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Abstract 

The study of Thermodynamics in the view of the Hamiltonian approach is the newest tool to analyze the Thermodynamic 
properties of the black holes. Here we investigate the Thermodynamics of d-dimensional asymptotically AdS (Anti-de Sitter) black 
holes. A thermodynamic representation based on symplectic geometry is introduced. We extend the Thermodynamics of 
asymptotically AdS (Anti-de Sitter) black holes in the view of a Hamiltonian approach. Firstly, we study Thermodynamics in reduced 
phase space and correlate with the Schwarzschild Solution. Then we enhance it in the extended phase space. In extended phase space, 
the thermodynamic equations of state are stated as constraints. That is why we apply the canonical transformation to analyze the 
thermodynamics of said black holes. 

 
Keywords: Hamiltonian Approach, Symplectic Geometry,Schwarzschild Solution, Extended Phase Space and Canonical 
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1Introduction 

Hawking put forward his idea that radiation can happen from black holes (BHs hereafter) via quantum tunneling [1, 2]. This 
idea provides a real connection with quantum mechanics to gravity. The main consideration of BHs is that they have a certain 
geometrical boundary called the event horizon. The Thermodynamics of BHs in the construction of thermodynamic parameters is 
obtained on the event horizon. In [3] the authors suggest that the phase transition called Hawking-Page phase transition which may be 
explained as the confinement/deconfinement of phase transition of gauge field in the Anti-de Sitter (AdS)/ conformal field theory 
(CFT) correspondence [4, 5, 6]. In a broader sense, the AdS/ CFT correspondence is associated with gravity physics in an 
asymptotically AdS geometry with field theory in the boundary surface of the AdS space. The authors suggest extended gauge/ gravity 
dualities in context with string theory in [6]. 

 
In recent years the thermodynamic aspects of AdS spacetimes are considered to investigate the thermodynamics of various 

BHs [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. The thermodynamics of the BHs with cosmological constant Λ as a thermodynamical 
variable has been studied in [18, 19, 20]. The physical interpretation of the conjugate variable associated with Λ is a quarry still now. 
Though in [21, 22] the authors suggest that this conjugate variable could be thermodynamic volume and due to this proposal Λ would 
be interpreted as pressure and the mass of the BHs would be identified with the total gravitational enthalpy and not with the internal 
energy of the system in the extended phase space. 

 
In this work, we consider the thermodynamic aspects of AdS spacetimes. Here we choose the d-dimensional Asymptotically 

AdS (Anti-de Sitter) BHs whose metric is the spherically symmetric solution of Einstein field equation (EFE) with a negative 
cosmological constant [23] and we introduce the cosmological constant as thermodynamic variable as other works viz., [18, 19, 20] 
only difference is that it is the function of coordinates in phase space through a new equation of state. Surprisingly this new equation 
of state exhibits the generalized thermodynamic volume. In this regard, we study the thermodynamics of asymptotically AdS (Anti-de 
Sitter) BHs in view of the Hamiltonian approach [24, 25]. Symplectic geometry is used to describe the thermodynamic and we realize 
that the thermodynamic equation of states is constraints on phase space. This new treatment which is introduced here is consistent 
because it resembles the new thermodynamic potential and respects the laws of BHs thermodynamics. We may construct a new 
equation of state which completely characterizes the thermodynamics of Asymptotically AdS (Anti-de Sitter) BHs only assuming 
homogeneity of the thermodynamic variables. 

 
The paper is organized as follows. In section 2 we re-examine the thermodynamic results of the d-dimensional asymptotically 

AdS (Anti-de Sitter) BHs. In section 3 we study the thermodynamics of asymptotically AdS (Anti-de Sitter) BHs is reduced as well as 
extended phase space in the view of a Hamiltonian approach. Finally, we conclude this paper in section 4. Throughout this paper we 
use the Planck units, i.e., G = c = ¯h = κB = 1 and signature (− + +.....+). 
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2d-dimensional AdS (Anti-de Sitter) BHs and its Thermodynamics 
The asymptotically AdS (Anti-de Sitter) BHs metric can be obtained as the spherically symmetric solution of d dimensional 

Einstein field equation (EFE) of the form: Gµν + Λgµν = 8πTµν, where Λ is negative cosmological constant [23]: 
 

 , (1) 
 
Where 
 

 , (2) 
 
where (dθ1)2 + sin2θ1(dθ1)2 + ...... + sin2θ1......sin2θd−2(dθd−2)2 represents the canonical volume associated with the induced metric (1) 
and the constants M˜, Q˜ and Λ in the˜ eqn. (2) are expressed in terms of the mass M, the electrical charge, and the cosmological 
constant Λ as [25]: 
 

