in Zone 1 and Zone 3 are ignored. 
 

Based on the above, the governing equations become 

Zone 1: 












 1

2
0

2
1

1
1 be uh

xd

dpk
u 


      (1.10) 

Zone 2: 

x

u




 =0                 (1.11) 

0 = 





uH
g

dx

dp

y

u
v

2
0

2
0

1

2

2 1





      (1.12) 

0
1





y

p
         (1.13) 
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Hence the completely developed temperature profile for uniform wall temperature is 0



x

T
.   

The equation of energy becomes 

 

0
2

2


dy

Td
         (1.14) 

 

Zone 3: 












 2

2
0

2
1

2
1 be uh

xd

dpk
u 


       (1.15) 

Boundary conditions are 

u = ub1; T = T1 

 
1

11
1

k

uu

dy

du b 



   at y = 0     (1.16) 

 

u = ub2; T = T2 

 
2

22
1

k

uu

dy

du b 



   at y = b     (1.17) 

The non-dimensional quantities are defined as follows: 

U = u/u0; V = vb/v; X = x/(b Re); Y = y/b 

 
2
0

111

u

pp
p




  , Pr pC


 ; Re = b u0 /v;  

   
 

3
2 0 0

2
2 0

,
T T b T T

Gr g
T T

 

 

 


       (1.18) 

U1= u1/u0; U2 = u2/u0;  
1

1
k

b
 ; 
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2

2
k

b
 ; 

0

1
1 u

u
U b

b  ; 
0

2
2 u

u
U b

b   

 

The non-dimensional version of the governing equations is 

Zone 1: 

 2
1

2

1

1 




M

U         (1.19) 

Zone 2: 

Continuity equation 

0
dX

dU
       (1.20) 

X-momentum equation 

UM
dY

UdGr 2
2

2

Re
0                    (1.21) 

Y-momentum equation  

0
dY

dP
       (1.22) 

Energy equation 

0 = 
2

2

dY

d 
       (1.23) 

Zone 3: 

 2
2

2

1

2 




M

U       (1.24) 

Where  





22

0
2

2 bH
M e , and 

dP

dX
  , the pressure gradient               (1.25) 
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In equation (2.12), Boussinesq equation of state, -0 = -(T-T0), and by the definition p = p1- p11, (p11 is the 

pressure at any stream wise position). If the temperature were T0 is applied, the definition gives g
dx

dp
0

"  .  Hence 

 0

1

TTg
dx

dp
g

dx

dp
   

The dimensionless pressure becomes 
 

2
0

111

u

pp
P




 ; for a horizontal channel, 
2
0

1

u

p
P


  (standard definition in pure 

forced flow). 

 

 

Conditions at boundary are: 

U = Ub1;  = rT 

 1 2
1 1 1b

dU
U U

dY
     at Y = 0   (1.26) 

 

U = Ub2;  = 1 

 1 2
2 2 2b

dU
U U

dY
      at Y = 1                 (1.27) 

 

Using the equations (1.26) and (1.27) for , integrating equation (1.23) we get the fully developed temperature profile. 

 

 = (1 – rT)Y + rT       (1.28) 

Solving equation (1.21), using equations (1.26), (1.27) and (1.28) we get 

 
221 M

BAY
MYSinhCMYCoshCU


                      (1.29)    

Where A =   
Re

,
Re

1
Gr

rB
Gr

r TT    

D

N
Cand

D

N
C 2

2
1

1   
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Where D = M(M Sinh M + 122 Cosh M) +112 (M Cosh M+122 Sinh M)    

   

 

1 2 1 2 2
2 1 1 1

1 2 2
2 2 2

1 2

1
Re Re

1
Re Re

T T

T

Gr Gr
M Cosh M Sinh M r r U

Gr Gr
M r U

N
M

    

  

             
        
      

 

     1 2 1 2 2 1 2 1 2 2
2 1 1 1 1 2 2 2

2 2

1 1
Re Re Re ReT T T

Gr Gr Gr Gr
M Sinh M Cosh M r r U r U

N
M

         
                      

         

 

 To evaluate  at any cross section in the channel, we need an expression of global conservation of mass.  Let this 
equation be [1]. 

 
1

0

1U dY          (1.30) 

is dimensionless. 

Substituting (2.29) in (2.30), we get 

   
 MCoshMNMSinhMN

Gr
rMCoshMNMSinhMNM

dX

dP T






11
Re

1
2

1
1

2212

2111
2

  (1.31) 

Where 

       
DM

Gr

rMrMSinhMCoshMN TT 2
2
2

12
1

12
2

1
11

Re
111









    

  
DM

UMUMSinhMCoshM
N

2
12

4
2

1
11

4
1

12
2

1

12

 
   

      1 2 1 2 1 2 1 2
21 2 1 1 2 2

Re
1 1 1T T

Gr

N M Sinh M Cosh M r r
M D

       

 
 
            
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  21 2 1 4 1 4
2 1 11 2 12

22 2

M Sinh M Cosh M U U
N

M D

            

 2
1

211

1




M
U  and   2

2
212

1




M
U    

using (2.31) in (2.29), we get the velocity distribution for all Gr/Re, rT and M (0). 
U = C1 Cosh MY + C2 Sinh MY + [{(1-rT)Y+rT}Gr/Re]/M2 + 

   
  MCoshMNMSinhMNM

Gr
rMCoshMNMSinhMNM T





11
Re2

11

2212
2

2111
2

           

(1.32) 
 
The velocity distribution and α for a natural forced flow and asymmetrically heated uniform wall temperature, become  

  11

1

2212

2212





MCoshMNMSinhMN

MYSinhNMYCoshN
U               

(1.33) 

 
2

12 22 1 1

dP M

dX N M Sinh M N M Cosh M
   

  
             

(1.34) 
Bulk Temperature: 
The bulk temperature is defined as [1] 

dYU

dYU

b






1

0

1

0


     

      
(1.35) 
Substituting (1.28) and (1.32) in (1.35), the expression for bulk temperature b becomes 
b= TN/TD    
                    
(1.36) 
Where  
TN= [C1{M Sinh M + (rT-1) (-1+Cosh M)}+ C2{M(Cosh M-rT)  

+(rT-1) Sinh M + (rT
2 +rT +1) Gr/(3Re) + (rT+1) /2] 

TD = [M{C1 Sinh M +C2 (Cosh M-1)}+ (rT+1) Gr/(2Re) + ] 
The bulk temperature b

* for natural forced flow is obtained by letting Gr/Re = 0 in (2.36).  
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b
*= TN1/TD1    

                    
(1.37) 
where  
TN1 = [C11 {M Sinh M+ (rT-1) (-1+Cosh M)}+ C21{M(Cosh M-rT) 

+ (rT-1) Sinh M} + (rT+1) */2] 
TD1 = [M{C11 Sinh M +C21 (Cosh M-1)}+*] 
Where 

  
DM

UMUMSinhMCoshM
C

2
21

4
2

1
11

4
1

12
2

1

11

 
   

 1 2 1 4 1 2 4
2 1 1 1 2 2

21 2

M Sinh M Cosh M U U
C

M D

             

 
2

*

12 22 1 1

M

N M Sinh M N M Cosh M
 

  
  

 
 Velocity Distribution in the lack of Pressure Forces: 
 
The first two terms on the right side of equation (1.21) represent the buoyancy and pressure forces in that order.  Both the 
forces have same significance.  The velocity distribution for combined convection in the absence of pressure force is 
acquired by putting  = 0 in (1.29) and is given by 
 
 U= C31 Cosh MY + C32 Sinh MY + [(1-rT)Y + rT] (Gr/Re)/M2 (1.38) 
Where 

       
DM

GrrMrMSinhMCoshM
C TT

2

2
1

12
1

12
2

1

31

Re/1}11{ 



  

       1 2 1 2 1 2 1 2
2 1 1 1

32 2

{ 1 1} 1 /ReT TM SinhM CoshM r r Gr
C

M D

           
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  3. RESULTS AND DISCUSSIONS : 
A graphical representation of stream-wise velocity profile, from (1.32) is given in the model 1.1 for different values of wall 
temperature rT ratios, magnetic field parameter (M), porosity parameters 1 and 2 and Gr/Re. Figures 1.2(a) to 1.7(c), show 
that for fixed rT, M, 1 and 2 values and increase in Gr/Re, the profiles of  velocity turn increasingly skewed.  The increased 
positive velocity near the hot wall (i.e. Y=1) and reduced velocity near the cold wall (i.e., Y=0) characterize the skew-ness.  
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YFigure1.2(a): Velocity profiles for 
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M=1, rT=0.3 and 1= 2=5

V
el

o
ci

ty

Y
Figure 1.2(c): Velocity profiles for 

fixed M=1, rT=0.5 and 1= 5
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YFigure 1.3(a): Velocity profiles for 
fixed M=5, rT=0 and 1= 5
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Figure 1.3(b): Velocity profiles for 
fixed M=5, rT=0.3 and 1= 2=5
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Figure 1.3(c): Velocity profiles for fixed M=5, 

rT=0.5 and 1= 2=5
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Figure 1.4(a): Velocity profiles for 
fixed M=1, rT=0 and 1= =25
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Figure 1.4(b): Velocity profiles for fixed M=1, 
rT=0.3 and 1= 2=25
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Figure 1.4(c): Velocity profiles for fixed 
M=1, rT=0.5 and 1= 2=25
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Figure 1.5(a): Velocity profiles for fixed M=5, rT=0 

and 1= 2=25
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YFigure 1.5(b): Velocity profiles for 
fixed M=5, rT=0.3 and 1= 2=25
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Figure 1.5(c): Velocity profiles for 
fixed M=5, rT=0.5 and s1= s2=25
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YFigure 1.6(a): Velocity profiles for 
fixed Gr/Re=500, rT=0 and 1= 2=5
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YFigure 1.6(b): Velocity profiles for 
fixed Gr/Re=500, rT=0.3 and 1= 2=5
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The figures 1.2(a) to 1.3(c) show that the velocity profiles for Gr/Re=0 and for small values of 1 and 2 are nearly straight 
lines at constant velocity.  When 1 and 2 are sufficiently large and Gr/Re=0 the velocity profiles develop into parabolic 
(figures 1.4(a) to 1.5(c)) and attain the maximum velocity near y=0.5. In light of this, the velocity profiles in a natural forced 
flow or asymmetric heated wall temperature channel are always positive, regardless of the magnitude of the magnetic field 
parameter (M), the porosity parameters (1 and 2), and any other relevant factors. There is no flow reversal in fully 
developed flow (FDF) in both magnetic and non-magnetic case.   

 

Figures 1.6(a) to 1.7(c) show that increasing the magnetic field and porosity parameters 1 and 2can lessen the negativeness 
of the velocity profile (flow reversal) close to the wall. The negativity of the velocity profile close to the cold wall gradually 
diminishes as rT rises.  

 

When the magnetic field parameter (M) is increased, the pressure gradient values go up, as shown in figures 1.8 and 1.9. 
This is because rT = 1 and 1 and 2 are always the same. 
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YFigure 1.6(c): Velocity profiles for fixed 
Gr/Re=500, rT=0.5 and 1= 2=5
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Figure 1.7(a): Velocity profiles for fixed 

Gr/Re=500, rT=0 and 1= 2=25
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Figure 1.7(b): Velocity profiles for fixed 
Gr/Re=500, rT=0.3 and 1= 2=25
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YFigure 1.7(c): Velocity profiles for fixed 
Gr/Re=500, rT=0 and 1= 2=25
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Graphs 1.10 and 1.11 are drawn for bulk temperature b at fixed porosity parameters 1 and 2 and for various values of rT 
and M.  It is seen that introduction of magnetic field enhances the bulk temperature b but it starts declining as the magnetic 
parameter (M) increases for constant porosity parameters.  b enhances with increasing rT (< 1).  b is gradually increasing 
with Gr/Re for rT < 0.8 for 0.8 < rT < 1, the bulk temperature b profile almost becomes a straight line.   

