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DIFFERENTIAL EQUATIONS IN NEWTON’S LAW OF COOLING 
 

S. Durga Rao 
Lecture, Department of Mathematics 

V.S.K Degree College 
Bhimavaram, W.G District, Andhra Pradesh, India 

 
Abstract: In this project work, we studied the classification of differential equations and “physical application of ODE – Newton’s 
law of cooling” clearly, we discussed applications of “physical application of ODE – Newton’s law of cooling” we give some 
examples and got some results. 
 
Keywords:  Differential Equation, Partial, Ordinary, Newton’s Law, Radiation. 
 
Introduction 
Differential Equation 
Definition: An equation involving one dependent variable and its derivatives with respect to one or more independent variables 
is called a differential equation. 
 

EX:    i) 𝐞𝐱𝐝𝐲 + 𝐞𝐲𝐝𝐲 = 𝟎 ,      ii)
𝐝𝐲

𝐝𝐱
= 𝐱 𝐬𝐢𝐧 𝐱 

 
Types of differential equation: 1. Ordinary differential equation 
                                                          2. Partial differential equation. 
 
1.Ordinary differential equation: If a differential equation contains only ordinary derivatives of one dependent variable with respect 
to a single independent variable, it is said to be an Ordinary Differential Equation (ODE). 
 

EX:i)-4( )2+7y=cos x ,       ii)5x( )2-6y=log x. 

 
2.Partial differential equation: If a differential equation contains partial derivatives of one dependent variable with respect to two or 
more independent variables, it is said to a Partial Differential Equation (PDE). 
 

EX: i) + = 2   ,     ii) + 2 = 0. 

 
Degree of Differential Equation 
Let (𝑥, 𝑦, , 𝑦′, 𝑦′′, … , 𝑦(𝑚)) = 0 be a differential equation of order m. If the differential equation can be expressed as a rational integral 
algebraic equation in (𝑚) by using algebraic operations then the integral power of the highest derivative is called degree of the 
differential equation. 
 
Here 𝑦′, 𝑦′′, … ,(𝑚) denote the first derivative, second derivative,…, 𝑚𝑡ℎ derivative of 𝑦 with respect to 𝑥 respectively. 
 

Ex:   
 

= sin x 

      Degree is ‘1’ 
 
Order of a Differential Equation: If 𝑛𝑡ℎ derivative is the highest derivative in a differential equation then the order of the differential 
equation is said to be n. 
 

EX:  ( ) + 3y = 5x 

              order is 1. 
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Formulation of Differential Equation 
Let (𝑥, 𝑦, 𝑐1, 𝑐2, … , 𝑐𝑛) = 0--------------- (1) be an equation. To obtain the differential equation from this equation we follow the 
following steps. 
 
Step 1: Differentiate the given function with respect to the independent variable present in the function. 
Step 2: Keep differentiating n times because there are n constants in the given equation. 
Now there are (n+1) equations. 
Step 3: Using these (n+1) equations obtained ,eliminate the constants 𝑐1, 𝑐2,…,𝑐𝑛 from the equation 𝜑(𝑥, 𝑦, 𝑐1, 𝑐2, … , 𝑐𝑛) 
= 0. 
 
Then we obtain an equation of the form 
(𝑥, 𝑦, , 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 0 
 
Solution of a Differential Equation 

A solution of a differential equation is a relation between the dependent variables and independent variables, which is free of 
derivatives of any order, and which satisfies the differential equation identically. 

 
General Solution of a Differential Equation 
Let 𝐹(𝑥, 𝑦, , 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 0 be a differential equation of order n.If 𝜑(𝑥, 𝑦, 𝑐1, 𝑐2, … , 𝑐𝑛) = 0 where 𝑐1, 𝑐2,…,𝑐𝑛 are n 
independent arbitrary constants is a solution of the given differential equation, then it is called general solution of the given 
differential equation. 
 