 ,  . (3) 
 
 
On the event horizon r = rh, the mass parameter M˜ can be expressed as: 

 . (4) 
 
Assuming that the event horizon is a Killing horizon, the surface gravity may be defined as the magnitude of the norm of horizon 
generating Killing field χa = ζa + Ωψa, evaluated at the horizon and is expressed by using eqns . (2) and (4) as: 

  (5) 
 
The Killing horizon area A may be written as: 

 . (6) 
 

Stationary BH solutions of Einstein Field Equation (EFE) relate the first law of thermodynamics as:  

dM = ThdS + ΩdJ + φdQ. 
The entropy S of BHs is related to the area A at the event horizon as: 

(7) 

 . (8) 
 
The classical BH thermodynamics [26, 27, 28] shows mass M and surface gravity κ of the BHs related to internal energy U and 
temperature T as: 

 . (9) 
 
More generally the mass M of the BHs is equal to the total gravitational enthalpy H [23] and is expressed as: 
 M = H = U + PV, (10) 
 
where P is the thermodynamic pressure and V is the naive geometric volume and they are defined as: 

  , (11) 
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Again 
 dH = dM = TdS + V dP, (12) 
 
which gives, 

  . (13) 
 
This volume V is known as thermodynamic volume. Generally, thermodynamic volume is not equal to the naive geometric volume of 
the BHs. 
 
Using eqns. (3), (4) and (6) one can obtain the mass M as: 

  . (14) 
 
Moreover, using eqns. (5) and (6) one can obtain the surface gravity κ as: 

 
 
From eqn.s (14) and (15) one can obtain the following relation, 

  (16) 
 
It is shown that in eqns. (16) the cosmological constant Λ does not appear explicitly. Hence from eqn.s (16), we have the equation of 
state given as: 

  (17) 
 
eqn. (10) gives the internal energy as: 

  . (18) 
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eqn. (18) is not compatible with the thermodynamic relation, 

 , (19) 
 

This implies that the Thermodynamics defined by the relations (8), (9), and (11) are not consistent. Since in this problem V 
does not depend upon P, this problem is a consequence of the singularity of the Legender transformation of the pair (P,V) [21]. 
 
3 A Hamiltonian Approach to Thermodynamics of Asymptotically AdS (Anti-de Sitter) BHs 

All the equations of state of a thermodynamic system as constraints on phase space are realized in the Hamiltonian approach to 
Thermodynamics. On the constraints surface (Hamiltonian (H) = 0) with the relation dτ = dt, the tautological form in extended phase 
space degenerates to Poincar´e-Cartan form in another phase space with reduced Hamiltonian h = h(q,p,τ) as: pidqi+ζdτ|H=0 = pidqi−hdt, 
where (ζ,τ) is a canonical pair by which one can extend the phase space [24]. In this condition, one can simplify a Hamiltonian system 
with the Hamiltonian function H = ζ+h(q,p,τ) to the system with h in the reduced phase space (q,p). The differential of 
Thermodynamic variables is given by the tautological form as: pdq + ζdτ ≡ dU on the constraints surface. Thus, in this way, all the 
Thermodynamic variables are to be related by the canonical transformation and give equivalent representations. Here we introduce the 
canonical transformations as: 

 , (20) 
 
eqns. (14) and (15) are rewritten in terms of the coordinates q and p as: 

  . (21) 
 
and 

  . (22) 
 
3.1 Thermodynamics in Reduced Phase Space and Connection with SchwarzschildSolution: 

In this section, we have studied the Thermodynamics of Asymptotically AdS (Anti-de Sitter) BHs in reduced Phase space 
and for this, we follow the technique below [24]. 

 
Differentiating eqn. (21) and using eqn. (15), we obtain 

 
 
If we assume Λ = Λ(q), i.e., Λ is a function of q only, the eqn. (23) may be expressed as: 

 
 
The above expression is analog with the tautological form α = ωdq and is restricted to the constraint surface given be the eqn. (22), dM 
= α|Θ=0, where 

 . (25) 
 
Here we introduce a symplectic form ωr to represent the expression (25) more precisely and is given by 

  (26) 
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This equation implies that the transformation (p,q) 7→ (ω,q) is canonical. Eqn. (23) may also be written as: 

  (27) 
 
 
where ‘ ′ ’ stands for the first derivative. The expression (27) shows that there is a time-dependent, i.e., τ-dependent canonical 
transformation q 7→ q,ω 7→ Ω mapping the reduced phase space with coordinates (ω,q) to a reduced phase space with coordinates 
(Ω,Q), see detail in [24]. Hence the tautological form is represented as: 

