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NUMERICAL SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATION USING C-LANGUAGE R-K METHOD 
 

K. Eliya 
V.S.K Degree College 

Bhimavaram, Andhra Pradesh, India 
 
Abstract 

In mathematics, Runge-Kutta method here after called as RK method is the generalization of the concept used in Modified 
Euler's method. A number of ordinary differential equations come in engineering and all of them may not be solved by analytical 
method. In order to solve or get numerical solution of such ordinary differential equations, Runge-Kutta method is one of the widely 
used methods.  

In the era of Information Communication Technology (ICT). The ICT programming technique, it is easier task. One of 
the very popular programs in C programming is Runge-Kutta method. This paper discusses Runge-Kutta method in C 
language, source code and methods with outputs. The source codes of program for Runge-Kutta method in C programming are to 
be compiled. Running them on Turbo C or available version and other platforms might require a few modifications to the code.  You 
probably know how to multiply two matrices.  
 
Keywords: Runge-Kutta Method, ICT, C Lang., Turbo C, Ordinary Differential Equations. In this paper, the radial Schrödinger 
equation for central Coulomb potential using numerical Runge-Kutta has been solved. Energy eigen values for hydrogen and 
positronium bound systems is derived -13.6056eV and – 6.803 eV, respectively. Numerical results of ground state modes of Wave 

functions for hydrogen and positronium R(r) and the presence probability function  has been presented. These results are in 
good agreement with analytical calculations of the Hydrogen atom in modern physics and quantum mechanics. Therefore, numerical 
methods can Very useful and effective in solving physical problems. Schrödinger wave equation; Runge-Kutta method; energy.  
 
INTRODUCTION 
           One of the very popular programs in C programming is Runge-Kutta Method. Runge-Kutta method is a popular iteration 
method of approximating solution of ordinary differential equations. Developed around 1900 by German mathematicians C. Runge 
and M. W. Kutta, this method is applicable to both families of explicit and implicit functions. Also known as RK method, the Runge-
Kutta method is based on solution procedure of initial value problem in which the initial conditions are known. Based on the order of 
differential equation, there are different Runge-Kutta methods which are commonly referred to as: RK2, RK3, and RK4 methods.  
 
          A number of problems in science and technology can be formulated into differential equations. The analytical methods of 
solving differential equations are applicable only to a limited class of equations. Quite often differential equations appearing in 
physical problems do not belong to any of these familiar types and one is obliged to resort to numerical methods.  These methods are 
of even greater importance when we realize that computing machines are now readily available which reduce numerical 
work considerably.  
 
Solution of a differential equation 
           The solution of an ordinary differential equation means finding an explicit expression for y in terms of a finite number of 
elementary functions of x. Such a solution of a differential equation is known as the closed or finite form of solution. In the absence of 
such a solution, we have recourse to numerical methods of solution.  
 
THEORY: SCHRODINGER EQUATION FOR HYDROGEN ATOM AND POSITRONIUM 
           One of the most important problems of quantum mechanics, analysis of two body systems, such as hydrogen atom and 
positronium in which electron is in the Coulomb force constraint proton or positron (Figure 1). Radial Schrödinger equation for the 
central potential V (r) as follows:  
 

                               … (1) 
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In which μ is reduced mass of two - body system, l is the orbital quantum number, and R (r) is radial wave function. However, the 

Coulomb potential in the hydrogen atom is    thus 

                                       … (2) 
Where, µ= , is for hydrogen atom and µ=  =  is for positronium atom too. 

 
Figure1: a) hydrogen atom, b) positronium atom 
 
RUNGE-KUTTA METHODS 
          For the first time, the methods were presented by Runge and Kutta two German mathematicians. These methods were very 
accurate and efficient, and instead direct calculations of higher derivatives only function used for different values. In Runge - Kutta 
second order method, instead of the Taylor series expansion up to second derivative for numerical solution:  

                                                                                      … (3) 
The following formula was introduced: 

                                                                    … (4) 
We note, in this method L local error is defined as follows: 

                                                                                        … (5) 
Thus a, b, α and β are selected so that the error is small as possible. And we have: 

                                  … (6) 
And with helping relationship (4), the results are:  
 

             … (7) 
 
 
But we know: 