Particular Solution of a Differential Equation 
The solution obtained by giving particular values to arbitrary constants in the general solution of the differential equation is called a 
particular solution of the given differential equation. 
 
That is, suppose 𝜑(𝑥, 𝑦, 𝑐1, 𝑐2, … , 𝑐𝑛) = 0 is the general solution of a differential equation 𝐹(𝑥, 𝑦, , 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 0. 
Then (𝑥, 𝑦, 𝑘1, 𝑘2, … , 𝑘𝑛) = 0, where 𝑘1, 𝑘2, … , 𝑘𝑛arefixed constants, is called a particular solution of the differential 
equation 
 
(𝑥, 𝑦, , 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 0 
 
Singular Solution of a Differential Equation 
An equation (𝑥, 𝑦) = 0 is called singular solution of the differential equation, (𝑥, 𝑦, , 𝑦′, 𝑦′′, … , 𝑦(𝑛)) = 0 if 

a. (𝑥, 𝑦) = 0 is a solution of the given differential equation. 
b. 𝜑(𝑥, 𝑦) = 0 does not contain any arbitrary constants and 
c. (𝑥, 𝑦) = 0 is not obtained by giving particular values to arbitrary constants. 

 
Classification of Differential Equations 

There are many types of differential equations and a wide variety of solution techniques, even for equations of the same type, 
let alone different types. We now introduce some terminology that aids in classification of equations and, by extension, selection of 
solution techniques. 

i) An ordinary differential equation that depends is an equation that depends on one or more derivatives of a single variable. 
Differential equation given in the preceding examples are all ordinary differential equations and we will consider these 
equations exclusively in this course. 

ii) A Partial differential equation, is an equation on one or more partial derivatives of function of several variables. In many case 
Partial Differential equation are solved by reducing to multiple ordinary differential equation. 
 

Example: The heat equation = k , where k is a constant, is an example of a different partial equation, as its solution U(x,t) is a 

function of two independent variables, and the equation includes Partial derivatives with respect to the variables. 
iii) The order of a differential equation is the order of the highest derivative of any unknown function in the equation. 
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Definition of Newton’s law of cooling 
 Under certain conditions, the temperature rate of change of a body is proportional to the difference between the temperature T of 
the body and the temperature T0 of the surrounding medium. This is known as “Newton’s law of cooling”. 
 
` We can therefore write, 

dT/dt = −K(T − T ) 
 
Where, 
T=temperature of the body at any time, t 
TS=temperature of the surroundings (also called ambient temperature) 
T0=initial temperature of the body 
K=constant of proportionality 

dT

dt
= −K(T − T ) 

dT

(T − T )
= −kdt 

ln(T − T ) = −kt + ln c 
ln(T − T ) = ln ce  

T − T = ce  
When t=0; T=T0 
Thus 
T − T = (T − T )e . 
 
NEWTON’S LAW OF COOING 
 Suppose a body of surface area A at an absolute temperature Tis kept in surrounding having a lower temperature T0, the net rate 
if loss of thermal energy from the body due to radiation is 

∆μ = eσA(T − T ) 
If the temperature difference is small, we can write 

T = T + ∆T 
Or 

T − T = (T + ∆T) − T  

= T (1 +
∆T

T
)  

=T [1 +4
∆

+ higher powers of 
∆

]-T  

=4T ∆T = 4T (T − T ) 
Thus, 

∆μ = eσAT (T − T ) 
∆μ = b A(T − T ) 

 
 The body may also lose thermal energy due to the convection in the surroundings air for small temperature difference, the rate of 
loss of heat due to convection is also proportional to the temperature difference and the area of the surface. The rate may therefore, be 
written as 
 

∆μ = b A(T − T ) 
 
The net rate of loss of thermal energy due to convection and radiation is 

∆μ = ∆μ + ∆μ  
 
= (b + b )A(T − T ) 
If ‘S’ be specific heat capacity of the body and ‘,’ it’s mass, the rate of fall of temperature is 