 , (28) 
 

where . The factor  represents the space time energy. For the coordinate transformation in reduced phase space 
(ω,q) 7→ (Ω,Q), we consider the generating function of second kind as: 

 . (29) 
 
Differentiating the eqn. (29) with respect to q and substituting Ω from eqn. (29), we have 

  , (30) 
 
which is equal to ω, already obtained in eqn. (24). This gives 

 . (31) 
 
Moreover from eqn. (29), we can show 

  (32) 
 

The canonical transformation (29) obeys the Bekenstein’s prediction on BH entropy and such transformation enforce the 
second law of BH Thermodynamics. By using the canonical transformation (29) one can obtain all the above thermodynamic results 
direct from Schwarzschild solution without solving the Einstein equations, since in the Schwarzschild mass M the space time energy 
term which is defined with negative cosmological constant Λ is included. 

 
3.2Thermodynamics in Extended Phase Space: 
One can expand the expression (26) in extended phase space with a symplectic form given as: 

  (33) 
 
If Λ is taken to be a function of q and τ, i. e., Λ = Λ(q,τ), eqn. (24) can be written as: 

  (34) 
 
Combining eqns . (10) and (12) with eqn. (28) we have the tautological form dU ≡ pdq +ζdτ. Again, this form reduces to Poincar´e-
Cartan form dU ≡ pdq − hdτ on the constraint surface H = 0, where 

  (35) 
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This implies that the symplectic form is expressed in eqn. (27) is true. In coordinates, the Poisson brackets are given as: 

 , (36) 
 
where f and g are functions on phase space. Hence the non-zero canonical Poisson brackets are  

{q,p} = {τ,ζ} = 1 (37) 

  
Use eqns. (13) and (20) to combine with the expression (24), we obtain the thermodynamic volume and thermodynamic temperature 
as: 

  (38) 
 
and 

  (39) 
 
4Conclusion 

In this paper, we have investigated the Thermodynamics of d-dimensional asymptotically AdS (Anti-de Sitter) BHs. Here we 
have considered the thermodynamic aspects of AdS spacetimes. We reconstruct the thermodynamic result by using the Hamiltonian 
approach developed in [24] in section 3. Initially, we have studied Thermodynamics in reduced phase space and correlate with the 
Schwarzschild Solution and then we extended in the extended phase space. Due to this thermodynamic treatment, the thermodynamic 
equations of state can be realized as constraints on phase space. In the thermodynamic description of the asymptotically AdS (Anti-de 
Sitter) BHs, the cosmological constant Λ can be introduced as a result of the canonical transformation of the Schwarzschild problem. 
If we considered Λ to be the function of coordinates in phase space through, a new thermodynamic equation of state occurs and this 
new equation of state exhibits the generalized thermodynamic volume. Due to this new approach a new equation of state which 
completely characterizes the thermodynamics of asymptotically AdS (Anti-de Sitter) BHs has been established only assuming 
homogeneity of the thermodynamic variables. We assumed that Λ is a constant in the spacetime manifold, though here we considered 
Λ to be the function of coordinates in phase space. It is to be noted that if we vary Λ, the thermodynamic results which have been 
developed here remains consistent. In that case Λ consider as a dynamical geometric variable [29] rather than the thermodynamic 
variable. 

 
References 

[1] Bardeen, J.M., et. al.: Commun Math. Phys. 31, 161 (1973). 
[2] Hawkings, S.W.: Nature 30-31, 248 (1974). 
[3] Hawkings, S.W. and Page, D.N.: Commun Math. Phys. 87, 577 (1983). 
[4] Witten, E.: “Anti-de Sitter space and holography”, Adv. Theor. Math. Phys. 2, 253 (1998); arXiv: hepth/9711200. 
[5] Maldacena, J.M.: “The large N limit of superconformal field theories and supergravity”, adv. Theor. Math. Phys. 2, 231 (1998); 

arXiv: hep-th/9802150. 
[6] Gubser, S. S., et. al.: “Gauge theory correlators from noncritical string theory”, Phys. Lett. B 428 105 (1998); arXiv: hep-

th/98021109. 
[7] Brown, J. D., Creighton, J. and Robert B. Mann: “Temperature, energy and heat capacity of asymptotically anti-de Sitter black 

holes”, Phys. Rev. D 50, 6394 (1994); arXiv: gr- qc/9405007. 
[8] Louko, J. and Winters- Hilt, S. N.: “Hamiltonian thermodynamics of the Reissner- Nordsttrom anti-de Sitter black holes”, 

