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ABSTRACT 

In this article, we study the q-analogue of a novel subclass of harmonic univalent functions that is defined via subordination. 
This subclass was introduced earlier in the article. In the first step of this process, a coefficient characterisation of these functions is 
obtained. For this particular subclass of harmonic univalent functions with negative coefficients, we provide constraints for compactness 
and extreme points, distortion limitations, as well as conditions that are both required and sufficient for convolution. This study sheds 
insight on future research with its presentation of the symmetry qualities and other aspects of the q-analogue subclass of functions. 
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INTRODUCTION 

Since the late 1800s and the early 1900s, the study of geometric functions, which is a subfield of mathematical science, has 
been going strong, and it continues to be one of the most researched areas of mathematics today. We might state that the theory of 
geometric functions is a multidisciplinary area that consists of a mix of the sciences of geometry and analysis. The beginnings of the 
geometric function theory may be traced back to the references [1–3], which can be used as citations. Research in this field certainly 
does not stop with the publications that have been cited here. We know that this topic is significant in engineering and disciplines that 
are closely connected to it [4], since it was studied a long time ago. This theory, which is also employed in other topics such as electricity 
and magnetism [5,] has a vast application area in the field of mathematical physics [6]. In point of fact, new developments in the 
productive process to linear and nonlinear boundary-value and initial-value problems utilising spectral analysis [7] are likely to lead to 
a role for geometric function theory in solving a wide range of partial differential equations. This is due to the fact that these new 
developments have the potential to lead to a role for geometric function theory (PDEs). Additionally, the theory of geometric functions 
is used extensively in fluid mechanics, which is a prominent field in engineering [8]. It is imperative that the theory of geometric 
functions, which has a broad variety of applications in all of these well-known scientific fields, be kept current in the present day. To 
this day, a great number of papers have been published in this topic. 

 
Within the context of geometric function theory, this investigation focuses on harmonic univalent functions. In this lesson, we 

are going to investigate the q-analogue subclass of the harmonic univalent function class. The q-gamma and q-beta functions serve as 
the cornerstones upon which q-analogue functions are constructed. The first research on these functions were conducted in the early 
1980s (for example, [9–11]), and since then, they have been implemented and expanded upon in a wide variety of academic fields. In 
more recent research, the symmetric features of functions in subclasses of the theory of geometric functions have also been investigated. 
Studies of subclasses are also considered one of the most important subjects that are investigated at this time [12–16]. 

 
The class of continuous harmonic functions with complex values that are harmonic in the space defined by U = :> C and || 1 is 

denoted by the letter H. (the open unit disk). The subclasses of H that consist of functions that are analytic in U will be denoted by the 
letter A in this discussion. Harmonic functions may be expressed in U using the form where analytic functions are expressed in U. The 
component of that analyses functions is referred to as the analytic part, while the other part is referred to as the co-analytic part. It is a 
necessary and sufficient condition for it to be the case that in order for there to be a locally univalent and sense-preserving representation 
of in U. Therefore, without sacrificing the overarching point, we may write 

 
Let us designate the subclass of ='l+ j that is univalent, harmonic, and maintains the sense in U, and for which '(0) ='0 (0) 1 = 

0 = (0) with SH. We will refer to this subclass as U. The meaning preserving characteristic unambiguously indicates that |b1| is less than 
1. Clunie and Sheil-Small [17] explored the class SH and its geometric subclasses. They discovered some constraints for the coefficients. 
After then, a great number of studies were written by a variety of scholars and published on the SH and its subclasses. In this section, 
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we will recall the q-difference operator, which was used in geometric function theory as well as in a variety of other scientific fields. In 
this section, we provide some fundamental definitions and characteristics pertaining to the q difference operator, which will be used 
throughout this investigation. For 0 < q < 1, we define the q-integer [ϕ] q by 

 
Notice that if q → 1 −, then [ϕ] q → ϕ. 
 

Ismail et al. [20] used q-calculus in analytic univalent function theory in 1990. They described a subclass of complex-valued 
functions that are analytic in U with the normalizations (0) = 0, 0 (0) = 1, and |(q)| |()| on U for every q, q 0. This subclass of complex-
valued functions is analytic in U with the normal (0, 1). Some researchers have investigated the theory of analytic univalent functions 
as well as q-calculus, and they have cited these authors in their work. For instance, without sacrificing any generality, analytic functions 
can be given by (1), and they can be written using the q-difference operator as [19]. 

 
 

Let a harmonic function which is defined as in (1). We call these functions q−harmonic, locally univalent and sense-preserving 
in U and denoted by SHq, if and only if the second dilatation wq fulfills the following condition 

 

 
Furthermore, if the function F is univalent in U, then we have the following equivalence: 

 
Denote by SHq(γ, µ, ν), the subclass of SHq consists of ℘ functions as in (1) which fulfill the following condition 

 
 
MAIN RESULTS 
For functions ℘1 and ℘2 ∈SHq of the for 

 
we define the Hadamard product of ℘1 and ℘2 by 
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With the following theorem, we find out under which conditions a function ℘ is in the SHq(γ, µ, ν) class. 
Theorem 1. Let ℘ ∈SHq. Then, ℘ ∈SHq(γ, µ, ν) if and only if 

 
Proof. Let ℘ ∈SHq be as in (1). In that case, ℘ ∈SHq(γ, µ, ν) if and only if it satisfies (5) or we can also use the following inequality 
instead 

 

 
Now, we will give a sufficient coefficient bound for functions in the SHq(γ, µ, ν) class and we prove this theorem with using a 

special inequality technique. 
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Theorem 2. Let ℘ be of the form (1). If −1 ≤ ν ≤ 0 < µ ≤ 1, 0 ≤ γ < 1 and 

 
Proof. Since 

 
it follows that ℘ ∈SHq. Otherwise, ℘ ∈SHq(γ, µ, ν) if and only if there exists a complexvalued function that satisfies w with 

w(0) = 0, |w(ς)| < 1 (ς ∈ U) such that 

 
After making the basic mathematical operations in inequality (11), if we substitute the Dq`(ς) and Dq (ς) equations which we 

find from (2), we obtain the following result: 
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the harmonic univalent function 
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CONCLUSION 
On the significant topic of harmonic functions, we created a subclass in this piece using a subordination method, as was 

described at the beginning of the piece. We were successful in obtaining statistically significant correlations for q-calculus. With the use 
of the subordination principle, we were able to establish the q-analogue operation as a new subclass of the harmonic univalent function 
class. For the sake of defining this new subclass, which we did with the assistance of subordination, we have specified both the required 
and sufficient requirements. In addition to this, we investigated the distortion boundaries and extreme points, and this led to the discovery 
of noteworthy findings. This research will serve as a resource for future papers as well as provide illumination for fresh concepts. For 
instance, with relation to this article, the (p, q)-analogue function subclass may be constructed in the future using the same method. The 
fact that novel results may be reached with the assistance of subordination of the (p, q)-analogue class is the impetus behind the 
formulation of this concept. 
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