 

 

 

 

 

                4. CONCLUSIONS  
Mixed convection flow in a vertical channel bordered by porous media with variable permeabilities is investigated in this 
work as a function of magnetic field strength. In a magnetic example, the equations for bulk temperature and velocity may 
be expressed. It also looks at how the pressure gradient α=-dp/dx, the porosity parameters π1 and π2, the ratio of wall 
temperature differences (rT), the Grashoff number and Reynolds number (Gr/Re), and the magnetic field parameter (M) 
affect the speed and temperature of the bulk. 
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Figure 1.8: Pressure Gradient for 
fixed 1= 2=5 and rT=1, 1 = 0.01
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Figure 1.9: Pressure Gradient for fixed 
1= 2=25 and rT=1, 1 = 0.01

B
u

lk
 T

em
p

er
at

u
re

Gr/ReFigure 1.10: Bulk Temperature (b) for 
fixed 1= 2=5 B

u
lk

 T
em

p
er

at
u

re

Gr/Re
Figure 2.11: Bulk Temperature 

(b)for fixed 1= 2=25
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GRAPH THEORETICAL FRAMEWORK FOR OPTIMIZED ROUTING IN MOBILE AD HOC NETWORKS 
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Abstract 

This paper presents a complex system for optimizing the performance of mobile ad hoc networks (MANETs) 
that we have based on graph theory. We put forth in this a set of very advanced algorithms that include shortest path and 
partitioning approaches which we use to in real time determine and which also at the same time update the best paths for 
data transfer in the network. By constantly changing to fit in with changes in network structure we do away with latency 
and at the same time we see an increase in over all network performance. 
 

In this framework we see the use of adaptive graph algorithms which at the present time’s network state to 
determine the best path forward which in turn enables fast re calculation of optimal paths. Also we have put in place 
what we may term as network division into smaller graphs which in turn decreases computational load and at the same 
time improves on the framework’s scale ability in large or very dynamic environments. 

 
Keywords: Connected Dominating Sets, Mobile Networks, Network Route, Ad Hoc Networks 

1. Introduction 
 

Mobile Adhoc Networks, or MANETs, refer to self-arranging networks which allow nodes to join, relocate, or exit freely. 
Unlike classical networks which depend on fixed infrastructure like routers and base stations, MANETs operate without 
any centralized control. This makes them ideal for situations like rescue missions, military communication, or vehicular 
networks. The distinct and defining features of MANETs which include their changing topology, restricted bandwidth, and 
energy limitations are wireless communication technology are arduous challenges for guaranteeing effective 
communication. 

One of the biggest difficulties in MANETs is building routing protocols that remain reliable and flexible when the network 
changes frequently. Node mobility, fluctuating link quality, and unpredictable node density all contribute to this challenge. 
Existing protocols, such as Ad hoc On-Demand Distance Vector (AODV) and Dynamic Source Routing (DSR), generally 
fall into two categories: reactive or proactive. Reactive protocols like AODV create routes only when needed, which keeps 
the initial overhead low but slows things down during route discovery. Proactive methods, such as Optimized Link State 
Routing (OLSR), keep routing tables updated for all nodes, reducing delays but causing heavy control overhead in fast-
changing networks. In practice, both strategies face limitations when topology shifts rapidly, often leading to higher latency, 
packet drops, and greater energy use. 

Graph theory provides a useful way to overcome these challenges by representing the network as a graph, with nodes 
acting as vertices and communication links as edges. This structure makes it possible to apply well-known graph 
algorithms to improve routing decisions. For instance, shortest path methods such as Dijkstra’s algorithm and A* can 
identify efficient routes between nodes while taking into account factors like signal strength, bandwidth, and distance. 
The drawback is that running these algorithms directly on large or highly dynamic networks often becomes costly and 
inefficient. To address this, researchers use ideas from graph domination. A Connected Dominating Set (CDS)—a 
carefully chosen subset of nodes that functions as a virtual backbone—helps cut down routing overhead. Only CDS 
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nodes manage route discovery and maintenance, while the other nodes forward data through their nearest CDS node. 
This setup avoids unnecessary transmissions, saves energy, and makes the network easier to manage. 
 
Another key factor in improving routing in MANETs is scalability. As networks grow larger, it becomes unrealistic to 
maintain a complete view of the entire topology. To manage this, graph partitioning is used to break the network into 
smaller, localized subgraphs, each supported by its own CDS. This setup allows routing decisions to be made locally, 
which lowers computational demands and lets the network respond more quickly to changes without disrupting the whole 
system. Partitioning also helps balance resources in dense networks and keeps communication reliable in sparse or 
fragmented ones. 
 
The framework brings together these graph-theoretical ideas to create a routing solution that is adaptive, scalable, and 
energy-efficient. By combining real-time graph updates with shortest path algorithms and domination-based methods, it 
tackles major issues like high latency, excessive overhead, and poor performance in rapidly changing conditions. This 
makes it especially useful in settings where dependable and efficient communication is essential, such as emergency 
response operations, vehicular networks, and sensor-driven monitoring systems. 
 
This study describes the design and implementation of the framework, highlighting its ability to adapt to changing 
network conditions, scale effectively in large systems, and conserve energy. The simulation results show that the 
framework outperforms traditional protocols by reducing latency, improving packet delivery, and lowering energy use, 
making it a strong candidate for the growing demands of MANETs. 

 

2. Literature Review 
 
Mobile Ad Hoc Networks (MANETs) have attracted considerable research attention because of their decentralized design 
and the difficulties that come with constantly changing topologies, limited bandwidth, and energy restrictions. Over time, 
many routing protocols and optimization methods have been developed, aiming to improve scalability, cut down 
overhead, and provide dependable communication. 

 
Early research on MANET routing introduced two main strategies: reactive and proactive approaches. Reactive 
protocols, such as Ad hoc On-Demand Distance Vector (AODV) [10] and Dynamic Source Routing (DSR) [8], build 
routes only when they are required. AODV does this through route request and reply messages, while DSR places the 
full route inside the packet header. Although effective, both methods create heavy overhead during route discovery in 
dynamic environments. On the other hand, proactive protocols like Optimized Link State Routing (OLSR) [4] keep 
routing tables updated at all times, which reduces delays but produces substantial control overhead. In practice, both 
reactive and proactive methods struggle in large or highly dynamic networks, often resulting in higher latency and 
increased energy use. 

 
Graph theory has become an important tool for improving routing in MANETs. When the network is modeled as a graph, 
the nodes act as vertices and the communication links serve as edges. Using this representation, shortest-path algorithms 
like Dijkstra’s can be applied to identify efficient routes while taking into account real-time factors such as signal strength 
and bandwidth. The A* algorithm [6], which uses heuristics, further enhances pathfinding efficiency in applications 
where speed is crucial. However, despite their usefulness, these algorithms often struggle to scale in large or dense 
networks because they depend on complete knowledge of the overall topology. 
 
Domination-based methods have been widely explored as a way to simplify routing in MANETs. A Connected 
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Dominating Set (CDS) is a subset of nodes that acts as a virtual backbone, making sure every node is either part of the 
CDS or directly linked to one. Guha and Khuller [5] developed one of the first approximation algorithms for building a 
CDS, aiming to keep the set as small as possible while preserving connectivity. Later, Wu and Li [11] proposed localized 
algorithms that lowered computational demands, making them more practical for dynamic networks. Using a CDS helps 
cut down redundant transmissions, saves energy, and improves scalability. Alzoubi et al. [2] further contributed with 
distributed heuristics that focused on energy efficiency and local decision-making. Together, these works laid the 
groundwork for modern domination-based routing strategies in MANETs. 
 
Graph partitioning is a common approach for improving scalability in large networks. By breaking the network into 
smaller subgraphs, routing can be handled locally within each partition, which reduces computational overhead. 
Partitioning also helps balance resources in dense networks and maintains reliable communication in sparse ones. 
Heinzelman et al. [7] introduced partitioning methods in sensor networks, showing how they conserve energy and support 
load balancing. Later, adaptive partitioning techniques [3] were developed to allow partitions to reconfigure dynamically 
as the topology or node density changes, further boosting efficiency. 

Domination-based techniques have been applied in many areas, including vehicular ad hoc networks (VANETs), sensor 
networks, and disaster recovery systems. In VANETs, they improve road safety and traffic flow by adapting quickly to the 
high mobility of vehicles [9]. In sensor networks, CDS-based methods help conserve energy and extend network lifetime 
by restricting active communication to a smaller group of nodes [1]. These examples highlight the flexibility and 
effectiveness of CDS and graph-theoretical concepts in solving real-world problems. Still, challenges remain. Balancing 
scalability, adaptability, and energy efficiency is difficult. Reactive and proactive protocols often fall short in large, high-
mobility networks. Traditional CDS algorithms reduce overhead but may not capture real-time changes in the network. 
Partitioning methods also require frequent updates to perform well in both dense and sparse settings. The framework 
proposed here addresses these limitations by combining real-time graph updates, adaptive CDS construction, and 
partitioning methods into a unified solution for efficient MANET routing. 

3. Methods and Materials 
 

3.1 Graph Construction:  
 

In this study, a mobile ad hoc network (MANET) is modeled as a graph, where the nodes represent devices such as 
smartphones, laptops, or sensors, and the edges represent the communication links between them. Each edge is assigned 
a weight that reflects current network conditions. Stronger signals are given lower weights to indicate better quality, links 
with higher bandwidth are also assigned lower weights, and longer distances increase the edge weight, signaling higher 
latency or reduced reliability. 
The edge weights adjust in real time to reflect changes in the network caused by node movement, link failures, or 
environmental interference. This continuous updating keeps the graph aligned with the current state of the network, 
providing the most accurate snapshot of its topology. 
 
For instance, if a node changes position, the signal strength with its neighboring nodes may weaken, which triggers an 
update of the edge weights. This dynamic graph ensures that routing algorithms always work with the latest network 
information. 
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3.2 Domination-Based Techniques (Connected Dominating Set - CDS) 

 
To make routing simpler and reduce overhead, a Connected Dominating Set (CDS) is used as a virtual backbone for the 
network. The CDS is a selected group of nodes with two key properties: every node in the network is either part of the CDS 
or directly connected to one, and the CDS nodes themselves remain connected to ensure continuous communication. 

 

Advantages of Using CDS: 
 Reduction in Routing Overhead: Only the nodes in the CDS participate in routing and forwarding 

decisions, minimizing unnecessary transmissions. 

 Energy Efficiency: Non-CDS nodes conserve energy by communicating only with their nearest CDS node. 
 Localized Decision-Making: The CDS allows routing to be managed locally, reducing the need for global 

network updates. 

Algorithm for Constructing a CDS: 

1. Begin with a graph consisting of nodes and edges. 
2. Select a minimal dominating set (MDS) so that every node in the network is included or directly connected to one 

in the set. 
3. Link the nodes in the MDS to create a Connected Dominating Set (CDS), adding only the edges necessary to 

maintain connectivity. 

More advanced methods, such as the Guha-Khuller approximation algorithm, can be applied to build the CDS more 
efficiently. 