                                     …(8) 
Now, we consider the Taylor expand for the function with two variables:  
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             … (9) 
And finally put in the equation (8) we have:  

      … (10) 
   If we write equation (7) also based on the partial derivatives, the result is the following relationships:  

          
And the error position is: 

                                                                                              … (11) 
We try to choose a, b, α and β so that the left side of this relationship is small as possible. In case of equality, including the 

first four we have:  

                         … (12) 
From two recent relationships, three equations with four unknowns are obtained, so should the one unknown arbitrary to 

select:  

                                      … (13) 
 

In each of these selections, the local order is of order O (h  ) hand is known as Runge –Kutta method of second order. The 
two scientists had extended their previous methods and now are famous as Runge –Kutta method of fourth order and mostly are used 
in numerical calculation. 
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                                                     … (14) 
We obtain Taylor series expansion of y(x + h)up to the fourth derivative order and Taylor expansion for functions with two 

variables k , k andk  and put the result in y .with comparison of the two expansions, we reach to 9 equations with 13 unknown 
and local error is order of ο (h ). Of course, we must first choose 4 unknowns as the desired unknown and nine other unknowns are 
calculated. A set of optional unknowns include: 

 
In this case the answer is the following result: 

                                                       … (15) 
At the end of this paper, a computer program for Runge - Kutta method of fourth order that has been used in numerical 

computations, is presented. 
 
NUMERICAL RESULTS FROM RUNGE-KUTTA METHOD 

Because, the potential is proportional to the inverse radius, and is infinity at  →0, therefore, we use the initial 

 in Runge-Kutta method [5-7]. Near the coordinate’s origin, r = 0.0001Aand wave 
function has a small amount of 10 . But because of severe changes in the wave function, we consider a great value -1000 for wave 
function derivative. Thus, with choosing the initial amount of energy with try and error test, until wave function will be convergent. 
The answer obtained for 1=0 i.e. ground state of hydrogen S wave) is −13.6056eVand for positronium atom is − 6.803eV which is half 
amount of hydrogen atom. These results are in good agreement with analytical calculations for the hydrogen atom results in modern 
physics and quantum mechanics [1, 2]. Ground states of wave functions for hydrogen and positronium and the presence probability 
function are shown in Figure 2. Also, the presence probability function in Coulomb potential wells for these atoms is plotted in Figure 
3. 
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Figure 2: Results obtained from numerical Runge - Kutta method for the ground state wave functions of hydrogen and positronium 

and the presence probability function . 

 
Figure 3: The presence probability functions for atoms of hydrogen and positronium in the Coulomb potential well. 
 

Numerical Runge - Kutta method to solve differential equations in physics is very efficient and accurate and can be very 
effective and is useful in solving physics problems. Numerical results from this study are in good agreement with analytical 
calculations for the hydrogen atom results in modern physics and quantum mechanics. Also, this method can be used in the analysis of 
quantum systems with different potentials.  
 
Ordinary differential equations 

ODEs have remarkable applications and it has the ability to predict the world around us. It is used in a variety of disciplines 
like biology, economics, physics, chemistry and engineering. It helps to predict the exponential growth and decay, population and 
species growth. Some of the uses of ODEs are: 
 Modeling the growth of diseases 
 Describes the movement of electricity 
 Describes the motion of the pendulum, waves 
 Used in Newton’s second law of motion and Law of cooling 
 
Examples of ODE 
Some of the examples of ODEs are as follows; 
y =x -1 

=(x + y)  

xy =sinx 

+2 +5y=0, y (0) =0,y (0) =2 

y"=y +xe  
 
 Definition 
             In mathematics, the term “Ordinary Differential Equations” also known as ODE is an equation that contains only one 
independent variable and one or more of its derivatives with respect to the variable. In other words, the ODE is represented as the 
relation having one independent variable x, the real dependent variable y, with some of its derivatives. 
y ,y", ….y ,..  With respect to x. 
 
Order 
          The order of ordinary differential equations is defined to be the order of the highest derivative that occurs in the equation. The 
general form of n-th order ODE is given as; 
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F (x, y ,y"….y ,) = 0Note that, y’ can be either  or  and y  can be either  or  . 