=
∆
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=
( ) ( )

 

dT/dt = −bA(T − T ) 
 

 Thus, for small temperature difference between a body and its surroundings the rate of cooling of the body is directly 
proportional to the temperature difference and the surface area exposed. We can write 

dT/dt = −bA(T − T ) 
 
 This is known as Newton’s law of cooling the constant ‘b’ depends on the nature of the surface involved and the surrounding 
conditions. The negative sign indicates that T>T0 ,dT/dt id negative, i.e., the temperature decreases with time. As the difference in the 
temperature is same for absolute and Celsius scale, equation (1) may also be written as 

dθ/dt = −bA(θ − θ ) = −k(θ − θ ) 
Where θ refers to temperature in Celsius scale. 
 
Newton’s law of cooling formula 
The Newton’s law of cooling formula is expressed by 

T(t) = T + (T − T )e  
Where, 
t=time 
T(t)= temperature of the body at any time, t 
TS=temperature of the surroundings (also called ambient temperature) 
T0=initial temperature of the body 
K=constant 
 
Example:1 
A pot of soup starts at temperature of 373.0K and the surrounding temperature is 293.0K. If the cooling constant is k=0000150 1/s. 
What will be the temperature of the pot of soup be after 20.0 minutes? 
Sol) The soup cools for 20.0 minutes which is 

t = 20.0min ∗ (
60s

1min
) 

t = 1200 sec 
The temperature of the soup after the given time can be found using the formula: 

T(t) = T + (T − T )e  

T(1200s) = 293.0K + (373.0K − 293.0K)e( . . )( ) 
T(1200s) = 293.0K + (373.0K − 293.0K)e( . ) 

T(1200s) = 293.0K + (80.0K)(0.1653) 
T(1200s) = 306.224K 

After 20 minutes, the soup’s temperature is 306.224K. 
 
Example: 2 
Anil heats the water to 800C. He waits for 10 min. How much would be the temperature if the k=0.056 per min and surrounding 
temperature is 250C. 
Sol) Given 
TS=250C 
T0=800C 
t=10min 
K=0.056 
The Newton’s law of cooling formula is expressed as, 

T(t) = T + (T − T )e  
= 25 + (80 − 25)e ( . ) 

= 25 + (55 ∗ 0.57) 
= 45.6℃ 

Temperature cools down from 800C to 450C after 10 minutes. 
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Radiation 
Radiation means the transfer of heat energy from one body to another body without any contact is known as radiation. 
There are different types in radiation. 
They are three types in the nuclear radiation. 

i) Alpha radiation 
ii) Beta radiation 
iii) Gamma radiation 

 
1.Alpha radiation: Alpha is the least penetrating. 
Alpha radiation can be stopped by the skin particles entering the body through food or lungs are dangerous. 
2.Beta radiation: Where Beta is a high penetrating when compare to alpha radiation. 
Beta radiation consists of electrons and is less dangerous than α-particles. 
3.Gamma radiation: While gamma id the most penetration when compare to the Alpha and Beta. 
Y-radiation consists of electromagnetic waves similar to X-rays. 

 Electromagnetic radiation- Radio waves, Micro waves 
 Light radiation- UV rays, Infrared rays etc. 

 
Examples 
i) Plants prepare their own food (Photosynthesis) by observing radiation from the sun. 
ii) Human body prepares D-vitamin when the sun rays falls on the body. 

 
Uses of Radiation 
i) It is used to find the solar constant 
ii) Solar cell, solar panels 
iii) To determine the temperature of the sun 
iv) X-rays, Y-rays are used for scanning. 

 
Conclusion 

To reiterate, Newton’s law of cooling states that the rate of change of an object and the ambient, surrounding temperature. It 
denotes the difference in temperature between the object and its surroundings, the faster the object will cool down more slowly. And 
also use the radiation to get the result with good accuracy. 
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