 

3.2.1 Routing Algorithm with Dynamic Shortest Paths 

 
The study applies a modified version of Dijkstra’s algorithm or the A* algorithm to compute the shortest paths 

between nodes. These algorithms are adapted to work with a dynamic graph that changes as the network evolves. Edge 
weights are updated in real time to reflect conditions such as node movement or bandwidth variation. Routing decisions 
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are mainly handled within the CDS nodes, which keeps the process efficient and reduces complexity. When a link fails 
or a node moves out of range, the algorithm recalculates only the affected routes. This localized recalculation helps 
minimize delays and ensures smooth communication. 
 

Steps in Routing with CDS: 
 

 Step 1: A source node identifies its nearest CDS node. 
 

 Step 2: The shortest path is calculated between the CDS nodes. 
 

 Step 3: The destination node receives the data via its nearest CDS node. 
 
 

3.2.2 Adaptive Graph Partitioning 

 
To address scalability challenges in large networks, the graph is partitioned into smaller, localized subgraphs. Each 

subgraph has its own CDS, which lets routing decisions be handled locally within that subgraph. 
 

Benefits of Partitioning: 
 Reduced Complexity: Smaller subgraphs require less computation and communication 

overhead. 
 Faster Adaptation: Localized updates ensure that topology changes in one subgraph do not disrupt the 

entire network. 

 

 Scalability: Partitioning enables the framework to handle networks with thousands of nodes efficiently. 
 

Dynamic Partitioning: 
 

 Initial Partitioning: Nodes are grouped into subgraphs based on proximity or connectivity. 
 Adaptive Repartitioning: As nodes move or the network density changes, subgraphs are merged or 

divided dynamically to maintain optimal performance. 
For instance, in a dense network, nodes in crowded areas can be divided into smaller subgraphs to distribute the load 
more evenly, while in sparse areas, nodes may be grouped into a single subgraph to maintain connectivity. 
 

3.2.3 Metrics for Performance Evaluation 
 

To measure the effectiveness of the framework, the following metrics are used: 

1. Latency – This measure how much time it takes for a packet of data to travel from the sender to the receiver. Lower 
latency means faster communication, which is especially important for real-time applications like video calls or live 
monitoring. 
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2. Packet Delivery Ratio (PDR) – This indicates the percentage of data packets that successfully reach their intended 
destination. A higher PDR reflects more reliable communication, as fewer packets are lost along the way. 

3. Energy Consumption – This refers to the total amount of energy used by all nodes while sending, receiving, or 
forwarding data. Since many devices in MANETs run on batteries, lower energy consumption helps extend the 
overall lifetime of the network. 

4. Scalability – This shows how well the framework can adapt when the size of the network changes. A scalable 
system performs efficiently not only in small networks but also when the number of nodes grows into the hundreds 
or thousands. 

5. Adaptability – This measure how quickly and effectively the framework can respond when the network changes. 
For example, when nodes move, links fail, or signal strength varies, the system should adjust routes without major 
delays or disruptions. 

4. Results and Discussions 

The proposed graph-theoretical framework for optimized routing in mobile ad hoc networks (MANETs) was tested 
using several key performance metrics, including latency, packet delivery ratio (PDR), energy consumption, scalability, and 
adaptability. By combining connected dominating sets (CDS), adaptive graph partitioning, and dynamic shortest-path 
algorithms, the framework showed clear improvements over traditional routing protocols such as AODV and DSR. 

a) Improved Routing Efficiency 

Using CDS as a virtual backbone helped reduce routing overhead by restricting route discovery and maintenance tasks to a 
smaller set of nodes. This cut down the number of redundant control messages and lowered routing overhead by about 30 
percent compared to standard protocols. For non-CDS nodes, communication was limited to their nearest CDS node, which 
made the process simpler and also reduced the chances of routing loops. 

The dynamic shortest-path algorithm added another layer of efficiency by recalculating routes only when local topology 
changes occurred. This avoided unnecessary computations and allowed routes to be set up more quickly, even when the 
network was highly dynamic. 

Simulation results confirmed these improvements. On average, the framework reduced latency by 25 percent compared to 
AODV. Because optimal paths within the CDS were already precomputed, data packets were able to move with fewer 
delays, even when nodes were moving at high speeds. For real-time applications such as video streaming and voice calls, 
this drop in latency is especially important for maintaining good quality of service (QoS). 

b) Enhanced Scalability with Graph Partitioning 

Scalability in the proposed framework was achieved through graph partitioning, which divided the network into smaller, 
localized subgraphs. Each subgraph had its own CDS, allowing routing decisions to be made locally and reducing the 
complexity of maintaining a complete global topology. In simulations involving networks with more than 1,000 nodes, this 
partitioning method reduced route recalculation time by about 40 percent compared to networks without partitioning. 

Partitioning also made resource use more efficient. In dense networks, the number of control messages dropped significantly 
because nodes only needed to communicate within their own partitions. In sparse networks, partitions could be dynamically 
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merged to keep vital communication paths active. This flexibility allowed the framework to perform well in a wide range 
of settings, from crowded urban vehicular networks to remote and sparsely populated sensor networks. 

c) Adaptability to Topology Changes 

A major strength of the framework is its ability to adapt to frequent changes in network topology, which is one of the biggest 
challenges in MANETs. In traditional protocols, node mobility, link failures, or fluctuating signal strength often break 
routing paths, causing packet loss and delays. The proposed framework overcomes this by continuously updating edge 
weights and recalculating routes locally within the affected subgraph or CDS. For instance, if a node moves out of range, 
the CDS quickly finds alternative paths within the subgraph, allowing communication to continue with minimal interruption. 

This localized recalibration reduced packet loss by about 20 percent compared to reactive protocols like AODV, which rely 
on rediscovering routes across the entire network. The framework also proved effective in highly mobile environments, 
such as vehicular ad hoc networks (VANETs), where node speeds and densities change rapidly. Even under these conditions, 
it maintained a packet delivery ratio above 95 percent, providing reliable data transmission in demanding scenarios. 

 

 

d) Energy Efficiency and Resource Optimization 

Energy efficiency is a vital concern in MANETs, especially since many devices, such as sensors and handheld units, depend 
on limited battery power. The CDS-based approach reduced energy use for non-CDS nodes, as they only needed to 
communicate with their nearest CDS node. By cutting down redundant transmissions and lowering control overhead, the 
framework was able to conserve energy across the entire network. 

Simulation results showed that the framework lowered overall energy consumption by about 18 percent compared to 
traditional protocols. This saving was most noticeable in dense networks, where broadcasting control messages typically 
consumes large amounts of power. The adaptive partitioning strategy also helped balance energy usage by reassigning nodes 
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to different partitions or CDS groups as needed. This prevented certain nodes from being overworked and extended the 
overall lifetime of the network. 

 

e) Applications and Real-World Relevance 

The proposed framework can be applied in a variety of real-world scenarios, including disaster recovery, military operations, 
vehicular networks, and IoT-based sensor systems. In disaster recovery situations, its ability to quickly adjust to sudden 
topology changes ensures stable communication even when infrastructure is damaged or unavailable. For military use, the 
framework’s energy efficiency and resilience make it well-suited for long-term missions in remote or harsh environments. 

In vehicular networks, it proved effective in handling high mobility and fluctuating node densities, supporting safer road 
systems and better traffic management. Its scalability and adaptability also make it a strong fit for IoT settings, where 
thousands of devices often need to exchange information in real time while operating under strict resource limits. 

Conclusion: The summary of the key findings is  
 

 Routing Efficiency: The CDS-based approach reduced routing overhead and latency, ensuring faster and 
more reliable communication. 

 Scalability: Graph partitioning allowed the framework to handle large networks efficiently by localizing 
routing decisions. 

 Adaptability: Dynamic updates to the graph and localized recalculations ensured resilience to topology 
changes. 

 Energy Efficiency: The framework conserved energy by minimizing control overhead and balancing 
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resource usage across the network. 

 Application Relevance: The framework’s adaptability and efficiency make it suitable for diverse use cases, 
from disaster recovery to vehicular networks. 

The findings highlight the value of graph-theoretical methods, especially domination-based techniques and adaptive 
partitioning, in solving the challenges of routing within dynamic and resource-limited networks. 

The proposed framework, built on these principles, provides a strong and reliable solution for routing in mobile ad hoc 
networks. By using connected dominating sets and adaptive graph partitioning, it delivers notable improvements in routing 
efficiency, scalability, and the ability to handle frequent topology changes. Its flexibility also makes it well-suited for a 
range of applications, from disaster recovery and military operations to vehicular networks. 
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ABSTRACT 

An undirected simple graph 𝐺௡ = (𝑉, 𝐸) whose vertex set 𝑉 is defined as 𝑉 = {𝑥 ∈ 𝑁/(𝑥, 𝑛) ≠ 1, 𝑥 < 𝑛} 
and two vertices 𝑥, 𝑦 ∈ 𝑉 are adjacent if and only if gcd (𝑥, 𝑦 ) > 1. The Graph energy is the summation of the 
absolute values of all eigen values of the adjacency matrix of a graph 𝐺.Matrix energy is the summation of all 
absolute singular values of graph 𝐺.Maximum degree energy is the summation of all eigen values of maximum 
degree matrix of 𝐺. In this paper, the computation of energy, matrix energy and maximum degree energy of 𝐺௡ 
graph are discussed and the results are obtained. 

Key words: Spectrum of a graph, Energy of a graph, matrix energy of a graph,Maximum degree energy of a 
graph.                                                

1. INTRODUCTION 

Gutman [1] Introduced the concept of graph energy and developed  more results on energies.  Energies of 
Graphs and its applications presented by Gutman [2] .Energies of graphs have applications in the fields like 
network analysis, biology and unsaturated conjugated molecules in chemistry [3].The 𝜋-electron energy of a 
conjugated carbon molecule computed using Huckel theory coincides with the energy. The applications of graph 
spectra was presented by D. Cvetkovi´c et al. [4]. 

The Adjacency Matrix of a graph G is denoted by 𝐴(𝐺)  and is defined as  𝐴(𝐺) =

൜
1, 𝑖𝑓 𝑣௜ , 𝑣௝   𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑖𝑛 𝐺

 0,                          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
ൠ. The eigen values of 𝐴(𝐺) 𝑜𝑓 𝐺 are denoted by 𝜔ଵ, 𝜔ଶ,…𝜔௡  where 𝜔ଵ ≥ 𝜔ଶ ≥

⋯ ≥ 𝜔௡ .The spectral radius of 𝜔ଵ of G is the highest eigen value of G. The spectrum of the graph G is the 

collection of eigen values with their multiplicities of an adjacency matrix 𝐴(𝐺) is ቀ
𝜔ଵ … . 𝜔௡

𝑚ଵ … . 𝑚௡
ቁ . The energy 

of a graph G is the sum of absolute eigen values of A(G) of 𝐺. i.e.𝐸(𝐺) = ∑ |𝜔௜|
௡
௜ୀଵ . If the energy is greater than 

2𝑛 − 2 then the graph is said to be Hyperenergetic  and this concept was introduced by Gutman [5].The undirected graph 
𝐺௡ is introduced by Ivy Chakrabarthy et al. [6] and proved some basic properties of Gn. Nikiforov[7]presented the 
concept of matrix energy and the relation between the eigen values and singular values of a graph. Chandrasekhar 
Adiga [8] introduced the concept of maximum degree energy of a simple graph and found maximum degree 
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energy of certain classes of graphs. Maximum degree energy of graph G is the sum of the eigen values of 
maximum degree  matrix of graph G .The results related to Minimum mean hub energy of certain graphs are 
studied by M.V.Chakradhar Rao et al. [9]. The results related to energy and matrix energy of some graphs are 
studied by Venkata Anusha et al. [10,11].  

