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Abstract 

Type Ia Supernovae (SNe Ia) used as standard candles have been instrumental in the discovery of cosmic acceleration, usually 
attributed to some form of dark energy. With the advent of Wilkinson Microwave Anisotropy probe, Planck mission and Supernovae 
Cosmology Project, it was established that universe is flat and its expansion rate is accelerating at least some 5 billion years ago. Also, 
many recent red-shift galactic surveys reveal fractal correlations in the galactic distribution up to the limits of available samples. A 
fluctuating effective equation of state parameter for the cosmic fluid especially in the early stage of evolution can account for the 
observed fractal correlation. We also propose the existence of a form of energy in the universe with an appropriate value for the equation 
of state parameter, so that it evolves inversely as the scale factor of the universe and becomes dominant in the late universe to explain 
the shift from decelerating phase to an accelerating phase for the evolution of our universe. We argue that fluctuations weaken in the 
late era where scale factor for the universe evolve with the square of time rather than linear as in most cosmological models.  

    
Keywords: Dark Energy, Equation of State Parameter, Fractal Correlation.  
  
Introduction 
           The Friedman equations of general relativity [1] form the theoretical foundation and Cosmic Microwave Background Radiation 
(CMBR) [2] is the strongest experimental evidence for the beginning of the universe to be in a state of extremely high temperature and 
density. The brightest microwave background fluctuations, that have been measured to the accuracy of 0.004 recently by Wilkinson 
Microwave Anisotropy Probe (WMAP) [3], are about one degree across and it strongly supports a flat universe and matter, both the 
normal baryonic and the dark in the universe, is not that much to raise the density of the cosmic fluid above the critical density. Type Ia 
supernovae data [4, 5] support an accelerating universe. More evidences are coming in support of cosmic acceleration [6, 7]. 
Measurements of many cosmological parameters like age, deceleration parameter etc. point to the need for incorporating both 
decelerating and accelerating phase in the evolution of the universe. The universe has undergone an accelerating expansion in the early 
stage called inflation [8], then a decelerating expansion (radiation and matter epochs) as most of the cosmological models predict, and 
then about some five billion years ago started accelerating expansion as suggested by recent data. One of the striking features of these 
observations is that a major fraction of the energy density of the universe has negative pressure. This may be called dark energy density. 
Dark energy can be interpreted as an energy density of space itself. Only established thing is that it has an anti-gravity effect to support 
observations. Why both gravity and anti-gravity effects become equal recently [9] is called cosmic coincidence problem by cosmologists. 

Another view is that this is a mysterious elastic and very smooth form of energy with equation of state parameter ω < −   causing 

cosmic acceleration. So, our universe is said to be in a dark era. Thus, cosmic fluid is a many components fluid, with dominance varies 
among different components during expansion of the universe, and if one assumes various components are separately conserved, one 
can determine the rate at which different densities decreases as universe evolves.  
 
        Many cosmological analyses have revealed that the three-dimensional distribution of galaxies and clusters is characterized by large 
scale structures and huge voids, that is such a distribution shows fractal correlations up to the limits of the available samples [10]. Even 
after analysing many red-shift surveys [11], it is found that there is no transition to homogeneity for scales up to 1000 Mpc. This fractal 
behaviour of galaxy distribution is a challenge for the standard cosmology, where the linear Hubble’s law is a strict consequence of 
homogeneity of expanding universe. Another problem cosmologists facing is to explain the cosmic acceleration or the shift from an 
accelerating phase to a decelerating phase (Friedmann evolution after early universe) and then from a decelerating phase to an 
accelerating phase in the late universe. No doubt that our universe is approximated by a non-viscous multi-component fluid, with the 
corresponding energy conserved separately or as a whole. We propose a fluctuating effective equation of state parameter in the early 
universe, so that evolution is stochastic, but later it is determined by a dominant form of dark energy.   
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Related Models 
          Under the assumption of the validity of Robertson-Walker metric, Friedmann equations, for a perfect cosmic fluid in a flat universe 
with pressure p and density ρ are, 

H − = 0 (1) 

H + + 2
̈
= 0 (2) 