An  n  order ordinary differential equations is linear if it can be written in the form; 
a (x)y + a (x)y  +…...+ a (x)y = r(x) 
The function a (x), 0 ≤ j ≤ n is called the coefficients of the linear equation. The equation is said to be homogeneous if r(x) = 0. If r(x) 
≠0, it is said to be a non- homogeneous equation. Also, learn the first-order differential equation here. 
 
Types 
The ordinary differential equation is further classified into three types. They are: 

 Autonomous ODE 
 Linear ODE 
 Non-linear ODE 

 
 Autonomous Ordinary Differential Equations 
          A differential equation which does not depend on the variable, say x is known as an autonomous differential equation. 
 
 Linear Ordinary Differential Equations 
           If differential equations can be written as the linear combinations of the derivatives of y, then they are called linear ordinary 
differential equations. These can be further classified into two types: 

 Homogeneous linear differential equations 
 Non-homogeneous linear differential equations 

 
 Non-linear Ordinary Differential Equations 
          If the differential equations cannot be written in the form of linear combinations of the derivatives of y, then it is known as a 
non-linear ordinary differential equation. 
 
Runge-Kutta Method 

The Taylor’s series method of solving differential equations numerically is restricted by the labor involved in finding the 
higher order derivatives.  However, there is a class of methods known as Runge-Kutta methods which do not require the calculations 
of higher order derivatives and give greater accuracy. The Runge-Kutta formulae possess the advantage of requiring only the function 
values at some selected points. These methods agree with Taylor’s series solution up to the term in hr where r differs from method 
to method and is called the order of that method.   
First order R-K method. We have seen that Euler’s method gives  

 
                           y = y + hf(x , y ) = y + hy                      [∴ y = f(x, y)] 

Expanding by Taylor’s series  

y = y(x + h) = y + hy +
h

2
y" + ⋯ 

 
It follows that the Euler’s method agrees with the Taylor’s series solution upto the term in h.  Hence, Euler’s method is the 

Runge-Kutta method of the first order.  Second order R-K method. 
 
The modified Euler’s method gives 

                y = y + [f(x , y ) + f(x + h, y )                                        … (1) 

 
Substituting y = y + hf(x , y ) on the right-hand side of (1), we obtain  
 

y = y + [f + f(x + h), y + hf ]   Where  f = (x , y )               … (2)     

            
Expanding L.H.S. by Taylor’s series, we get  

y = y(x + h) = y + hy +
!

y" +
!

y" + ⋯                      …… (3)                                                             
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Expanding f(x + h, y + hf ) by Taylor’s series for a function of two variables, (2) gives  
 

y = y +
h

2
[f + {f = (x , y ) + h

∂f

∂x
+ hf (

∂f

∂x
+ O(h )"}] 

 

= y +
1

2
[hf + hf + h

∂f

∂x
+

∂f

∂y
+ O(h )] 

 

             = y + hf + f + O(h )      [∴
( , )

= + f ] 

 

             = y + hy +
!

y" + O(h )                                                     ….. (4)                                                                                                                                          

                                                                                 
Comparing (3) and (4), it follows that the modified Euler’s method agrees with the Taylor’s series solution up to the term in 
h .  Hence the modified Euler’s method is the Runge-Kutta method of the second order.  
 
∴ The second order Runge-Kutta formula is  

y = y +
1

2
(k + k ) 

 Where k = hf(x , y ) and k = hf(x + h, y + k) 
 
(iii) Third order R-K method. Similarly, it can be seen that Runge’s method agrees with the Taylor’s series solution up to the term 
in h .  
 
As such, Runge’s method is the Runge-Kutta method of the third order.  
∴The third order Runge-Kutta formula is  
 

y = y +
1

6
(k + 4k + k  

Where, k = hf(x , y ), k = hf(x + h, y + k ) 

 
And   k = hf(x + h, y + k ), where    k = k = hf(x + h, y + k ).  
(iv) Fourth order R-K method. This method is most commonly used and is often referred to as the Runge-Kutta method only.  
Working rule: for finding the increment k of y corresponding to an increment h of x by  
Runge-Kutta method from Is as follows: 
 
 

dy

dx
= f(x, y), y(x ) 

Calculate successively, k = hf(x , y ), 
 

        k = hf(x +
1

2
h, y +

1

2
k ) 

 

        k = hf(x +
1

2
h, y +

1

2
k ) 

 
And 

      k = hf(x + h, y + k ) 
Finally compute 

k =
1

6
(k + 2k + k ) 
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which gives the required approximate value as y = y + k.  
(Note that k is the weighted mean of k , k , k , and k ).  
 