Motivated by the above work and applications, the authors studied the concepts of energy, matrix energy and 
maximum degree energy  of 𝐺௡ graph at various values of 𝑛. 

2. 𝑮𝒏- GRAPH AND ITS PROPERTIES 

Definition: An undirected simple graph 𝐺௡ = (𝑉, 𝐸) whose vertex set 𝑉 is a subset of Natural numbers defined 
as 𝑉 = {𝑥 ∈ 𝑁/(𝑥, 𝑛) ≠ 1, 𝑥 < 𝑛} , where 𝑛 ∈ 𝑁  and 𝑛 is not a prime number and two vertices 𝑥, 𝑦 ∈ 𝑉  are 
adjacent if and only if gcd (𝑥, 𝑦) > 1.The following  properties of 𝐺௡studied by Ivy Chakrabarthy et al. [6] . 

Lemma 2.1: The Graph 𝐺௡ is complete if and only if  𝑛 = 𝑝௠ where 𝑝 is prime . 

Lemma 2.2: The Graph 𝐺௡ is disconnected if and only 𝑛 = 2𝑝 where 𝑝 is an odd prime . 

3. ENERGY AND MATRIX ENERGY OF 𝑮𝒏 GRAPH 

  Let 𝐺௡be a simple graph with 𝑛 vertices.Let 𝐴(𝐺௡)be the adjacency matrix of graph 𝐺௡ is defined as 

𝐴(𝐺௡) = ൜
1, 𝑖𝑓 𝑣௜ , 𝑣௝   𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑖𝑛 𝐺௡ 

 0,                          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
ൠand 𝜔ଵ, 𝜔ଶ,…𝜔௡   are the eigenvalues of  𝐴(𝐺௡) where 𝜔ଵ ≥ 𝜔ଶ ≥

⋯ ≥ 𝜔௡.The spectra of graph 𝐺௡ is the eigen values with their corresponding multiplicities of 𝐴(𝐺௡)of graph 𝐺௡ 

is ቀ
𝜔ଵ … . 𝜔௡

𝑚ଵ … . 𝑚௡
ቁ .The energy of the graph 𝐺௡is the  sum of absolute eigen values of an adjacency matrix 𝐴(𝐺௡) 

of a graph 𝐺௡. That is 𝐸(𝐺௡) = ∑ |𝜔௜|
௡
௜ୀଵ . Let 𝐴(𝐺௡)𝐴(𝐺௡)ᇱis a positive semi definite matrix where 𝐴(𝐺௡)′is the 

transpose of 𝐴(𝐺௡). Let 𝜇ଵ, 𝜇ଶ,…𝜇௡ are the singular values of 𝐴(𝐺௡) and these are the square root values of eigen 

values of 𝐴(𝐺௡)𝐴(𝐺௡)′where 𝜇ଵ ≥ 𝜇ଶ ≥ ⋯ ≥ 𝜇௡. Now the summation of absolute singular values of 𝐴(𝐺௡)is 
defined as the matrix energy of 𝐺௡.That is𝐸௠(𝐺௡) = ∑ |𝜇௜|

௡
௜ୀଵ . In this section, some results related to energy and 

matrix energy of 𝐺௡ graph at various values of 𝑛 are presented. 

Theorem 3.1: The energy of  𝐺௡ graph where 𝑛 = 2𝑝, 𝑝 is odd prime is 2(𝑝 − 2). 

Proof: Let 𝑛 = 2𝑝, 𝑝 is an odd prime then the vertex set of 𝐺௡ graph is V={2, 2.2, 3.2, … . . (𝑝 − 1). 2, 𝑝}. By 
the definition of the 𝐺௡ graph if 𝑥, 𝑦𝜖 𝑉 are adjacent then gcd(𝑥, 𝑦) > 1. 

The Adjacency matrix of 𝐺ଶ௣ is  𝐴൫𝐺ଶ௣൯ = ൭
𝑅 0 𝑆
0 0 0
𝑆 0 𝑅

൱

௣×௣
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 where    R=























0111

1011

1101

1110











೛షభ

మ
×

೛షభ

మ
 

   and     S=























1111

1111

1111

1111











೛షభ

మ
×

೛షభ

మ

  

 

 The Characteristic Equation of  𝐴(𝐺ଶ௣) graph is ω(ω + 1)୮ିଶ(𝜔 − (𝑝 − 2) = 0. 

Then 0,-1 and (𝑝 − 2) are the eigen values of 𝐴൫𝐺ଶ௣൯ and their corresponding multiplicities are 1, (𝑝 − 2) and 

1. 

Hence the spectrum of 𝐺ଶ௣ graph is 𝑠𝑝𝑒𝑐(𝐺ଶ௣)=൬
0 −1 𝑝 − 2
1 𝑝 − 2 1

൰. 

Therefore the energy of 𝐺ଶ௣ graph is 𝐸(𝐺ଶ௣) =  ∑ |𝜔௜|
௡
௜ୀଵ   =|0|(1) + |−1|(𝑝 − 2) + |𝑝 − 2|(1) = 2(𝑝 − 2). 

Theorem 3.2: The matrix energy of the 𝐺௡ graph where 𝑛 = 2𝑝, 𝑝 is odd prime is2(𝑝 − 2). Proof: Let  𝑛 = 2𝑝, 
𝑝 is an  odd prime then the vertex set of 𝐺௡ graph is V={2, 2.2, 3.2, … . . (𝑝 − 1). 2, 𝑝}. 

The From theorem 3.1 adjacency matrix of 𝐺ଶ௣ graph is  𝐴൫𝐺ଶ௣൯ = ൭
𝑅 0 𝑆
0 0 0
𝑆 0 𝑅

൱

௣×௣

 

where    R=























0111

1011

1101

1110











೛షభ

మ
×

೛షభ

మ
 

   and     S=























1111

1111

1111

1111











೛షభ

మ
×

೛షభ

మ

  

 

Then 𝐴൫𝐺ଶ௣൯(𝐴(𝐺ଶ௣)ᇱ = ൭
𝑇 0 𝑈
0 0 0
𝑈 0 𝑇

൱

௣×௣
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 Where𝑇 =





























2333

3233

3323

3332

pppp

pppp

pppp

pppp











೛షభ

మ
×

೛షభ

మ

 and              U=(𝑝 − 3)























1111

1111

1111

1111











೛షభ

మ
×

೛షభ

మ

 

 

The Characteristic Equation of the above matrix 𝐴൫𝐺ଶ௣൯𝐴(𝐺ଶ௣)ᇱ is 

 𝜇(𝜇 − 1)௣ିଶ(μ − (p − 2)ଶ) = 0, where 𝜇 denotes the eigen value of 𝐴൫𝐺ଶ௣൯𝐴(𝐺ଶ௣)ᇱand singular value 

of𝐴൫𝐺ଶ௣൯. 

Then 0,1 and (𝑝 − 2)are the singular values of 𝐴൫𝐺ଶ௣)൯ with the corresponding multiplicities are 1, (𝑝 − 2)and 

1. 

Hence the spectrum of the 𝐺ଶ௣graph is 𝑠𝑝𝑒𝑐൫𝐺ଶ௣൯ = ൬
0 1 𝑝 − 2
1 𝑝 − 2 1

൰ 

Therefore the matrix energy of the 𝐺ଶ௣graph is 𝐸௠(𝐺ଶ௣) = ∑ |𝜇௜|
௡
௜ୀଵ  

                                                                                         =1 + |1|(𝑝 − 2) + |𝑝 − 2|1 = 2(𝑝 − 2). 

Theorem 3.3: The energy of the 𝐺௡graph, where 𝑛 = 2ఈ , 𝛼 > 1 is 2(2ఈିଵ − 2). 

 Proof: Let 𝑛 = 2ఈ , 𝛼 > 1  then the vertex set of 𝐺௡ graph is V= {2, 2.2, 3.2, … . . (2ఈିଵ − 1). 2}  . By the 
definition of the 𝐺௡ graph if 𝑥, 𝑦𝜖 𝑉 are adjacent then gcd(𝑥, 𝑦) > 1. 

 

The Adjacency matrix of 𝐺ଶഀ  graph is 𝐴(𝐺ଶഀ) =























0111

1011

1101

1110











ଶഀషభିଵ×ଶഀషభିଵ

     

The Characteristic Equation of 𝐴(𝐺ଶഀ) graph is(𝜔 + 1)ଶഀషభିଶ(ω − (2ఈିଵ − 2)) = 0. 
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Then -1 and (2ఈିଵ − 2) are the eigen values of 𝐴(𝐺ଶഀ)and their corresponding multiplicities are(2ఈିଵ − 2)and 
1. 

Hence the spectrum of the 𝐺ଶഀ  graph is൬
−1 (2ఈିଵ − 2)

2ఈିଵ − 2 1
൰. 

Therefore the energy of the 𝐺ଶഀgraph is 𝐸(𝐺ଶഀ) = ∑ |𝜔௜|
௡
௜ୀଵ  

                                                                   = | − 1|(2ఈିଵ − 2) + |2ఈିଵ − 2|(1) = 2(2ఈିଵ − 2).. 

 

Theorem 3.4: The matrix energy of the 𝐺௡graph where 𝑛 = 2ఈ , 𝛼 > 1 is 2(2ఈିଵ − 2). 

 Proof: Let 𝑛 = 2ఈ , 𝛼 > 1 then the vertex set of 𝐺௡graph is V={2, 2.2, 3.2, … . . (2ఈିଵ − 1). 2} . By the 
definition of the 𝐺௡ graph if 𝑥, 𝑦𝜖 𝑉 are adjacent then gcd(𝑥, 𝑦) > 1. 

From theorem 3.3,we have 

 𝐴(𝐺ଶഀ)(𝐴(𝐺ଶഀ))ᇱ =





























22323232

32223232

32322232

32323222

1-1-1-1-

1-1-1-1-

1-1-1-1-

1-1-1-1-



















ଶഀషభିଵ×ଶഀషభିଵ

 

The Characteristic Equation of the above matrix  𝐴(𝐺ଶഀ)𝐴(𝐺ଶഀ)ᇱ is 

 (μ − 1)ଶഀషభିଶ(𝜇 − (2ఈିଵ − 2)ଶ) = 0,where 𝜇 denotes the eigen value of 𝐴(𝐺ଶഀ)(𝐴(𝐺ଶഀ))ᇱand the singular 
value of 𝐴(𝐺ଶഀ). 

Then 1 and (2ఈିଵ − 2)are the singular values of  𝐴(𝐺ଶഀ)and their corresponding multiplicities are  2ఈିଵ − 2 
and 1. 

Hence the spectrum of the 𝐺ଶഀ  graph is ቀ 1 2ఈିଵ − 2
2ఈିଵ − 2 1

ቁ 

Therefore the matrix energy of the 𝐺ଶഀgraph is 𝐸௠(𝐺ଶഀ) = ∑ |𝜇௜|
௡
௜ୀଵ  

                                                                               =|1|(2ఈିଵ − 2) + |2ఈିଵ − 2|1 = 2(2ఈିଵ − 2). 
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4. MAXIMUM DEGREE AND MAXIMUM DEGREE MATRIX ENERGY OF 𝑮𝒏GRAPH 

Let 𝐺௡be the simple graph with 𝑛 vertices .Then 𝑀(𝐺௡) be the maximum degree matrix of 𝐺௡ is defined 

as 𝑀(𝐺௡) = (𝑑௜௝) where 𝑑௜௝ = ቐ
max൫𝑑௜ , 𝑑௝൯ , 𝑖𝑓 𝑣௜ , 𝑣௝

𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡
 0,                                          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  ቑ 

Let 𝜔ଵ, 𝜔ଶ, … . . 𝜔 ௡  be the eigen values of the matrix 𝑀(𝐺௡) of 𝐺௡ with 𝜔ଵ ≥ 𝜔ଶ ≥ ⋯ ≥ 𝜔௡ and 
𝜔ଵ+, … . . +𝜔 ௡ = 0. Then the characteristic equation is |𝜔𝐼 − 𝑀(𝐺௡)| = 0 The maximum degree energy of the 
graph 𝐺௡ is defined as the sum of the absolute eigen values of 𝑀(𝐺௡) of 𝐺௡.          