Here we used 
̇
= H, the Hubble parameter and p = ωρc . Combining Eqs. (1) and (2), we get 

R̈ = − ρR(1 + 3ω)  (3) 

Now combine with energy conservation equation, 

(c ρR ) + 3pR = 0  (4) 

Gives  
ρ ∝ R ( )   (5) 
 

Big bang and cosmic acceleration require −1 < ω < − . Some of the cosmological models proposed even before and after the 

availability of Type Ia supernovae data, predict a coasting evolution for the universe. For example, the authors in [12] proposed a model 
which is a generalization of the earlier Chen-Wu ansatz [13]. Chen and Wu argued the presence of a cosmological constant, whose 
energy density varies inversely as square of the scale factor (ρ ∝ R ), in conformity with quantum cosmology. They also suggest that 
there will be particle creation at a rate which is comparable with that in steady-state cosmology and it will alleviate certain cosmological 
problems. The total energy density splits into a conserved and a non-conserved part, with latter insignificant in the early universe but 
significant in the late universe to account some missing dark energy.  
 
The authors in [12] made a rather generalization of Chen-Wu ansatz 

ρ =
ħ

ħ

  (6)   

with n = 2 for the validity of classical general relativity. Chen-Wu model predicts the deceleration parameter is q = 0.2 , which is 
totally against recent observations. To overcome this, one can use Chen-Wu ansatz for the total energy density instead of cosmological 
constant alone, by requiring the active mass condition in general relativity, which is given by 
 
ρc +3p=0 (7) 
where ρ and p are the total energy density (includes radiation, matter and dark energy) and pressure of the cosmic fluid respectively. 
This follows from the total energy-momentum tensor conservation law. Eq. (7) leads to 
 

ρ =   (8) 

 
A is a constant. This leads to coasting evolution of the universe [14]. Here the ratio of matter energy density to dark energy density is 

=  . Here ω is  for relativistic matter and 0 for non-relativistic matter respectively. This leads to ρ = ρ  for radiation 

dominated era and ρ = 2ρ  for matter dominated era. Also ρ  is the dark energy density corresponds to cosmological constant with 
p = −c ρ . In these models, by adjusting the value of ω in the equation of state for dark energy (by using the mysterious nature of 
dark energy), one can get desired values for the ratio of density parameters. However various such models strongly depend on the so-
called active mass condition (Eq. (7)), which leads to R(t) ∝ t and hence devoid of cosmic acceleration as suggested by Type Ia 
supernovae data. This lacks observational evidence. In such a cosmology the universe expands with constant velocity; hence the term 
coasting cosmology. This is purely a deterministic and linear evolution of universe, which cannot account for the observed fractal 
correlation in the galactic distribution. 
 
     The basic characteristic of the observable galaxy distribution is the existence of large-scale structures having fractal distribution at 
least up to some deeper scales. An eventual cut-off towards homogenization has not been yet identified. From a theoretical point of 
view, one would like to identify the dynamical processes that lead to such a distribution [15, 16]. The method proposed in the following 
section, predicting a stochastic evolution [17] of the universe especially in the early epochs. 
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A New Method 
           Several recent measurements indicate that the present universe contains components other than ordinary matter and radiation, 
like vacuum energy, quintessence etc. Let the equation of state for each component, with density ρ , be written as p = ω ρ c , (i=1, 

2....), where p  is the corresponding pressure, ω = 0 for matter,  for radiation, -1 for vacuum energy, etc.; in general, −1 ≤ ω ≤ +1. 

The total energy density is ρ = ∑ ρ  and the total pressure p = ∑ p . From the law of conservation of total energy density, expressed in 
the form 
 

ρ̇ = ∑ ρ̇ = −3
̇
ρ(1 + ω) = −3

̇
∑ ρ (1 + ω)   (9) 

 
Which follows from the Einstein equation, one can write the total ω factor as  

ω = = −
∑ ̇

̇ − 1 = ∑ (1 + ω ) − 1   (10) 

 

whereas is the scale factor. The conservation of individual components, which may be expressed as ρ̇ = −3
̇