NOTE 
Obs. One of the advantages of these methods is that the operation is identical whether the differential equation is linear or non-linear.  
 
EXAMPLE 

Apply the Runge-Kutta fourth order method to find an approximate value of y when x = 0.2 given that  = x + y and y = 1 when x = 

0.  
Solution 
Here x = 0, y = 1, h = 0.2, f(x , y ) = 1 

∴  k = hf(x , y ) = 0.2 ∗ 1 = 0.2000 
 

k = hf x +
1

2
h, y +

1

2
k = 0.2 ∗ f(0.1,1.12) = 0.2440 

 
And      k = hf(x + h, y + k ) = 0.2 ∗ f(0.2,1.244) = 0.2888 
 

∴                k =
1

6
(k + 2k + k ) 

 

              =
1

6
(0.2000 + 0.4800 + 0.4880 + 0.2888) 

 

=
1

6
∗ (1.4568) = 0.2428 

 
Hence the required approximate value of y is 1.2428. 
 
EXAMPLE 
Solution 

We have   f(x, y) =  

To find y (0.2)  
Hence x = 0, y = 1, h = 0.2 

k = hf(x , y ) = 0.2f(0,1) = 0.2000 

k = hf x +
1

2
h, y +

1

2
k = 0.2 ∗ f(0.1,1.1) = 0.19672 

k = hf x +
1

2
h, y +

1

2
k = 0.2f(0.1,1.09836) = 0.1967 

k = hf(x + h, y + k ) 

=
1

6
[0.2 + 2(0.19672) + 2(0.1967) + 0.1891] = 0.19599 

Hence y(0.2) = y + k = 1.196.To find y(0.4): 
Here x = 0.2, y = 1.196, h = 0.2. 

k = hf(x , y ) = 0.1891 

k = hf x +
1

2
h, y +

1

2
k = 0.2f(0.3,1.2906) = 0.1795 

k = hf x +
1

2
h, y +

1

2
k = 0.2f(0.3,1.2858) = 0.1793k = hf x +

1

2
h, y + k = 0.2f(0.4,1.3753) = 0.1688k

=
1

6
(k + 2k + 2k + k ) =

1

6
[0.1891 + 2(0.1795) + 2(0.1793) + 0.1688] = 0.1792 
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Hence y(0.4) = y + k = 1.196 + 0.1792 = 1.9752. 
 
PROGRAM 
/* RUNGE KUTTA METHOD */ 
#include <stdio.h> 
float f(float  x, float y) 
{ 
Return x+y*y; 
} 
Main ( ) 
{ 
float x0, y0, h, xn, x, y, k1, k2, k3, k4, k; 
printf ("Enter the values of x0, y0,"  
"h, xn\n"); 
scanf("%f %f %f %f\&x0,&y0, &h, &xn); 
x = x0; y = y0; 
while (1) 
{ 
if (x = = xn) break; 
k1= h* f (x,y); 
k2 =h* f(x+h/2; y+kl/2); 
k3 h* f (x+h/2, y+k2/2); 
k4 h* f (x+h, y+k3); 
k(k1+ (k2+k3) *2+k4)/6; 
X + h; y + k; 
printf ("When x %8.4f" 
"y =%8.4f\n\x,y); 
} 
} 
 
(3) COMPUTER SOLUTION OF EXAMPLE 
Enter the values of x0, y0, h, xn 
0.0     1.0    0.1    0.2 
When x = 0.1000 y=1.1165 
When x = 0.2000 y= 1.2736. 
 
CONCLUSION 

Numerical Runge - Kutta method to solve differential equations in physics is very efficient and accurate and can be very 
effective and is useful in solving physics problems. Numerical results from this study are in good agreement with analytical 
calculations for the hydrogen atom results in modern physics and quantum mechanics. Also, this method can be used in the analysis of 
quantum systems with different potentials.  
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