 That means, 𝐸௠ௗ(𝐺௡) = ∑ |𝜔௜|
௡
௜ୀଵ . Let 𝑀(𝐺௡)𝑀(𝐺௡)ᇱ is a positive semi definite matrix where 𝑀(𝐺௡)′is the 

transpose of 𝑀(𝐺௡).Let 𝜇ଵ, 𝜇ଶ,…𝜇௡are the singular values of 𝑀(𝐺௡)and these are the square root values of eigen 

values of 𝑀(𝐺௡)𝑀(𝐺௡)′where 𝜇ଵ ≥ 𝜇ଶ ≥ ⋯ ≥ 𝜇௡.Now the summation of absolute singular values of 𝑀(𝐺௡)is 
defined as the matrix energy of 𝐺௡.That is𝐸௠ௗ௠(𝐺௡) = ∑ |𝜇௜|

௡
௜ୀଵ . 

Theorem 4.1: The maximum degree energy of the 𝐺௡ graph where 𝑛 = 2𝑝, 𝑝 is  odd prime is 2(𝑝 − 2)ଶ. 

Proof: Let  𝑛 = 2𝑝, 𝑝 is an odd prime then the vertex set of 𝐺௡ graph is V={2, 2.2, 3.2, … . . (𝑝 − 1). 2, 𝑝}. 

The maximum degree matrix of 𝐺ଶ௣graph is  𝑀൫𝐺ଶ௣൯ = ൭
𝑅 0 𝑆
0 0 0
𝑆 0 𝑅

൱

௣×௣

 

Where R = (𝑝 − 2)























0111

1011

1101

1110











೛షభ

మ
×

೛షభ

మ

   and S=  (𝑝 − 2)























1111

1111

1111

1111











೛షభ

మ
×

೛షభ

మ

 

The Characteristic Equation of  𝑀(𝐺ଶ௣) graph is ω(ω + (𝑝 − 2))௣ିଶ(𝜔 − (𝑝 − 2)ଶ) = 0 

Then 0, −(𝑝 − 2)and (𝑝 − 2)ଶ are the eigen values of 𝑀൫𝐺ଶ௣൯and their corresponding multiplicities are 

1, (𝑝 − 2) and 1. 

Hence the spectrum of the 𝐺ଶ௣ graph is 𝑠𝑝𝑒𝑐൫𝐺ଶ௣൯ = ൬
0 −(𝑝 − 2) (𝑝 − 2)ଶ

1 𝑝 − 2 1
൰ 

Therefore the maximum degree energy of the 𝐺ଶ௣graph is 𝐸௠ௗ(𝐺ଶ௣) = ∑ |𝜔௜|
௡
௜ୀଵ  



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
126 

 

                                                               =|0|1 + |−(𝑝 − 2)|(𝑝 − 2) + (𝑝 − 2)ଶ(1) = 2(𝑝 − 2)ଶ. 

Theorem 4.2: The maximum degree matrix energy of the 𝐺௡ graph where 𝑛 = 2𝑝, 𝑝 is odd prime is 2(𝑝 − 2)ଶ. 

Proof: Let  𝑛 = 2𝑝, 𝑝 is an odd prime then the vertex set of 𝐺௡ graph is V={2, 2.2, 3.2, … . . (𝑝 − 1). 2, 𝑝}. 

From Theorem 4.1,  𝑀൫𝐺ଶ௣൯ = ൭
𝑅 0 𝑆
0 0 0
𝑆 0 𝑅

൱

௣×௣

 

Where R =(𝑝 − 2)













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



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1101

1110











೛షభ

మ
×

೛షభ

మ

  and S= (𝑝 − 2)






















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1111

1111

1111











೛షభ

మ
×

೛షభ

మ

  

Then 𝑀൫𝐺ଶ௣൯𝑀൫𝐺ଶ௣൯
ᇱ

= (𝑝 − 2)ଶ ൭
𝑇 0 𝑈
0 0 0
𝑈 0 𝑇

൱

௣×௣

 

Where 𝑇 =






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




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





೛షభ

మ
×

೛షభ

మ

and 

 𝑈 = (𝑝 − 3)
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

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మ
×
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మ

 

The Characteristic Equation of the above matrix 𝑀൫𝐺ଶ௣൯𝑀(𝐺ଶ௣)ᇱ is 

 𝜇((μ − (p − 2)ଶ)௣ିଶ(μ − (p − 2)ସ) = 0, where 𝜇 denotes the eigen value of 𝑀൫𝐺ଶ௣൯𝑀(𝐺ଶ௣)ᇱ. 
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Then 0,(𝑝 − 2)and (𝑝 − 2)ଶare the singular values of 𝑀൫𝐺ଶ௣൯ with the corresponding multiplicities are 1, 

(𝑝 − 2)and 1. 

Hence the spectrum of the 𝐺ଶ௣graph is 𝑠𝑝𝑒𝑐൫𝐺ଶ௣൯ = ൬
0 𝑝 − 2 (𝑝 − 2)ଶ

1 𝑝 − 2 1
൰ 

Therefore the maximum degree matrix energy of the 𝐺ଶ௣graph is 𝐸௠ௗ௠(𝐺ଶ௣) = ∑ |𝜇௜|
௡
௜ୀଵ  

                                                                      =|0|1 + |𝑝 − 2|(𝑝 − 2) + |(𝑝 − 2)ଶ|1 = 2(𝑝 − 2)ଶ. 

 

Theorem 4.3: The maximum degree energy of the graph  𝐺௡, 𝑤ℎ𝑒𝑟𝑒 𝑛 = 2ఈ, 𝛼 > 1  is 

                         2(2ఈିଵ − 2)ଶ. 

Proof: Let 𝑛 = 2ఈ , 𝛼 > 1  then the vertex set of 𝐺௡graph is V={2, 2.2, 3.2, … . . (2ఈିଵ − 1). 2} . By the 
definition of the 𝐺௡ graph if 𝑥, 𝑦𝜖 𝑉 are adjacent then gcd(𝑥, 𝑦) > 1. 

The maximum degree matrix of 𝐺ଶഀ  graph is    

𝑀(𝐺ଶഀ) = ( 22 1-  ) 























0111

1011

1101

1110











ଶഀషభିଵ×ଶഀషభିଵ

        

The characteristic equation of 𝑀(𝐺ଶഀ)graph is(𝜔 + (2ఈିଵ − 2))ଶഀషభିଶ(ω − (2ఈିଵ − 2)ଶ) = 0. 

Then −(2ఈିଵ − 2) and (2ఈିଵ − 2)ଶ are the eigen values and their corresponding multiplicities are (2ఈିଵ − 2) 
and 1. 

Hence the spectrum of the graph  𝐺ଶഀ  is  ൬−(2ఈିଵ − 2) (2ఈିଵ − 2)ଶ

2ఈିଵ − 2 1
൰ 

Therefore the maximum degree energy of the graph 𝐺ଶഀgraph is  𝐸௠ௗ(𝐺ଶഀ) = ∑ |𝜔௜|
௡
௜ୀଵ  

                                                 =|−(2ఈିଵ − 2)|(2ఈିଵ − 2) + |(2ఈିଵ − 2)ଶ|(1) = 2(2ఈିଵ − 2)ଶ. 

Theorem 4.4: The maximum degree matrix energy of the 𝐺௡ graph where 𝑛 = 2ఈ , 𝛼 > 1 is 2(2ఈିଵ − 2)ଶ. 
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 Proof: Let 𝑛 = 2ఈ , 𝛼 > 1  then the vertex set of 𝐺௡graph is V={2, 2.2, 3.2, … . . (2ఈିଵ − 1). 2} . By the 
definition of the 𝐺௡ graph if 𝑥, 𝑦𝜖 𝑉 are adjacent then gcd(𝑥, 𝑦) > 1. 

From Theorem 4.3, 

𝑀(𝐺ଶഀ) = ( 22 1-  )























0111

1011

1101

1110











ଶഀషభିଵ×ଶഀషభିଵ

 

Then 𝑀(𝐺ଶഀ)𝑀(𝐺ଶഀ)ᇱ = ( 22 1-  )ଶ





























22323232

32223232

32322232

32323222

1-1-1-1-

1-1-1-1-

1-1-1-1-

1-1-1-1-



















ଶഀషభିଵ×ଶഀషభିଵ

 

The character equation of the above matrix is (𝜇 − (2ఈିଵ − 2)ଶ)ଶഀషభିଶ(μ − (2ఈିଵ − 2)ସ) = 0. 

Then (2ఈିଵ − 2) and (2ఈିଵ − 2)ଶ are the singular values and their corresponding multiplicities are (2ఈିଵ − 2) 
and 1. 

Hence the spectrum of the graph  𝐺ଶഀ  is  ൬2ఈିଵ − 2 (2ఈିଵ − 2)ଶ

2ఈିଵ − 2 1
൰ 

Therefore the maximum degree matrix energy of the graph 𝐺ଶഀgraph is  𝐸௠ௗ௠(𝐺ଶഀ) = ∑ |𝜇௜|
௡
௜ୀଵ  

                                               =|(2ఈିଵ − 2)|(2ఈିଵ − 2) + |(2ఈିଵ − 2)ଶ|(1) = 2(2ఈିଵ − 2)ଶ. 

Conclusion 

        In this paper, authors discussed energy, maximum degree energy and matrix energy of an undirected graph 
𝐺௡. 
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Abstract 
Lung cancer is a severe and often difficult-to-detect disease that affects individuals of all genders. Early 

identification of lung nodules is essential for improving patient outcomes, making accurate and timely 
detection methods critical. This research focus on evaluating and comparing different machine learning 
algorithms for lung cancer classification. In particular, logistic regression and decision tree models were 
implemented and analyzed using R software. The experimental findings indicate that decision trees 
demonstrate superior performance in terms of prediction accuracy compared to logistic regression. This study 
highlights the effectiveness of traditional machine  learning approaches in medical diagnostics and supports 
the use of decision tree models as a reliable method for early lung cancer detection. 
 
Keywords: Lung Cancer Detection, Machine Learning, decision trees, logistic regression. 

1. Introduction 

Lung cancer is a type of malignancy originating in the lungs, which are essential organs responsible for 
exchanging oxygen and carbon dioxide during breathing. It is one of the most significant causes of cancer 
related mortality worldwide. Although smoking is the leading risk factor, lung cancer can also affect 
individuals who have never smoked. The likelihood of developing the disease increases with age and 
prolonged exposure to harmful substances. Smoking cessation, even after years of use, can substantially 
reduce the risk.  Traditionally, diagnosing lung cancer has required multiple medical tests and lengthy 
evaluations, which may sometimes lead to unnecessary procedures. To streamline this process, advancements 
in technology now emphasize the use of predictive models, with machine learning playing crucial role in 
improving diagnostic accuracy and reducing delays.  