ρ (1 + ω ), is only an 

extra assumption since it does not follow from the Einstein's field equation. Equivalently, it can be stated that in a many components’ 
cosmic fluid as in the above case, the Einstein equations, along with the equations of state of individual components are insufficient to 
determine the individual ρ̇ 's. Thus, it is more general to assume only the total energy density is conserved and this will lead to creation 
of one component at the expense of other components. Since they are not uniquely determined by the field equations, such creation can 
be considered as sporadic events, like those occurring in galactic nuclei, which can result in fluctuations in the ratio  . This, in turn, 

will lead to a stochastic equation of state, as can be seen from eq. (10) above. Consequently, the expansion rate also will be fluctuating 
and the equation for the Hubble parameter will appear as a Langevin type equation. 
 

Ḣ = − H (1 + ω)  (11) 

 
where we assumed the background is flat which is well observationally established. With fluctuating ω, Eq. (11) is a Langevin type 
equation, describing the evolution of the stochastic variable H; that is, the fluctuating character of ω leads to a random behaviour for the 

Hubble parameter. To simplify further, we make use of a transformation =  , hence Eq. (11) becomes 

 
ẋ = 1 + ω  (12) 
 
This equation is a non-deterministic, stochastic, first order differential equation. For the sake of simplicity, it was assumed that ω is a 
Gaussian δ-correlated stochastic force with zero mean. We used stochastic methods [18] for the analysis of this problem and the 
probability distribution function of the stochastic variable is calculated by solving the corresponding Fokker-Planck Equation: 
 

( , )
= −D + D W(x, t)  (13) 

 
We find the drift coefficientD = 1, and the diffusion coefficient D ≡ D is assumed to be a constant. We get a Gaussian distribution 
function W (x, t). Thus, a fluctuating ω-factor, in turn, will lead to fluctuations in the time evolution of the Hubble parameter; that is, 
the expansion rate of the universe becomes a stochastic quantity. We argue that such fluctuating expansion rate might have led to a 
randomness in the recession velocities of objects, in addition to peculiar velocities induced by density inhomogeneities. It is natural to 
argue that such a randomness in the recession velocities of galaxies especially in the early epochs led to a fractal distribution of structures 
in the universe. In the late universe, when universe is dominated by one form of dark energy, the particle creation and exchange of 
energy between components vanishes and stochastic evolution is replaced by another form determined by the character of dark energy. 
 
Dark Energy in the Universe 
           Recent observations suggest that matter (baryonic plus dark) density is significantly less than critical density. So either the 
universe is open or there is some additional energy density to make total energy density equal with critical density to make universe flat 
as suggested by WMAP [3]. Measurements of cosmic microwave background radiation and the luminosity-redshift relation obtained 
for Type Ia supernovae [4] suggest that the missing energy should have negative pressure with equation of state p = ωρc . One 
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candidate for missing energy is the vacuum energy density or cosmological constant. However, it is important to realize that other forms 
of missing energies are possible [19]. The equation of state parameter varies from -1 to 0. 
 
           Inflationary cosmology and current measurements of the CMB anisotropy and verified with high precision CMB satellite 
experiments predict that universe is flat and total matter energy density is only 30 percent of the critical density. That is there is a missing 
energy density which is dominant today. The candidates for this missing energy are vacuum energy density or cosmological constant 
(ω = −1) [20], quintessence [19] or tracker field (ρ ∝ , with −1 < ω < 0, which may be a constant, uniformly evolving, oscillatory 

or spatially inhomogeneous and fluctuating). Zlatev [19] proposed a quintessence, which is the energy associated with a scalar field (Q) 
slowly evolving down its potential V(Q), with kinetic energy density less than potential energy density and hence negative pressure. 
The energy density of this Q component tracks below the background density (of matter and radiation) for most of the evolution of the 
universe and ultimately some five billion years ago overtake the background density and drive the universe towards a period of 
acceleration. This is the accepted current scenario of the universe. They argue that the equation of state parameter of the corresponding 
field ω  remains constant or varies slowly in each epoch of the universe but changes sharply when the background expansion of the 
universe changes from radiation to matter and to quintessence dominated epoch. However, they provided no mechanisms for this 
variation. They express ω  in terms of background equation of state and thereby suggest that ω  automatically switch over to negative 
value as the universe evolves from radiation era to matter era. This is achieved if the corresponding energy density decreases at a slower 
rate compared to background density. Thus eventually, perhaps close to present epoch, the Q component overtakes matter density. 
 