Phys. Rev. D 54, 2647 (1996); arXiv: gr- qc/9602003. 
[9] Hemming, S. and Thorlacius, L.: “Thermodynamics of Large AdS Black Holes”, JHEP 0704, 074 (2007); arXiv: 0709.3738. 
[10] Rajeev, S. G.: “A Hamilton-Jacobi formalism for thermodynamics”, Ann. Phys. 323, 2265 (2008); arXiv: 0711.4319. 
[11] Miranda, A. S. et. al.: “Black-hole quasinormal modes and scalar glueballs in a finite-temperature AdS/ QCD model”, JHEP 

0911, 119 (2009); arXiv: 0909.1790. 
[12] Hubeny, V. E., Marolf, D. and Rangamani, M.: “Hawking radiation from AdS black holes”, Class. Quan. Grav. 27, 095018 

(2010); arXiv: 0911.4144. 
[13] Banerjee, R., Modak, S. K. and Roychowdhury, D.: “A unified picture of phase transition: from liquid-vapour system to AdS 

black holes”, JHEP 1210, 125 (2012); arXiv: 1106.3877. 



 
Cover Page 

  

 
DOI: http://ijmer.in.doi./2021/10.06.39  

 

ISSN:2277-7881; IMPACT FACTOR :7.816(2021); IC VALUE:5.16; ISI VALUE:2.286 
Peer Reviewed and Refereed Journal: VOLUME:10, ISSUE:6(2), June:2021 

Online Copy of Article Publication Available: www.ijmer.in 
Digital certificate of publication:http://ijmer.in/pdf/e-Certificate%20of%20Publication-IJMER.pdf 

Scopus Review ID: A2B96D3ACF3FEA2A 
Article Received: 10th June - Publication Date:30th June 2021 

 

 
111 

 

[14] El-Menoufi, B. M. et. al.: “Gravitational Tension and Thermodynamics of Planar AdS Spacetime”, Class. Quan. Grav. 30, 
155003 (2013); arXiv: 1302.6980. 

[15] Myung, Y. S. and Moon, T.: “Thermodynamic and classical instability of AdS black holes in fourth-order gravity”, JHEP 1404, 
058 (2014); arXiv: 1311.6985. 

[16] Lemos, J. P. S. et. al.: “Thermodynamics of rotating thin shells in the BTZ spacetime”, Phys. Rev. D 92, 064012 (2015); arXiv: 
1508.03642. 

[17] Haldar, A. and Biswas, R.: “Thermodynamic studies of different black holes with modifications of entropy”, Astrophys. Space 
Sci. 363, 27 (2018). 

[18] Teitelboim, C.: “The cosmological constant as a thermodynamic black hole parameter”, Phys. Lett. B 158, 293 (1985). 
[19] Sekiwa, Y.: “Thermodynamics of de Sitter Black Holes: Thermal Cosmological Constant”, Phys. Rev. D 73, 084009 (2006); 

arXiv: hep-th/0602269. 
[20] Urano, M. et. al.: “Mechanical First Law of Black Holes Spacetimes with cosmological constant anf Its Application to 

Schwarzchild-de Sitter spacetime”, Class. Quan. Grav. 26, 105010 (2009); arXiv: gr-qc/0903.4230. 
[21] Dolan, B. P.: “Pressure and volume in the first law of black hole thermodynamics”, Class. Quant. Grav. 28, 235017 (2011); 

arXiv: 1106.6260. 
[22] Dolan, B. P.: “Where is the PdV in the First Law of Thermodynamics? Open Questions in Cosmology”, (2012)arXiv: 

1209.1272. 
[23] Fan,Z-Y. and Wang, X.: Construction of Regular BlackHoles in General Relativity”, arXiv: 1610.02636 [gr-qc] (2016). 
[24] Baldiotti, M. C. et. al.: “A Hamiltonian approach to Thermodynamics”, Ann. Phys. 373, 245 (2016); arXiv: hep-th/1604.03117. 
[25] Baldiotti 2017, M. C. et. al.: “A Hamiltonian approach for the Thermodynamics of AdS black holes”, arXiv: 

hep-th/1701.01119. 
[26] Bekenstein, J.D.: Phys. Rev. D 9, 3292 (1974). 
[27] Hawking, S.W.: Commun. Math. Phys. 43, 199 (1975). https://doi.org/10.1007/BF02345020. Erratum: Commun. Math. Phys. 

46, 206 (1976). 
[28] Hawking, S.W.: Phys. Rev. D 13, 191 (1976). 
[29] astor, D., Ray, S. and Traschen, J.: “Enthalpy and the Mechanics of AdS Black Holes”, Class. Quant. Grav. 26, 195011 (2009); 

arXiv: 0904.2765. 
 
 
 
  