As part of the respiratory system, the lungs are particularly vulnerable to environmental hazards such as 
polluted air, which often contains bacteria and toxins capable of damaging lung tissue. Lung cancer is a 
genetic disease caused by mutations in genes that control cell function, especially the function to grow and 
divide. Cancer is new cells that regulate cell growth and division, resulting in uncontrolled cell proliferation 
and the potential spread of cancerous cells to other organs. It remains one of the most prevalent and life-
threatening forms of cancer globally. Several factors contribute to its onset, including long- term smoking, 
passive exposure to second hand smoke, genetic predisposition, air pollution, radon exposure, and toxic 
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chemicals such as asbestos. Due to its aggressive nature, lung cancer is often difficult to treat in advanced 
stages, making early detection essential. 

2. Materials and Methods: 

There are 309 instances in the dataset. There are 16 attributes that describe the instances. The data is obtained 
from the Google kaggle datasets. 

2.1 About Software 

R is a freely available, open source programming language primarily used for statistical analysis and data 
visualization. It is distributed under the General Public License (GPL), making it accessible online. R studio, a 
popular integrated development environment  (IDE) for R, enhances its usability by providing tools for coding, 
debugging, and visualization. RStudio is available in two main forms: RStudio Desktop, which runs locally on 
a computer, and RStudio Server, which operates on a remote server and can be accessed via a web browser. 

Several Packages in R extend its functionality. The rpart package, for example, enables the construction of 
classification and regression trees. Tidyverse is a collection of packages built around a consistent design 
framework, simplifying data manipulation and visualization. The glmnet package supports fitting generalised 
linear models using regularization techniques like LASSO and ridge regression. Another widely used pacakage, 
caret, streamlines the process of building and comparing machine learning models for both  classification and 
regression. Dplyr provides an intuitive set of functions for data transformation and cleaning tasks. Additionally, 
rpart.plot offers tools to visualize decision trees created with rpart, automatically adjusting layouts for improved 
readability.  

2.2  Statistical tools under study 

 Logistic Regression: logistic regression is statistical modelling approach primarily used for problems, 
where the outcome has two possible categories. It estimates the likelihood of a binary result based on 
one or more multiple predictor variables. This method is straight forward to interpret, requires minimal 
computational effort and is particularly effective when the target variable is binary and its relationship 
with predictors is approximately linear. 

 Decision Tree: Decision trees are versatile models that can work with both categorical and numerical 
variables. They can capture complex, non-linear relationships between predictors and the target 
outcome, making them suitable for datasets where traditional linear models struggle. Because of their 
ability to handle intricate interactions among features, decision trees are often chosen when the data 
structure is complex and involves multiple variables with diverse relationships. 
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3. Results and Discussion: 
3.1 Logistic Regression 

Install.packages(“tidymodels”) 
 
library(tidymodels) 
 
>logistic_model<-glm(LUNG_CANCER ~ GENDER + AGE + SMOKING + YELLOW_FINGERS +ANXIETY 
+ PEER_PRESSURE + CHRONIC.DISEASE + FATIGUE + ALLERGY + WHEEZING + ALCOHOL_CONSU
MING + COUGHING + SHORTNESS_OF_BREATH + SWALLOWING_DIFFICULTY + CHEST_PAIN, famil
y = "binomial", data = LUNG.CANCER) 
 
>summary (logistic_model) 

 
Output: 

 
Coefficients: 

 Estimate Std.Error z value Pr(>|z|) 
(Intercept) -31.708 5.807 -5.460 4.76e-08*** 

Gender 0.526 0.708 0.742 0.458 
Age 0.021 0.033 0.643 0.520 
Smoking 1.776 0.701 2.530 0.011* 

Yellow Fingers 1.376 0.742 1.854 0.063 
Anxiety 0.887 0.812 1.092 0.274 
Peer Pressure 1.731 0.660 2.622 0.008** 

Chronic Disease 3.191 0.888 3.593 0.000*** 

Fatigue 3.070 0.825 3.721 0.000*** 

Allergy 1.646 0.768 2.141 0.032* 

Wheezing 0.966 0.834 1.158 0.246 
Alcohol Consuming 1.409 0.798 1.765 0.077 
Coughing 3.311 1.071 3.090 0.002** 
Shortness of Breath -0.728 0.760 -0.959 0.337 
Swallowing Difficulty 3.122 1.129 2.763 0.005** 

Chest Pain 0.559 0.689 0.811 0.417 
Significance. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1 
 
3.2 Decision Tree 
 

install.packages("rpart.plot") 
install.packages("rpart") 

library(rpart.plot) 
library(rpart) 
>tree <- rpart(LUNG_CANCER~GENDER+AGE+SMOKING+YELLOW_FINGERS+ANXIETY+PEER_PRESSURE+CHRO
NIC.DISEASE+FATIGUE+ALLERGY+WHEEZING+ALCOHOL.CONSUMING+COUGHING+SHORTNESS.OF.BREATH+
SWALLOWING.DIFFICULTY+CHEST.PAIN,data=LUNG.CANCER,control=rpart.control(cp=.0001)) 

>tree 
n= 309  
 
node), split, n, deviance, yval 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
159 

 

      * denotes terminal node 
 
 1) root 309 34.077670 0.8737864   
   2) ALLERGY< 1.5 137 25.562040 0.7518248   
     4) SWALLOWING.DIFFICULTY< 1.5 68 16.632350 0.5735294   
       8) COUGHING< 1.5 37  9.081081 0.4324324   
        16) YELLOW_FINGERS< 1.5 24  4.958333 0.2916667   
          32) AGE>=60.5 14  1.714286 0.1428571 * 
          33) AGE< 60.5 10  2.500000 0.5000000 * 
        17) YELLOW_FINGERS>=1.5 13  2.769231 0.6923077 * 

       9) COUGHING>=1.5 31  5.935484 0.7419355   
        18) FATIGUE< 1.5 8  1.875000 0.3750000 * 
        19) FATIGUE>=1.5 23  2.608696 0.8695652   
          38) SMOKING< 1.5 13  2.307692 0.7692308 * 
          39) SMOKING>=1.5 10  0.000000 1.0000000 * 
     5) SWALLOWING.DIFFICULTY>=1.5 69  4.637681 0.9275362   
      10) PEER_PRESSURE< 1.5 23  3.913043 0.7826087   
        20) WHEEZING< 1.5 7  1.714286 0.4285714 * 
        21) WHEEZING>=1.5 16  0.937500 0.9375000 * 
      11) PEER_PRESSURE>=1.5 46  0.000000 1.0000000 * 
   3) ALLERGY>=1.5 172  4.854651 0.9709302   
     6) YELLOW_FINGERS< 1.5 85  4.705882 0.9411765   

      12) ALCOHOL.CONSUMING< 1.5 9  2.000000 0.6666667 * 
      13) ALCOHOL.CONSUMING>=1.5 76  1.947368 0.9736842   

        26) FATIGUE< 1.5 23  1.826087 0.9130435   
          52) CHRONIC.DISEASE< 1.5 11  1.636364 0.8181818 * 
          53) CHRONIC.DISEASE>=1.5 12  0.000000 1.0000000 * 

        27) FATIGUE>=1.5 53  0.000000 1.0000000 * 
     7) YELLOW_FINGERS>=1.5 87  0.000000 1.0000000 * 
 
>best <- tree$cptable[which.min(tree$cptable[,"xerror"]),"CP"] 
>best 
[1] 0.004563176 
 

>pruned_tree<- prune(tree, cp=best) 
>pruned_tree 
 

n= 309  
 

node), split, n, deviance, yval 
      * denotes terminal node 
 
 1) root 309 34.077670 0.8737864   

   2) ALLERGY< 1.5 137 25.562040 0.7518248   
     4) SWALLOWING.DIFFICULTY< 1.5 68 16.632350 0.5735294   
       8) COUGHING< 1.5 37  9.081081 0.4324324   
        16) YELLOW_FINGERS< 1.5 24  4.958333 0.2916667   
          32) AGE>=60.5 14  1.714286 0.1428571 * 
          33) AGE< 60.5 10  2.500000 0.5000000 * 
        17) YELLOW_FINGERS>=1.5 13  2.769231 0.6923077 * 
       9) COUGHING>=1.5 31  5.935484 0.7419355   
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        18) FATIGUE< 1.5 8  1.875000 0.3750000 * 
        19) FATIGUE>=1.5 23  2.608696 0.8695652   
          38) SMOKING< 1.5 13  2.307692 0.7692308 * 
          39) SMOKING>=1.5 10  0.000000 1.0000000 * 
     5) SWALLOWING.DIFFICULTY>=1.5 69  4.637681 0.9275362   
      10) PEER_PRESSURE< 1.5 23  3.913043 0.7826087   
        20) WHEEZING< 1.5 7  1.714286 0.4285714 * 

        21) WHEEZING>=1.5 16  0.937500 0.9375000 * 
      11) PEER_PRESSURE>=1.5 46  0.000000 1.0000000 * 
   3) ALLERGY>=1.5 172  4.854651 0.9709302   

     6) YELLOW_FINGERS< 1.5 85  4.705882 0.9411765   
     12) ALCOHOL.CONSUMING< 1.5 9  2.000000 0.6666667 * 

      13) ALCOHOL.CONSUMING>=1.5 76  1.947368 0.9736842 * 
     7) YELLOW_FINGERS>=1.5 87  0.000000 1.0000000 * 

 
>prp(pruned_tree) 

 

4. Conclusions: 

 In this conclusion, we predict the cause of lung cancer by utilizing the machine learning models, 
specifically logistic regression and decision tree. In logistic regression, fatigue and chronic disease are the major 
symptoms of affecting the lung cancer and through the decision tree it explains that yellow fingers and fatigue 
are the major side effects to cause lung cancer. Here, we conclude that by comparing the both machine learning 
algorithms, fatigue symptoms are major role to cause lung cancer. 
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ABSTRACT: 
Accurate forecasting Foreign Tourist Arrivals (FTA) facilitates their contribution in the Tourism sector and for 
efficient resource planning. This research article is based on two forecasting model namely ARIMA which is a 
conventional statistical model for forecasting with the help of past data and ANN which is a machine learning 
technique.  In order to understand the efficacy of prediction, researcher applied time series data of FTA data of 
India from the time period between 1965 and 2022. In the ARIMA model, Augmented Dickey-Fuller (1979) test 
statistic is used to check stationarity and on the basis of AIC and BIC the values of (p, d, q) for the ARIMA model 
for Foreign Tourist Arrivals (FTA) is (2, 1, 1).  After testing with several models of ANN , the Average of 20 
networks with 4 weights options and each network is a (1-1-1) linear output units were taken, then Sigma^2 
measured  as 288137. And other hand comparison between the ARIMA and ANN results to highlight the ANN 
model which is more efficient than the ARIMA. 
 