            By taking into account of recent measurements of cosmological parameters, we can say that cosmic fluid is many components 
and also the dominant component has negative pressure. The evolution of the universe is solely determined by the dominant component 
in the fluid in various epochs. The expansion had undergone inflation in the initial state which is due to a dominant cosmological constant 
or vacuum energy density. It is followed by a radiation era and matter era, where expansion is in a decelerating phase. Thereafter the 
universe is transferred to dark energy dominated era, with an accelerating expansion. If we assume each epoch is dominated by a 
particular component in the fluid with an approximate constant equation of state parameter (ω), then evolution of the corresponding 
component and time evolution of the scale factor is different and is illustrated in the table below, with various possibilities of dark energy 
with negative pressure. 
 
Table 1: Evolution of ρ as a function of R and R with age for various ω 

ω ρ(R) R(t) 
-1 Constant exp (Ht) 
1/3 R  t /  
0 R  t /  
-1/3 R  t  
-1/2 R /  t /  
-2/3 R  t  
-3/4 R /  t /  
. . . 
. . . 
-1 R  exp (Ht) 

 

Among the possible fluid component with negative pressure, ω = −  is to be ruled out, because it leads to a coasting evolution with 

the active mass relation and cannot explain the cosmic acceleration which started at least some five billion years ago as proposed by the 
redshift-apparent magnitude data of Type Ia supernovae [4]. Thus, coasting models and models with total energy density varying as R  

to be redefined. Cosmic fluid with ω = −  is a possibility which explains cosmic acceleration, but rate of acceleration slows down. So, 

the most favoured value is around = −  , with energy density decreases at a slower rate (as ) and so overtake background density as 

universe evolves and leads to cosmic acceleration. This is a case with increase in acceleration rate and with maximum consistency with 
recent observations [21]. To account for recent cosmological observations, our universe is approximated as a many components’ fluid, 

with various components separately conserved. We postulate the presence of a dark energy density with  ω = −  , so that, from 

Friedmann equations we can show that 
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ρ ∝ R   (14) 
 
This is important so that as universe evolves, dark energy dominates over background energy density and universe make a phase shift 
from decelerating expansion to accelerating expansion [22] at least some five billion years past as pointed out by recent observations. 
This also leads to a constant accelerating evolution for the universe as it enters into such a dark energy dominated era. This is given by 
 
R(t) = At   (15) 
 
A is a dimensional constant. Second order derivative, R̈ = 2A, is positive and explains the cosmic acceleration. We propose that the 
scale factor evolves not linearly, but as the square of the time scale. This also gives 
 
H t = 2  (16)  
 
So, no age problem in our model. If the acceleration rate is actually increasing, then dark energy equation of state parameter ω should 

be less than  −  . This can be established only by more accurate observations.  

 
Conclusions 
            It was established that current universe is flat and evolving with acceleration. Many of the cosmological models cannot explain 
cosmic acceleration which occured atleast five billion years ago as predicted by Supernova Cosmology Project [4] because it describes 
a linear evolution of the universe which is against recent observations. Dark energy is needed to make total energy density equal with 

critical density to make universe flat. We suggest that a dark energy component with equation of state parameter ω = −   and evolving 

inversely as scale factor, so that it becomes dominant in the late universe, is a good candidate for missing energy which can account for 
cosmic acceleration, in an epoch when such a dark energy density overtakes the background matter density and there will not be any 
age problem. In the dark era, R(t) ∝ t  and it describes acceleration. A possible fluctuating equation of state parameter especially in the 
very early universe leading to a stochastic evolution of the early universe with a fluctuating expansion rate might have led to randomness 
in the recession velocities of the objects in addition of peculiar velocities can lead to a self-similar structure in the universe. A second 
view point says that accelerating expansion may be a local effect and caused by back reactions of cosmological perturbations and leads 
to a non- linear and inhomogeneous evolution [23]. 
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