KEYWORDS: Forecasting, AIC, BIC, ARIMA, ANN 
 

1. INTRODUCTION 
 Tourism is an important part of the Indian economy, and foreign tourist arrivals play a major role in the 
development of the tourism industry. Predicting foreign tourist arrivals in India in 2023 is an important task for 
policymakers, tourism operators, and other stakeholders. Accurate forecasts can help in planning for 
infrastructure, managing resources, and developing strategies to attract more foreign tourist to India. 
Several factors influence foreign tourist arrivals in India, such as the country's political stability, the availability 
of travel facilities, the security situation, and the economic conditions of the tourists' countries of origin (Mishra, 
2017). Forecasting models that take into account historical trends and current economic indicators can provide a 
reliable prediction of the expected number of future foreign tourists arriving in India. 
COVID-19 pandemic has significantly impacted the tourism industry globally, and India has not been immune to 
its effects. The forecasts for 2023 must consider the potential continuation of travel restrictions, the recovery of 
the global economy, and the willingness of tourists to travel internationally. Despite these challenges, the Indian 
tourism industry has shown resilience and adaptability, and the forecasts for 2023 remain positive. 
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2. LITERATURE REVIEW 
 
Yollanda, M., &Devianto, D. (2020) used Seasonal Autoregressive Integrated Moving Average (SARIMA) and 
Artificial Neural Network (ANN) for predicting tourist arrivals at Minangkabau International Airport. In this 
study, Although SARIMA (1, 0, 1) (1, 1, 0)12 performed well, its residual did not meet the autocorrelation 
condition, leading to the proposal of a new SARIMA-ANN model. The SARIMA residual model has ANN model 
architecture and 2-2-2-1 network topology. The performance rate of visitor arrivals between January 2012 and 
March 2019 is calculated by using Mean Absolute Percentage Error (MAPE). The model's performance in 
predicting the number of tourists who will arrive in future is good, as indicated by the MAPE value of 17.1770%. 
Cho, V. (2003) compared the use of three time-series forecasting models univariate ARIMA, exponential 
smoothing, and Artificial Neural Networks (ANN) to forecast the demand of travelling to Hong Kong by other 
countries. The traditional statistical time series forecasting techniques are exponential smoothing and ARIMA. 
The analysis shows that neural networks is an AI machine learning approach that seems to be the most precise in 
terms of predicting visitor arrivals, especially when dealing with series, which do not have an obvious trend. Li, 
X., et.al. (2021) in this study researcher focused on four machine learning–based feature selection techniques to 
study the complicated econometric and time series data models. They discussed some of the suggested approaches 
for predicting visitor numbers in Beijing, China, as well as weekly predictions for hotel occupancy in Charleston, 
South Carolina, in the United States. Findings show that the forecasting model using the selected search keywords 
outperforms the baseline ARMAX model that does not select features in predicting the travel demand and hotel 
occupancy. As a result, machine learning algorithms can find the data from the most useful search queries to 
greatly increase the accuracy of tourism and hospitality predictions. BiljanaPetrevska (2017) studied The 
Demand of short term global tourism is estimated by Box- Jenkins approach with emphasis on F.Y.R. Macedonia. 
And alternative specifications are tried on international tourist arrivals data recorded between 1956 - 2013. 
According to the findings, the ARIMA (1,1,1) model is considered the most appropriate to predict.The model of 
A.R.I.M.A.(1,1,1) is deemed to be the most suitable for predicting based on the findings. The study's findings 
indicate that by 2018, there will be a 13.9% rise in foreign visitor arrivals. The chosen model's predicted values 
can help with the creation of a country's tourism development plan as well as reduce any potential negative effects. 
Ismail, E. A. A. (2020) used Egypt Foreign tourist’s data from 1981 to2017 fora forecast. Applies ARIMA model 
According to the study, the most appropriate model for both time series for Arab and foreign tourists is ARIMA 
(0, 1, 0). According to the survey, there will be more tourists in Egypt. Nevertheless, it is anticipated that during 
the next five years, the percentage of increase would decline.    Swaraj, et.al (2021) researched In order to obtain both 
linear and nonlinear trends of the COVID-19 data, a new hybrid model was chosen instead of a single ARIMA model. When 
this hybrid combination was compared to one ARIMA model on daily observed cases, it was observed that the RMSE 
(16.23%), MAE (37.89%), and MAPE (39.53) values were significantly decreased. Similar findings with lower mistake 
rates were made for both cases of recovery and daily reported deaths. Our hybrid model's RMSE value was lower than that 
of other models that were used to predict COVID-19 across various nations. Xie, G., Qian, Y., & Wang, S. (2020) 
Given the nonlinearity and complexity of visitor arrivals, ANN models typically outperform ARIMA models in 
terms of forecast accuracy. The ensemble neural networks (ENN) model demonstrates more stability and may 
typically achieve better forecasting performance when compared to back propagation neural network (BPNN) 
and back propagation neural network (GRNN) models. The time series of some deconstructed components may 
have many scales. As a result, MPE is capable of quantifying the complexity of the pertinent components more 
accurately than single-scale permutation entropy. Finally, a model's capacity for forecasting is highly correlated 
with the time series data properties. The data properties should be recorded for the prediction of the rebuilt 
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components. Dummy variables can be used to properly describe mutability and seasonality. Lim, S. S. (2018) 
presents winter’s exponential seasonal smoothing model, SARIMA model, and intervention analysis to forecast 
the tourists visiting Korea. This study's primary goals are to identify the variables that affect forecasting models 
and to identify a time series model for a more accurate prediction of the number of foreign visitors to Korea.  As 
a result of comparing the accuracy of forecasting models through empirical analysis, it was founded that the 
intervention analysis model reflecting the intervention effect was superior to the seasonal exponential smoothing 
model or the seasonal ARIMA model.  H. Peiris (2016) tried to find an appropriate SARIMA model to forecast 
the arrival of foreign tourists in Sri Lanka.  The analysis is based on monthly visitor arrival data, between January 
1995 and July 2016. The time series is tested for seasonality by means of the HEGY test.  The forecasting accuracy 
is evaluated by Root Mean Squared Error (RMSE), Mean Absolute Error (MAE) and Mean Absolute Percent 
Error (MAPE). The result shows the appropriateness of SARIMA (1, 0, 16) (36, 0, 24)12 model for forecasting 
arrival of tourists in Sri Lanka.  Ahire, M., et.al (2020) employed the ARIMA approach for monthly data on 
medical tourism from 2014 to 2017. The implementation of the model and these patterns are discussed in the 
study. According to predictions, medical tourism offers a significant opportunity for the nation to generate 
significant foreign exchange.  

3. METHODDOLOGY 
3.1 Auto Regressive process:  The autoregressive process is a stochastic approach that represents a regression of 
current value using the past values from time series data. As current value is defined by previous values, so the 
value doesn’t alter instantaneously. Assume Xt is regressed on previous values of itself and it will explain the 
prefix ‘auto’ in the regression process, then 

 
Where φ1, φ2 …φp are constants. According to the first order AR (1) can be mentioned as  𝑋௧ =  𝜑ଵ𝑋௧ିଵ +  𝜀௧   
which is also called first order property of Markov, provided | φ1|< 1, then the AR (1) becomes infinite MA 
process, due to that 𝐸(𝑋௧   ) = 0 Then 𝑋௧ =  ∑ 𝜑ଵ𝑋௧ିଵ

௣
௜ୀଵ +  𝜀௧ and |𝜑| < 1 

In general stochastic approach, Auto regressive process with order ‘p’ can be written as 𝑍௧ = ( 1 − 𝜑ଵ𝛽 −
 𝜑ଶ𝛽ଶ − 𝜑ଷ𝛽ଷ − ⋯ 𝜑௣𝛽௣)  
3.2 Moving Averages: Moving averages are stochastic process that confines the relative average change in a 
time series data over the period of time. In many cases of time series predictions, moving averages are quite 
appropriate to measure trend pattern of the data. The MA process of order q or MA (q) is given by the moving 
averages with ‘q’ can be written as 

3.2 Auto-
Regressive Integrated Moving Average (ARMA) 

ARMA is the mixture of the AR and MA models. ARMA model covers all features of AR and MA. The ARMA 
predicts the future values using previous data values and error terms. So ARMA performs better than  AR & MA 
alone. 
 Then ARMA with ‘p’ AR terms and ‘q’ MA will be  
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𝑋௧ =  𝐶 + ෍ 𝜑ଵ𝑋௧ିଵ

௣

௜ୀଵ

+  ෍ 𝜃௜  𝑒௧ି௜

௤

௜ୀଵ

 +  𝜖௧ 

 
3.3 Auto-Regressive Integrated Moving Average (ARIMA) 

It is one of the best conventional statistical methods for predicting future values using past data. Because of the 
seria correlation time series data is influenced by the past values (Jere 2019). So ARIMA classified into (p,d,q) 
where p belongs to autoregressive terms, d belongs to non seasonal differences needed for stationary, and 
q referred as  lagged forecast errors in the prediction equation. 
Box-Jenkins model is one type of Integrated Moving Average model, it can be written in the following way  

Wt = µ +
ఏ(஻)

ః(஻)
 𝑒௧, where µ=mean term 

 
et=random error 

 
In general the prediction formula of ARIMA is  

 
3.4 Stationarity Test 
In order to test, many researchers will prefer ADF test statistic.  If the data is not stationary, we should choose 
alternatives to convert the data into stationary. In this process the first step is to establish the number of lags 
required to convert the time series data into stationary as no model fits if the data is non-stationary. 
Regression model for ADF (1979) is  
Δ𝑌௧ =  𝛼 +  𝛽଴𝑡 + 𝛾 𝑌௧ିଵ + 𝛿ଵΔ𝑌௧ିଵ + ⋯ +  𝛿௣ିଵΔ𝑌௧ି௣ାଵ +  𝜀௧ Here α is a constant, β is trend, γ is coefficient 
of lagged variables. 
Usually for any data, common null hypothesis can be taken as H0: Series is not stationary (φ=0) and then null 
hypothesis becomes H1: The series is stationary (φ≠0) , then test statistic for ADF is 
ADF= 

ஓ

ௌா(ஓ)
 

3.5 Model selection and validation 
Using AIC & BIC. (Akaike 1974) and (Shewartz 1978) minimum defines the best.  
AIC = -2LogLi+2Pi 

BIC = -2LogLi+PiLog(n) 
Apart from the above researcher is using RMSE and MAPE. It is the typical multiplicative impact between each 
observed mean and estimated mean.  While two of them sum up the changeability of the perceptions around the 
mean, they are not in a similar scale so don't anticipate that the qualities should be comparative.. 
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RMSE=ට
∑ (஺೟ିி೟)మ೙

೟షభ

௡
. 

MAPE=
∑ ฬ

ಲ೟షಷ೟
ಲ೟

ฬ೙
೟షభ

௡
×100 

3.6 Artificial Neural Network (ANN) 
ANN is a powerful circulated parallel processor with a neural resemblance for storing experimental data and 
making it available for further use. It appears that the human cerebrum has always piqued scientists' interest due 
to its quickness and efficiency. The goal of understanding these cycles and resolving associated problems has 
driven the advancement of ANN approach. In essence, neural networks have a nonlinear exhibiting method that 
provides an extremely accurate estimate of any data. The model structure measure does not require any prior 
assumption regarding the model structure. All things considered, the informational characteristics often govern 
the organisation model. The model structure measure does not require any prior assumption regarding the model 
structure. All things considered, the informational characteristics often govern the organisation model. The model 
structure is most frequently used for time series machine learning modelling and prediction. In theory, forecasting 
is a perfect modelling domain for neural networks because it involves predicting future behaviour patterns from 
instances of past conduct [Koizumi k 1999]. The inputs in the forward process work through the input layer, and 
the impact of those functions spreads through the network layer by layer.The weighted amount of the previous 
layer's neurons' yield is processed as the net impact.  
 

4. RESULTS AND DISCUSSIONS 
Foreign tourist arrivals (FTA) of India during the period between 1965 and 2022 obtained from data files of World 
Tourism Organization considered to project the future arrivals   
4.1 Time series data plot 
The following table 1 represents the data of FTA and figure showing trend pattern. 
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Figure1: Time series plots of FTAs. 

 Figure 1 represents significant increase in arrivals of tourist from 1970 and tremendous turn down in tourist 
arrivals around the years 2019 to 2021 due COVID 19 circumstances and slowly recovered after 2021.  
 
4.2 Summary 
Table 2 provide information about the distribution and descriptive measures of the FTAs over the years. The 
average no.of tourists across the years are 2,921,833 which may be influenced by outliers or extreme values in 
the dataset. 

Measure Value 
Mean 2921833 
Standard Error 377855.3 
Median 1816241 
Standard Deviation 2877660 
Kurtosis 0.892329 
Skewness 1.319684 
Range 10813180 
Minimum 118820 
Maximum 10932000 
3rd Quartile 4315028 
1st Quartile 773623 

 
 Table 2: Foreign Tourist Arrivals (FTAs) summary statistics 

The quartiles provide additional insights into the data distribution. The 1st quartile (25th percentile) at 773,623 
suggests that 25% of the FTAs fall below this value. Similarly, the 3rd quartile (75th percentile) at 4,315,028 
indicates that 75% of the FTAs are below this value. The minimum value of 118,820 represents the lowest number 
of FTAs recorded during the given period, while the maximum value of 10,932,000 represents the highest number 
of FTAs recorded. These statistics offer a summary overview of the FTAs in India over the specified time range, 
providing a sense of the distribution and range of tourist arrivals. 
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4.3 ACF and PACF Plot  
As per the data trend, Figure 2 representing the ACF & PACF where gradual mathematically declining ACF and 
PACF indicates significant for only some lags represents an AR process. Especially in ACF 
there is tremendous fall with lags. PACF has one huge slacks followed by a drop in PACF values and 
remaining are significant. So we consider ADF tests (unit root test) is using for further inferential analysis. 
 

  
 

Figure2: ACF & PACF plots of FTAs 
4.4Augmented Dickey-Fuller (ADF) test 
ADF test is one the mostly preferred statistical investigation used to verify the time series stationarity, which is 
an important consideration when using time series models such as ARIMA. The ADF test compares the 
autocorrelation in the data at different lags to establish whether the time series data exhibits a unit root, indicating 
stationarity.  

 
In  this case, the ADF  test statistic -0.71409, p-value  0.9639. Lag order used in the test was 3, and the null 
hypotheses is non-stationarity and the alternative hypothesis is stationary. Since P is high greater than 0.05 we 
are accepting alternative hypothesis, meaning that there is no strong point to suggest that data is stationary. In 
other words, it is not. So it may need to be transformed (e.g., by differencing) before an ARIMA model can be 
applied. Since ADF test resulted that the data not stationary then we use transformation or differencing to convert 
the data. Present study took differencing to transform data will be shown in figure 3. 
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Validation 
After performing the first differencing on data, the resulting differenced series display steady variability and 
having stationary time plot in both mean and variance. This recommends the differenced data is stationary. To 
further confirm  stationarity for differenced data and assess  autocorrelation function, and unit root tests will be 
conceded out again.  
4.5 ACF and PACF Plot at First Differencing 
It is important to note that the ACF and PACF plots can provide insights into the presence of autocorrelation and 
help determine the appropriate lag order. 

  

Figure 4: ACF and PACF Plot after first diferencing 
After performing ADF test yielded a test statistic of -4.7307 with lag order 3, and P value is 0.01. Since the P 
value is below 0.05, as differenced data is stationary. This supports the visual analysis that indicated stationarity 
after differencing. Furthermore, you mentioned that the correllogram (presumably the ACF plot) indicated the 
presence of both AR & MA components in the time series data. This suggests that an ARIMA may be suitable 
for modelling the lagged time series data. 
In summary, based on the information provided, it appears that after performing the first differencing data, the 
resulting series is stationary according to both visual analysis and the ADF test. Plots supporting  potential use of 
an ARIMA model for further analysis 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
171 

 

4.6 ARIMA Model Fitting for the Foreign Tourist Arrivals 
The values of ar1, ar2, and ma1 represent the strength and direction of relationships between past and present 
values of time series and influence of past errors on current values. Coefficients ar1 of 0.7766 indicates positive 
correlation connecting the current values of the time series and its previous values at lag1, which suggests a strong 
trend in the data. 

 
Table 3: ARIMA model estimation 

The coefficient ar1 of 0.7766 indicates positive correlation between the present values of the time series and its 
previous values at lag1, which suggests a strong trend in the data. The coefficient ar2 of -0.6236 indicates a 
negative correlation between the current value and its value at lag2, which suggests a possible seasonal pattern or 
some other cyclical effect in the data. The coefficient ma1 of -0.6954 indicates a negative correlation between the 
current error term and the previous error term at lag1, which suggests that the model is capturing some of the 
randomness in the data. The coefficient drift of 136800.32 represents the invariable terms in the model, which is 
added to the predicted values of the time series to account for any trend or other deterministic effects that are not 
explained by the autoregressive or moving average terms. In this case the positive value of the drift coefficient 
suggests a strong upward trend, which is not explained by the other components of the model 
4.6.1 Ljung-Box test: The following test is preferred to check for the presence of autocorrelation.   ARIMA (2, 
1, 1) with Q* value  0.46878 at 7 degrees of freedom having P-value = 0.9996. The high P-value indicates that 
there is no significant proof of autocorrelation in ARIMA residuals. Thus, the ARIMA (2,1,1) model with drift is 
considered as a good fit for the data. 
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4.6.2 Error measures: 

The results suggest that the MAPE & MASE has relatively low error measures, indicating good performance in 
predicting. 

 
4.6.3 Forecasting:  
The "Point Forecast" column represents the estimated “L0 80" & "Hi 80" columns represent the lower and upper 
bounds of the 80% confidence interval, respectively. Similarly, the "L0 95" and "Hi 95" columns represent the 
lower and upper bounds of the 95% confidence interval, bounds indicate range within which the actual value of 
tourist arrivals is likely to fall with a certain level of confidence. For example, in the year 2023, the estimated 
number of tourist arrivals is 10,357,505, with an 80% confidence interval ranging from 8,901,670 to 11,813,340. 
Similarly, the 95% confidence interval ranges from 8,130,997 to 12,584,013. The forecast provides a projection 



 
Cover Page 

 

  
 

 

ISSN:2277-7881(Print); IMPACT FACTOR :10.16(2026); IC VALUE:5.16; ISI VALUE:2.286 
PEER REVIEWED AND REFEREED INTERNATIONAL JOURNAL 

(Fulfilled Suggests Parameters of UGC by IJMER)  

 Volume:15, Issue:1(1), January 2026 
Scopus Review ID: A2B96D3ACF3FEA2A 

Article Received:  Reviewed: Accepted  
Publisher: Sucharitha Publication, India 

Online Copy of Article Publication Available: www.ijmer.in 
International Conference on “Relevancy of Ancient Mathematics to the Current 

Digital Trends” 
 

 
173 

 

of tourist arrivals for the specified years, along with the associated uncertainty captured by the confidence 
intervals. 

Years Point 
Forecast 

L0 80 Hi 80 L0 95 Hi 95 

2023 10357505 8901670 11813340 8130997 12584013 
2024 10789808 8645750 12933867 7510754 14068863 
2025 8646960 6372870 10921050 5169040 12124880 
2026 6829087 4554437 9103738 3350310 10307865 
2027 6869432 4594760 9144104 3390621 10348243 
2028 8150238 5837179 10463296 4612720 11687755 
2029 9235633 6799952 11671315 5510580 12960687 
2030 9395734 6839928 11951540 5486966 13304501 
2031 8959095 6340738 11577452 4954664 12963527 
2032 8636027 5986937 11285117 4584593 12687460 

Table 5: FTAs forecasting values using ARIMA 
  

 
Figure4: Time series forecasting plot using ARIMA. 

4.7 Artificial Neural Network fitting for Foreign Tourist Arrivals 
Researcher used “nntar” function in R programming with “forecast” package to predict the time series data with 
lagged values. As it is nonlinear auto regressive model researcher used simulation. After testing with several 
models, almost 20 networks, each one having  1-1-1 network along  with 4 weights options taken linear output 
units, then Sigma^2 predicted as 288137. 
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4.7.1 Error measures 

 
These error measures performs in forecasting foreign tourist arrivals. The outcome suggest that the Model 
NNAR(1,1) has relatively low error measures, indicating good performance in forecasting the future values of 
data. 
 
4.7.2 Forecasting 
These bounds indicate the range within which the actual value of tourist arrivals is likely to fall with a certain 
level of confidence. For example, in the year 2023, the estimated number of tourist arrivals is 6,425,669, with an 
80% confidence interval ranging from 4837688 to 8280538. Similarly, the 95% confidence interval ranges from 
4191547 to 9455270. The forecast provides a projection of tourist arrivals for the specified years, along with the 
associated uncertainty captured by the confidence intervals. 
 

Years 

     
2023 6425669  4837688  8280538  4191547   9455270 
2024 6585856  4639568  8860300  3647335  10097151 
2025 6694039  4504536  8680994  3317418  10241731 
2026 6765262  4178616  8835852  2991702  10230023 
2027 6811358  4069883  8977203  2851853  10225790 
2028 6840859  4165461  9137435  3014400  10742528 
2029 6859602  4245720  8857286  2871743  10417784 
2030 6871455  4202173  8947767  2955987  10388682 
2031 6878930  4069957  8952722  3060324  10740737 
2032 6883634  4065666  9004382  2863999  10585717 
2033 6886592  3880063  9014158  2747946  10394262 
2034 6888450  3918654  8851133  2771962  10004505 
2035 6889616  4039422  8817599  2321938  10139912 
2036 6890348  3934981  8993609  2214382  10437691 
2037 6890808  3885682  8949298  2169305  10222819 
2038 6891096  3890594  9024797  2119223  10548270 
2039 6891277  4060435  8883944  2256683  10081836 
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2040 6891391  3890984  8747648  2059146  10063543 
2041 6891462  3887977  8885558  2015172  10126117 
2042 6891507  3778931  8823616  1920981  10040126 

Table 7: FTAs forecasting values using ANN 

 
Figure5: Time series forecasting plot using ANN 

 
Table 6 & 7represents the predicted values of foreign tourist arrivals using ARIMA & ANN at different levels 
from 2023-2042. Similarly Figure 5 and figure 6 shows how graphically prediction is represented same as well.  
 
5. MODEL VALIDATION 
 
Error 
Measures 

ME RMSE RMSE MPE MAPE MASE ACF1 

ARIMA -9760.623 1085926 471883.6 -20.00461 27.37625 1.017116 -0.0094374 

ANN 72029.26 1169599 495421.4 -7.769808 18.79024 1.06785 0.04131759 

Table 8: ARIMA &ANN error measures 
The error metrics of ARIMA and ANN models in are shown in Table 8. As per the comparison MAPE error for 
ARIMA model is 27.37625 is higher than ANN model MAPE with 18.79024. Then ANN model performs well 
in compare with the ARIMA model. The MAPE error metric is progressively increases when calculate average 
and log average values Therefore, this research founds that ANN method is a superior prediction tool to forecast 
foreign tourist arrivals (FTA) than the ARIMA model.  
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6. CONCLUSIONS 

 
According to the error measures presented in Table 8, it can be observed that  ANN outperforms ARIMA in 
several metrics. Specifically, the MAPE for ANN model is 18.79024, while for the ARIMA model, it is 27.37625.  
However, it's important to consider other error measures as well to have a comprehensive understanding of the 
model performance. For instance, the ME for the ARIMA model is -9760.623, indicating a bias in the forecasts, 
while the ME for the ANN model is 72029.26. Additionally, other metrics like RMSE, MPE, MASE and ACF1 
can provide further insights into the models' accuracy, bias, and residual patterns. Therefore, while the MAPE 
suggests ANN outperforms ARIMA, a comprehensive analysis of all  error measures would be necessary to 
make a definitive conclusion about the relative performance of the two models. 
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